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THE NOVEMBER MEETING OF THE IOWA SECTION. 


The eleventh regular meeting of the lowa Section was held at the West Des 
Moines High School, Des Moines, Lowa, on November 3, 1922, the Section, as is 
usual at the fall meeting, uniting with the Iowa Association of Mathematics 
Teachers. The meeting consisted of one session with Professor R. B. McClenon, 
president of the lowa Association, in the chair. 

There were about one hundred and fifty in attendance, including the tollowing 
twenty-one members of the Association: 

O. W. Albert, R. P. Baker, I. S. Condit, Marian E. Daniells, R. M. Deming, 
F. C. Earhart, C. W. Emmons, Iva Ernsberger, Fay Farnum, C. Gouwens, 
G. E. King, R. B. McClenon, J. V. McKelvey, Martha McD. McKelvey, I. F. 
Neff, J. F. Reilly, H. L. Rietz, Maria M. Roberts, E. R. Smith, G. W. Snedecor, 
C. W. Wester. 

The next meeting will be held at Cornell College, Mount Vernon, Iowa, 
April 27-28, 1923, in conjunction with the annual meeting of the lowa Academy 
of Science. 

The following two papers were read: 

(1) “The appreciation of four dimensions”’ by Professor R. P. Baker, Uni- 
versity of lowa; 

(2) “How can we improve the teaching of mathematics in Iowa”’ by Miss 
WHEELER, teacher of mathematics, Grinnell High School; and Professor E. R. 
SmitH, Iowa State College. 

A general discussion on the improvement of mathematics teaching followed 
the presentation of these papers, abstracts of which follow below, the numbers 
corresponding to the numbers in the list of titles: 

1. In this paper Professor Baker discussed Poincaré’s suggestion that by 
making independent our two methods of judging depth—shading and binocular 
convergence—an appreciation of four dimensions might be reached. A set of 
stereoscopic pictures was shown illustrating retinal rivalry where the compromise 
between the judgments of two eyes is an alternation in time; and another set 
where, by putting the usual right and left eye pictures in opposite places, the 
shading and binocular convergence work against one another. In this case the 
compromise is by majority rule of associations. ‘The standard method of models 
in three dimensions of projections of four-dimensional solids was discussed and 
illustrated by models of the tesseract and the square on the triangle. 

2. To improve the teaching of mathematics Miss Wheeler placed emphasis 
on the following three points: (a) the teacher should feel that the subject taught 
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is worth while, (6) the mathematics department should be supplied with equip- 
ment as liberally as is any other department, and (c) the individual student 
should be kept in mind and the course adapted as far as possible to his needs. 
Professor Smith asserted that at the present time the Colleges and Uni- 
versities of the State are supplying annually only about fifty per cent. of those 
required to meet the demand in the high schools and in the industries. He 
recognized four groups of students studying mathematics in the high schools: 
(a) those taking tradesmen’s courses, (2) those taking such courses as will prepare 
them to read current literature, (c) those who will become technicians, and 
(d) those who will be mathematics specialists. In order to improve the instruc- 
tion given in the high school, especially for the latter two groups, he would like 
to see a larger number of ideal teachers whose preparation consisted of not less 
than four hours per week for four years in College, and one year of professional 
work in teaching. 
J. F. Retry, Secretary-Treasurer. 


THE NOVEMBER MEETING OF THE MISSOURI SECTION. 


The sixth regular annual meeting of the Missouri Section was held at the 
Junior College of Kansas City on Saturday morning, November 18, 1922, in 
connection with the annual meeting of the Missouri State Teachers’ Association. 
Professor W. A. Luby, vice-chairman of the section, presided. Mr. Alfred Davis 
acted as secretary in the absence of Professor P. R. Rider. 

There were twelve in attendance, including the following six members of the 
Association :, 

L. V. Cutting, Alfred Davis, S. Lefschetz, W. A. Luby, A. D. Pierson, R. 
A. Wells. 

The present officers were elected for another year. ‘They are Professor E. R. 
Heprick, University of Missouri, chairman; Professor W. A. Lusy, Junior 
College of Kansas City, vice-chairman; Professor P. R. Riper, Washington 
University, secretary-treasurer. 

The following papers were presented: 

(1) “A study of the data determining the sun-spot maximum of 1829” by 
Professor W. A. Lusy, Junior College of Kansas City; 

(2) “Problems concerning the teaching of secondary mathematics” by Mr. 
AuFRED Davis, Soldan High School, St. Louis; 

(3) “Mathematics in Europe” by Professor $. Lerscuretz, University of 
Kansas (by invitation). 

Abstracts of papers follow below, the numbers corresponding to the numbers 
in the lists of titles: 

1. The observations on which the date of the sun-spot maximum of 1829 is 
based are those of Schwabe, Stark and Arago. Professor Luby’s paper presented 


1 The secretary of the section is indebted to Mr. Alfred Davis for the material for this report 
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an abstract of the observations and pointed out the smaller weight given to the 
more reliable data of Schwabe. 

2. Mr. Davis’s paper stated that recent activities among some of the promi- 
nent educators of the country, with reference to mathematics in our high schools, 
have emphasized some problems and have created other problems that need 
solution. Some of these have been partially solved by such agencies as the 
National Committee on Mathematical Requirements; by special schools, such 
as the Horace Mann School, New York; and by individual teachers. Much 
however remains to be done. And their complete solution, let us hope that 
this may not be long delayed, will help to restore mathematics to its proper place 
in the class room, as well as outside. Mathematics is developing with great 
rapidity along many lines and it is becoming increasingly important as an aid.to 
progress in many branches of science. In view of this and of the educational 
value of the subject we need to define more clearly, and without any trace of 
apology, the aims and purposes of the subject. Much time is wasted and vantage 
lost because pupils are not classified according to ability to learn. The dull are 
overwhelmed and the bright are retarded. Not only do the junior high school 
courses need to be more clearly outlined, but, and no less important, the senior 
courses need re-organizing. The traditional courses have served their day. 
Pupils are not now merely prepared for college; the majority of those who graduate 
from high school do not go to college. All plane and solid geometry beyond 
the junior high school might be condensed into one year. Similarly all the algebra 
beyond that given in junior high school might be taught in one year. This leaves 
the senior year for some advanced courses. ‘The latter may consist of trigo- 
nometry, of history of mathematics, or advanced work which would include the 
elements of analytics and the calculus. By such means the pupil might be given 
a working knowledge of mathematics and so have the field for further study and 
application of the subject opened to him. The standing of the subject among 
people generally could be greatly improved by giving the brighter of our high 
school pupils this advanced work. Mathematics would thus seem to have a 
real purpose in the work-a-day world. The climax of our problems is the securing 
of the inspired and the inspiring teacher. Let us remember that every good 
cause needs championing by its friends. If these problems are solved it will be 
because we solve them. Indifference must vanish. 

3. Professor Lefschetz recited some of the impressions gathered during his 
recent trip and spoke of the outlook, which is anything but brilliant, for science 
in general, and for mathematics in particular. (See 1922, 144.) 

P. R. Riper, Secretary-Treasurer. 
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THE DECEMBER MEETING OF THE MARYLAND-VIRGINIA- 
DISTRICT OF COLUMBIA SECTION. 


The twelfth regular meeting of the Maryland-Virginia-District of Columbia 
Section was held at the Bureau of Standards, Washington, D. C., on Saturday, 
December 9, 1922. The Chairman of the Section, Professor Frank Morley, 
presided at both morning and afternoon sessions. At the close of the morning 
session, those in attendance at the meeting had dinner in the dining-hall of the 
Bureau of Standards as guests of the Washington members of the Section. ‘The 
hour following dinner was spent in an inspection of some of the work being carried 
on at the Bureau of Standards. 

The next meeting of the section will be held on May 12, 1923, at Balti- 
more, Maryland. 

There were fifty-eight in attendance, including the following thirty-seven 
members of the Association: 

O. 5. Adams, J. J. Arnaud, R. N. Ashmun, H. G. Avers, Sarah Beall, G. A. 
Bingley, W. H. Bixby, C. C. Bramble, J. A. Bullard, G. R. Clements, A. Cohen, 
F. W. Darling, C. H. Davis, A. Dillingham, H. English, J. B. Eppes, W. M. 
Hamilton, W. E. Heal, W. D. Lambert, A. E. Landry, E. A. LeLacheur, Florence 
P. Lewis, Nannie J. McKnight, F. Morley, C. A. Mourhess, F. D. Murnaghan, 
J. R. Musselman, C. A. Nelson, E. C. Phillips, O. J. Ramler, C. H. Rawlins, Jr., 
J. N. Rice, H. M. Robert, Jr., H. A. Robinson, R. E. Root, C. A. Shook, E. W. 
Woolard. 

The following papers were read: 

(1) “A problem in the theory of numbers” by Dr. J. R. Mussetman; 

(2) (a) “A remarkable formula for prime numbers,” (b) “A method of dis- 
tinguishing between prime and composite numbers of large size”? by Dr. Paut R. 
Hey, Bureau of Standards (Introduced by Mr. W. D. LamsBert); 

(3) “Remarks on the proposed plan of reorganization of secondary school 
mathematics” by Professor A. E. LANDRY; 

(4) “Dynamic symmetry”’ by Professor H. M. Rosert, Jr.; 

(5) “Remarks on a problem in geometry” by Professor Frank Morey; 

(6) “A property of a system of partial differential equations” by Dr. C. A. 
NELSON. 

Abstracts of the papers follow below, the numbers corresponding to the num- 
bers in the list of titles: 

1. Dr. Musselman discussed the problem of finding even “ perfect”? numbers, 
which reduces to finding values of 2" — 1 which are primes. He also mentioned 
what is known concerning the expression of a number as a sum of cubes. 

2. Dr. Heyl uses the expression (2”7! — 1)/n, which is integral for all odd 
prime values of n, and non-integral for all even values of n. Computation shows 
that it is also non-integral for all composite odd values of n up to 1,000 with the 
exception of 341 and 645. A practical method of handling the very large numbers 
to which this formula gives rise may be based on the device of expressing large 
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powers of 2 as powers of powers; and the making use of the principle that if the 
product of several numbers be divisible by n with a certain remainder, this same 
remainder will be obtained if for any of these numbers there be substituted its 
remainder when divided by n. The remainder resulting from this formula will 
in about 75 per cent. of the cases examined (1,000 in number) contain a factor of 
the original number, which may then be found by the usual process for highest 
common factor. Time tests have shown that a number of the order 10® may 
thus be reduced in one hour as against 20 hours required for the trial of prime 
divisors. 

3. Professor Landry’s paper was an exposition and criticism of the plan of 
reorganization of secondary school mathematics drawn up by the National Com- 
mittee on Mathematical Requirements, and printed in part by the United States 
Bureau of Education in 1921 as Bulletin No. 32. Attention was devoted chiefly 
to Chapters IIT and IV, on the junior and senior high school periods respectively. 
The proposed junior high school course was on the whole approved except as to 
(1) the extent to which unification is possible or desirable, and (2) a profitable 
lessening in the amount of tvme allotted to algebraic drill. The suggestion that 
calculus be introduced as an elective in the senior high school course was examined 
and approved, but with the accompanying expression of serious doubt of the 
likelihood of its early adoption. 

4. Professor Robert discussed the theory of Mr. Jay Hambidge regarding the 
proportions of Greek vases as explained in his book Dynamic Symmetry, and in 
Geometry of Greek Vases by Dr. L. D. Caskey, Curator of Classical Antiquities 
of the Museum of Fine Arts, Boston. Mr. Hambidge finds that the Greeks 
used geometry rather than arithmetic in design. Rectangles having the ratio of 


longer to shorter side equal to V2, V3, V5, are called root-two, root-three, and 
root-five rectangles, respectively. These rectangles are combined with the square 
to form other rectangles. A rectangle derived from the root-five rectangle, 


having the ratio 4(V5 + 1) is called the whirling square rectangle and is much 
used. Mr. Hambidge finds that if the over-all proportions of a vase, that is, 
the ratio existing between its height and greatest width, is expressible in terms 
of one of these three root-rectangles, then the heights and widths of all its parts 
can be expressed in terms of that rectangle and of no other; e.g., root-two or root- 
three never appear in connection with root-five. In Dr. Caskey’s book dimen- 
sions to the nearest half-millimeter of most of the vases in the Museum are given. 
The outline of each vase is enclosed in a rectangle belonging to one of the systems 
of dynamic symmetry, the margin of error allowed averaging less than one milli- 
meter. The interrelation of details is shown by subdivision of the containing 
rectangles and by intersections of diagonals. 

Professor Robert gave illustrations of the analysis of vases and pointed out 
misunderstanding on the part of critics and failure to recognize that all con- 
structions must be geometrical. In particular, he discussed the suggestion in a 
published criticism (this MontTHLy, 1922, 164) that .9393 might be mistaken for 
.927. He showed the drawing for the kylix in question and the simplicity of the 
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geometrical construction of the diameter of the foot as 2 — 3V2/4 = .9393 in 
relation to the over-all rectangle. 

5. Professor Morley made some remarks on recent work on the three-bar 
curve, especially on the memoir on the analytical treatment of the three-bar 
curve by F. V. Morley in Proceedings of the London Mathematical Society, series 2, 
volume 21, pp. 140-160. 

6. Dr. Nelson pointed out the relation between the solutions of a completely 
integrable system of linear partial differential equations of the second order and 
of the adjoints, in the sense of Riemann, of these equations. 

G. R. Ciements, Secretary-Treasurer. 


THE ORGANIZATION OF COLLEGE COURSES IN MATHEMATICS 
FOR FRESHMEN.! 


By J. W. YOUNG, Dartmouth College. 


The movement toward so-called unified courses in mathematics for freshmen 
reached a certain rather definite stage of growth with the publication in 1914 
of Professor Slichter’s Elementary Mathematical Analysis. It is true that before 
this date other texts embodying a breaking down of the traditional barriers 
between various subjects had appeared, such as the well-known texts of Smith 
and Granville, Woods and Bailey, Brenke, Ziwet and Hopkins. But these were 
either intended for special classes of freshmen, or for sophomores, or they involved 
the correlation merely of two specific subjects, such as algebra and trigonometry or 
algebra and analytic geometry. 

Professor Slichter’s text was, as far as I know, the first that attempted to 
give a unified course for the entire freshman year based on the minimum college 
entrance requirements. It is rather interesting to note, in passing, that this 
first attempt was written specifically for students preparing to study engineering 
rather than for the general student. This text was followed by the texts of 
Young and Morgan (1917), Karpinski, Benedict and Calhoun (1918), Webber and 
Plant (1919), Gale and Watkeys (1920) and Griffin (1921). I note that the next 
speaker is to discuss the historical aspects of this movement. I do not wish to 
trespass on his domain; this much, however, seems to be necessary as an explana- 
tion of what follows. 

It seemed to me that it might be of interest to try to get some idea as to the 
extent to which the new type of course has been adopted. I accordingly appealed 
to the publishers of the textbooks listed in the preceding paragraph with the 
purpose of securing a list of colleges and universities using the various texts in 
the various years since their publication. These publishing firms were all very 
cordial in their replies and furnished me with such data as they had—they pointed 
out, however, that their data were very unreliable for my purposes. I accord- 


1 Read at the meeting of the Association, University of Rochester, Sept. 6, 1922. 
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ingly sent a questionnaire to certain colleges and universities selected as follows: 
I included first all institutions listed in the World Almanac for 1922 as having 
an endowment of at least $1,000,000; I then added all the larger state Universities 
and Colleges, and then selected other institutions having at least 1,000 students. 
This gave a list of 165 institutions. The questionnaire was sent out Aug. 4, 
when many of those addressed were away from their institutions. It is, therefore, 
it seems to me, a fair showing that replies were received from 98 institutions; ! 
of these apparently 59 have at one time or another within the last ten years given 
some form of unified courses to freshmen. If we may assume that the 98 institu- 
tions which replied form a typical selection from the institutions of the country, 
it is clear that the new type of course has been at least tried in a very substantial 
proportion of our institutions. The lists furnished me by the publishers indicate 
that seven of the eight textbooks listed (no list was secured from one of them) 
have been used in about 150 different institutions in this country and Canada. 
It would seem that the time has come when a critical estimate of the results 
secured by unified courses could be made with profit. The combined experience 
of all these institutions would be extremely valuable could it be secured and 
evaluated. 

We must be content today, however, with a less ambitious program—one 
that is commensurate with our limited data and with the limited time at our 
disposal. 

Of the 59 institutions which have given unified courses, 41 gave detailed 
information as to the years in which certain texts were used. From these data 
it is possible to derive an answer to the question whether the movement toward a 
unified course for freshmen is at present on the increase or the wane. Of these 41 
institutions, 14 were giving the new type of course in 1917-18, 20 were giving 
such a course in 1918-19, 27 in 1919-20, 23 in 1920-21, and 23 in 1921-22. These 
figures may indicate a slight decrease in enthusiasm during the past two years; 
but the data are very incomplete and too much reliance must not be placed on 
them. ‘The figures do show conclusively that a strong body of institutions still 
believe in the new type of course—and that those who are interested actively in 
furthering the cause have no need to feel discouraged. 

Those of us, however, who believe in the new type of course must by no means 
feel that the battle is won—or that our work is done. The opposition is strong, 
the criticisms severe and often just, the problem of constructing the ideal freshman 
course is far from solved—and the solution presents many very serious difficulties. 
It is still to my mind an open question whether these difficulties can be overcome. 

The replies to my questionnaire have been very helpful in my attempt to de- 
termine and evaluate these difficulties. A brief summary of the arguments 
against unified courses will indicate some of these difficulties. 

A number of arguments relate to administrative problems. Transfer of 
credits from one institution to another is difficult; the unified course is not well 


1 The figures here given differ slightly from those presented at Rochester, since I have included 
replies received since that time. 


8 COLLEGE COURSES IN MATHEMATICS FOR FRESHMEN. [ Jan., 


adapted to institutions operating on the term or quarter plan; at many institu- 
tions students can not be counted on to take mathematics for a whole year; the 
course is not well adapted to the varied preparation with which freshmen enter 
college, etc. With such difficulties I do not propose to deal today; not because 
they are not real or important, but because their discussion would take us too 
far afield. Perhaps some of the other speakers will touch upon them. 

A number of other arguments relate to the needs of special classes of students, 
such as prospective engineers, scientists, agriculturists, etc. These also I shall 
pass over without comment, as I think it desirable to limit my own discussion 
to a fairly definite problem. 

Before proceeding further with the enumeration of difficulties, let me attempt 
to define this problem with reasonable precision: 

I have in mind a student who enters college with the mathematical preparation 
implied by a year of plane geometry and a year or a year and a half of elementary 
algebra. I realize that students especially in our eastern colleges often have 
somewhat more preparation; above all I realize that in our western institutions 
large numbers enter with less. But I conceive the preparation indicated to be 
the natural starting point for our discussion. I will suppose furthermore that 
this student expects to take one full year of mathematics, three hours per week, 
during his freshman year. I assume, furthermore, that he does not know what 
his life work is to be, nor in what department of college he expects to specialize. 
What is the best course in mathematics which we can plan for this student? That 
is the problem I wish to approach and to which I propose to limit my own part 
in this discussion. I venture to believe that the problem as thus formulated is 
the central problem from the solution of which other modified problems will have 
to result. 

J return to the difficulties in the way of a solution. One of the most insistent 
claims made by the adverse critics of a unified course is to the effect that it does 
not produce clear-cut concepts in the mind of the student, that he is confused by 
the multiplicity of ideas and methods presented tohim. ‘Thisis a serious defect of 
the course, if it is a fact—and we must remember that I am giving you the testi- 
mony of men who have tried out the unified course for one or more years. 

Another group of critics claims that the new type of course offers a poor 
foundation for later more advanced work in mathematics, that students taking 
it are weak in manipulation, that the course lacks thoroughness, that it is sketchy, 
superficial, provides only a smattering of various topics, that at the end of the 
course the student does not feel that he has mastered anything. This also is a 
serious charge—for our typical student may want to take more mathematics, he 
may want to go into a profession where he needs mathematical proficiency— 
and in any case none of us advocating the use of the new type of course can 
rest easy under the charge of superficiality and lack of thoroughness. 

Another group of criticisms states that the textbooks now on the market 
present too much material for a year’s course, that the program is too ambitious. 

And finally we find serious argument to the effect that the goal set by the 
advocates of a unified course is in the nature of the case unattainable, that the 
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unifying principle fails to unify, that the desired correlation has not yet been and 
probably can not be made, that, as one correspondent puts it, the attempt to 
secure “the larger unity is at the expense of more elementary and fundamental 
unities without which the larger is almost unattainable.” 

Are we here facing a fundamental obstacle? Is our goal contrary to the laws 
of the learning process and of mental growth? Are we attempting the impossible? 

Very many of my correspondents state that they are theoretically in favor of 
a unified course but that in practice it does not seem to work as well as the older 
traditional courses, that the results secured by the new type of course are not as 
good as those secured by the old. Many of these critics seem to have reached the 
conclusion that it is better policy to teach the separate subjects separately and 
then at the end attempt a general unification, that courses in the separate subjects 
are satisfactory if only the teacher does his part properly—that it is the teacher’s 
duty to call attention to the various interrelations and interdependencies of the 
different subjects, and that this is the psychologically natural way to secure an 
appreciation of whatever underlying unity exists. 

This leads us, as it seems to me, directly to the crux of the argument. The 
critics I have been quoting are arguing for the most part in favor of the traditional 
arrangement of the traditional material—trigonometry, algebra, analytic geom- 
etry—and against a new, unified arrangement of this traditional material. With 
respect to this traditional content of the freshman course they may be right, 
their arguments are strong, based as they are on experience, although personally 
in spite of manifest difficulties I have faith in the possibility of a so-called unified 
arrangement that will give better results than the separate-subject arrangement. 

But the problem that faces us today concerning the needs of the typical 
general student I have described has passed entirely beyond this stage. At 
the present time 2t 1s the traditional selection of material itself that 1s challenged. 
The problem of unification is no longer the primary problem—it is a secondary 
problem forced on us by a new standard for the selection of content. 

Most teachers, who have given serious thought to the needs of my general 
student, are I believe convinced that the traditional courses in trigonometry, 
college algebra, and analytic geometry can no longer be justified as best meeting 
his needs. 

Can we formulate these needs? Recognizing that he probably will not take 
more than one year of mathematics in college, but keeping in mind the fact that 
he may do so and that hence we should provide a good foundation for possible 
subsequent courses, what would we like him to secure in the way of mathematical 
information and training during his freshman year? 

I shall attempt to formulate these needs, as I see them. Before doing so, 
however, I want to say that these needs when enumerated are far beyond what 
can be accomplished in a one-year course. The topics which one would naturally 
select to satisfy these needs make a list entirely too long and extensive. It seems 
to me desirable, nevertheless, to list them, in order that we may have before us in 
all its difficulty the problem of selection that still remains. Furthermore, the 
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time at my disposal makes it necessary for me to be very brief. I can only 
indicate the general line of my thought and must count on my hearers to supply 
the details of the argument. 

With these preliminary remarks, I now proceed to formulate the needs of 
my general student as follows: 

1. I should want thos student to gain such mathematical information and training 
as will be of most use to him in later college courses in the physical and social sciences 
and in hes later life as a citizen, parent, and educated man, without reference to his 
vocation or profession. . 

To satisfy this demand as to the physical sciences our course must include the 
elements of trigonometry, linear and quadratic functions and equations, graphs, 
proportion and variation, familiarity with formulas and their use, and should 
certainly include if possible the fundamental ideas of the calculus and their 
applications. As to preparation for the social sciences (economics, etc.) we should 
want to include the elements of statistical methods, the elements of the mathe- 
matics of finance and investment, as well as some of the topics previously listed. 
As to his needs as citizen, parent, etc., we should again include a number of the 
topics just mentioned, notably statistics and the mathematics of investment, 
which are fundamental in many questions of public affairs, and would also want 
him to be familiar with the elements of probability, which in connection with the 
laws of compound interest are necessary for any adequate understanding of 
problems of insurance, to say nothing of games of chance. 

2. I should want him to gain a clear working knowledge of the fundamental 
general concepts in terms of which the quantitative thinking of the world is done. 

This aim to a large extent duplicates the preceding but it is broader in that 
it is not only utilitarian but also interpretative. Some of the concepts which I 
have in mind are number, ratio, measurement, congruence, similarity and pro- 
portionality, functional dependence in general, rates, limits, and so, again, the 
ideas of the calculus. It is under this aim that the value of training in functional 
thinking makes itself most strongly felt. 

3. I should want him to secure from his study of mathematics certain norms, 
standards and ideals of logical rigor, precision of thought, logical structure of a 
science or body of knowledge. 

This aim appears to me of very great importance—and here we doubtless 
have one of the strong arguments in favor of the separate-subject treatment, at 
any rate until such time as we can organize the new type of course in such a way 
as to exhibit a clear logical structure. I should like to go even further, however. 
I should like my general student to have some conception of the meaning of a 
logical demonstration, an understanding what is meant by a deductive system, 
an appreciation of the significance of assumptions, axioms, postulates, of what is 
meant by a formal deductive proof. To satisfy this demand we should apparently 
have to include in our course something concerning the foundations of mathe- 
matics—either of algebra or of geometry or of both. This leads me, however, 
to my fourth aim. 
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4. I should want my typical student to gain some appreciation of the role that 
mathematics has played and continues to play in the development of civilization, in 
ats material, scienizfic, intellectual, philosophical and spiritual aspects. 

All of the topics thus far listed can be made to serve this end. But it seems 
to me that we must not ignore the fact that mathematics has something funda- 
mental to offer to the cultural development of the individual in those topics, of 
rather recent development, which have close contact with philosophy and possibly 
with religion. I refer to the various developments relating to the concept of 
infinity and the theory of classes, non-euclidean and n-dimensional geometry, etc. 
The proposal to include such material in an elementary course must appear very 
fanciful—and I do not myself see how it can be done in a one-year course. But 
interest in these topics is great and widespread among educated people—and it 
seems to me that one of the important higher functions of education should be to 
minister to such interests. Is it not precisely by furnishing the means of satis- 
faction to such latent interests that the general intellectual level can be raised? 
It seems to me altogether proper, therefore, that in a discussion of this sort we 
should at least recognize the existence of this need and appreciate its importance. 

If you agree with my formulation of needs for the general student, I think 
you will have to agree that the traditional content of trigonometry, algebra and 
analytic geometry, whether taught in separate courses or in a unified course, 
fails to offer the best material to satisfy them. In the first place too much time 
is spent in these traditional courses on drill in manipulation. As has often been 
said in recent years, manipulative technique must be regarded as a means to an 
end, not an end in itself. In so far as it contributes to an understanding of 
principles it is not only desirable but essential. But beyond that it is of little 
value to our general student. 

In the second place, much of the traditional content is not the most suitable 
for the satisfaction of our needs. The properties of the conic sections and the 
methods of analytic geometry in general can not compare in value with the 
elements of the calculus, most of the work in college algebra is of little use com- 
pared with the algebra of finance, etc. 

It should be clear, then, that our problem is not primarily one of unification 
of the traditional material, it 1s promarily a problem in the selection of new material. 
This material having been selected, some form of unification becomes necessary 
in order to secure a simple logical structure rather than a mass of isolated topics. 
The secondary, but equally important problem, relates then to the organization 
of the material selected. 

The plea of lack of time will hide my inability to solve either of these problems. 
Any one who has attempted a solution will realize how difficult they are. But all 
of us interested in the improvement of mathematical education in this country 
must contribute what we can toward their solution. As one of my correspondents 
has pointed out: “On the evolution of a satisfactory textbook depends the con- 
tinued growth of the movement.” 

I will not attempt to characterize the ideal textbook of the future. By com- 
paring the earlier ones of 1914 and 1917 with the later ones of 1920 and 1921 some 
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idea of present tendencies can be gained. It seems safe to say that at present 
there is a well-defined tendency toward the diminution of most of the traditional 
material in analytic geometry and toward the inclusion of a considerable amount 
of calculus. But beyond this it is not safe to indulge in prophecy. 

I desire rather, in the remaining time at my disposal, to analyze a bit further 
some of the difficulties enumerated by our critics—and to offer one or two con- 
structive suggestions. | 

First of all, I must remove the impression of general dissatisfaction with 
unified courses, if I have created it by an exclusive insistence on the difficulties. 
My correspondents include quite as many enthusiastic supporters of the move- 
ment as adverse critics. It should be noted that the testimony of those who 
have used the unified courses is on many points conflicting. While some say 
that the new type of course is too difficult, others say it is easier than the tradi- 
tional; while some have found it to provide a poor foundation for subsequent 
work in mathematics, others have found it to give an excellent foundation; while 
some claim that it is not well adapted to the varying preparation of students, 
others find that it is well adapted thereto, etc. And there are many who appear 
to be firmly convinced that the new type of course is more interesting to the 
student; that it offers him a far richer and more generally valuable training; that 
the utility and power of mathematics can be made more apparent to him, and 
that hence his appreciation of mathematics is increased; that more emphasis is 
placed on an understanding of principles and less on memorizing formulas, and 
that it, therefore, is more effective in stimulating thought; and, finally, that the 
earlier introduction of certain fundamental concepts, such as those of the calculus, 
extends their period of growth and hence their effectiveness. This last point 
appears to me of very great importance, since it seems to be in line with a psycho- 
logical principle which experience has seemed to establish. 

Why then this feeling on the part of many, who are theoretically in favor of 
the new type of course, that the results secured are not as satisfactory as they 
should be? I wish these gentlemen had given me more detailed specifications as 
to these unsatisfactory results. The claim that students are less proficient in 
technique we may pass over, since we ought not to expect them to be as proficient. 
The claim, however, that the student does not gain as clear-cut concepts under 
the new as under the older course requires consideration. I wonder if the claim 
is valid; I wonder if those who make this claim have really used any valid test 
to find out the facts in the matter. I recently had an illuminating experience 
that is related to this question. I was teaching a traditional course in analytic 
geometry and we were on the topic of the point dividing a segment from one 
point to another in a given ratio. I did my best to explain the meaning of the 
concept, including the significance of the order of the two given points and of the 
algebraic sign involved, assigned the lesson and a few days later gave a written 
quiz on the subject. The members of the class were quite good at using the 
formula and solving the traditional types of problems. But I passed around 
slips of paper on which were drawn two parallel straight lines each with a scale 
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marked on it. There were marked also on each of the lines two points A and B. 
In addition, on the first of the two lines were marked two points C and D, one of 
them lying between A and B, the other not between A and B. Under these two 
lines were written the following questions: 

In what ratio does the point C divide the segment from A to B? 

In what ratio does the point C divide the segment from B to A? 

In what ratio does the point D divide the segment from A to B? 

In what ratio does the point D divide the segment from B to A? 

Then with regard to the second line, which in addition to the scale divisions 
had only two points A and B marked, I called for the following: 

Mark on the line the point which divides the segment from A to B in the ratio. 
1 to 3 and label it P. Mark the point which divides the segment from B to A 
in the ratio 1 to 3 and label it @. Mark the point which divides the segment 
from A to B in the ratio —1 to 2 and label it S. 

Not more than two or three men in a class of something over twenty could 
answer these simple questions correctly. These students could do the traditional 
things well—but they were clearly doing them mechanically. They certainly 
had no clear idea of the concept involved. 

My first constructive suggestion is that we need to develop a new technique 
of teaching for the new type of course, a technique that is directed toward the 
new aims. As an essential part of this technique must be developed a new type 
of test, designed to measure the achievement of students with respect to the 
fundamental aims of the course. Until such new tests, that are adequate to their 
purpose, are developed our movement will labor under a severe handicap. For 
it is manifestly unfair to judge the results secured under the new course by means 
of tests developed for the traditional course. And is not that what many of us 
have been doing? Is not here one of the reasons why some of those who have 
experimented with the new material have found the results discouraging? 

I would offer one other suggestion. We need a textbook for the second year’s 
work designed for those who expect to have professional use for mathematics— 
mathematicians, scientists, engineers and the like; a textbook to follow the first 
year’s work. This second-year course will take up those topics omitted from 
the first year’s work but needed by the prospective engineer let us say—notably 
analytic geometry, some advanced algebra, and the remainder of the calculus. 
It will strongly emphasize drill in technique because the student taking this 
course will need to be technically expert. Such a course would appear to be 
entirely feasible, if a proper text is provided. To give it from existing texts is 
awkward and wasteful. Will not some of our authors address themselves to this 
problem. It seems to me important. 

In closing I would merely express my own conviction as to the continued 
vitality of the movement we have been discussing and my belief that a solution 
of the various difficulties will be found by a process of successive approximations. 
Moreover, I believe the time has come when the primary emphasis must be placed 
on aims, such as those I have attempted to formulate, and on the selection of 
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material to meet these aims, rather than on unification as such. Unification 
may not be possible at this stage beyond a certain point; in any case it is a possible 
means to an end, not an end in itself. | 


SOME CURIOUS FALLACIES IN THE STUDY OF PROBABILITIES. 


By ROBERT E. MORITZ, University of Washington. 
Part I. 


-Quale é’1 geometra che tutto s’affige 
Per misurar lo cerchio, e non ritruova, 
Pensando qual principio ond’ egli indige. 
Dante, Paradiso, canto 33. 

It is a strange anomaly that that branch of mathematics, known as the theory 
of probability, which rests upon the fewest, simplest, and least controvertible 
fundamental principles, which demands practically no mathematical prerequisites 
for its pursuit, which throughout occupies itself with innumerable interesting 
and important problems that even the layman can understand, should be, at 
the same time, that branch of mathematics which has presented the greatest 
number of pitfalls to its most illustrious devotees. Indeed it seems that the 
simplicity, obviousness, and certainty of its basic principles, the easily understood 
character of its subject matter, and the ease with which it ensnares into error 
the most skilful dialecticians, are the three outstanding characteristics of this 
science. 

Cardan, as will be shown presently, may be said to have inaugurated the 
study with a mistaken solution; Pascal, another pioneer of the subject, committed 
a fallacy in his problem of points involving three players;1 Leibnitz fell into 
error in thinking that a throw of twelve with two dice is as probable as a throw 
of eleven.? D’Alembert stumbled time and again when dealing with probabilities. 
James Bernoulli, in his Ars Conjectandi, recorded two erroneous solutions of his 
nineteenth problem which occurred to him before he obtained its true solution. 

Some of the problems that today we expect every schoolboy to solve have 
been the occasion of serious, and sometimes even acrimonious, contention on 
the part of mathematicians of the first rank. Take the simple question as to the 
probability of throwing heads at least once in the course of two tosses of a coin. 
D’Alembert ‘ reasoned that the required probability is 2/3, since there are but three 
conceivable cases two of which include heads, namely, head on the first toss, or, if 
head fails to turn up on the first toss then the second toss must show either head 
or tail, making three possible cases HH, TH, TT. The same sort of reasoning 
would, of course, make the probability of every future event equal to one-half since 
there are but two conceivable cases, the occurrence or the non-occurrence of 
the event. 

1]. Todhunter, History of the Theory of Probability, Cambridge and London, 1865, p. 15. 

* Leibnitz, Opera Omnia (Dutens), vol. 6, pt. 1, p. 217. 


$1. Todhunter, l.c., p. 69. 
41. Todhunter, l.c., p. 258. 
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D’Alembert ! considered it obvious that, when on tossing a coin heads have 
turned up three times in succession, it is more likely that the next toss will 
result in tail than in head. Bequelin? was of the same opinion and concluded 

hat, when heads have turned up n times in succession, the probability that the 
next toss will result in head is only 1/(n + 1) as against a probability of n/(n + 1) 
that the result will be tail. 

But little less obvious than the preceding is the following fallacy. If three 
coins are tossed at once, what is the probability that either three heads or three 
tails are turned up? Now of three coins at least two must show heads or tails, 
the probability that the third coin will show like the other two is one-half, hence 
the probability that all three coins will show alike is 1/2. The fallacy was 
exposed by Francis Galton.’ 

In the preceding fallacies the errors in logic are easily discerned but there are 
other problems in which apparently sound logic seems to lead to contradictory 
results. 

Suppose that a poor man and a rich man engage in a game of chance on the 
following conditions: Each stakes one dollar after which they toss a coin to see 
who takes the pot. If the rich man wins, the play is ended, for we suppose that 
the poor man has nothing further to lose, but if the poor man wins they play again 
the next day, each man doubling his stake. If the rich man wins the second day 
the play ends, for the poor man will have lost his original stake together with 
his winnings from the first play and has therefore nothing further to lose. On 
the other hand, if the poor man wins they continue to play again doubling their 
stakes, and so on indefinitely. 

Common sense tells us that the rich man is sure to win, for no matter how 
many times in succession the poor man may have won, if he loses the next play 
he will have lost his original stake together with all of his previous winnings, and, 
since he has nothing further to lose the play stops automatically, so that he has 
no chance to recoup. In fact the poor man’s losing seems to be a necessary con- 
dition of the problem since by hypothesis the play is to continue until the rich 
man wins. 

This problem, known as the martingale, was, according to Cantor,‘ first 
introduced into mathematical literature by Cardan, who discussed it in his 
Practica Arithmeticae published in 1539. Cardan is said to have shown that the 
condition of the play imposes a great disadvantage on the rich man. Cantor 
gives no indication of Cardan’s method of proof. 

Whitworth seems to hold the opposite view. While he does not discuss the 
martingale in detail, he announces a principle which clearly covers the case. He 
says, “If any condition is introduced which requires the play to stop when a 
certain position is reached, and if that position is more favorable to one player 

2H. Czuber, Grunert’s Archiv, vol. 67, p. 8. 


3 Nature, vol. 49, p. 365. 
4M. Cantor, Geschichte der Mathematik, vol. 2, Leipzig, 1900, p. 502. 
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than to the other, the latter is at a disadvantage.” !_ The martingale introduces 
such a condition in that it requires the play to stop when the rich man wins. 

Bachelier,’ one of the most recent writers on probabilities, accepts neither of 
the foregoing conclusions. Assuming the play to stop when the poor man loses 
or when he has won n games in succession, he finds the poor man’s gain to be 
p"-2" — 1, where p is his probability of winning one game. As n increases 
indefinitely, this expression approaches ©, 0, or — 1, according as p is greater 
than, equal to, or less than 1/2. In our case p = 1/2, so that the poor man’s 
gain is 0, that is, the poor man has neither an advantage nor a disadvantage 
over the rich man. 

Bachelier’s formula is unassailable, yet it leads to a curious paradox if we 
consider a case in which p is slightly greater than 1/2. Let us assume that the 
coin used by the players has a tendency when tossed to show heads somewhat 
more frequently than tails, let us say an average of 51 heads to 49 tails, and 
that the poor man wins whenever head shows up. Then p = 51/100, and 
Bachelier’s formula gives © as the poor man’s expectation. This conclusion 
amounts to saying that no finite sum, however great, would compensate the rich 
man for the risk he assumes in accepting the conditions of the play provided 
the coin used in tossing has thé slightest tendency to favor the poor man. Com- 
mon sense assures us that the rich man might well accept the risk on even terms. 

A striking illustration of the confusion of thought which has possessed eminent 
mathematicians when dealing with probabilities is found in Montmort’s solution 
of one of the five problems proposed to him by Nicolas Bernoulli in a letter 
dated September, 1713, and which Montmort published in the second edition 
of his Kssat d’analyse sur les jeux de hazard (Paris, 1714). The third of these 
problems was as follows: 

A deposits a crown. B throws a common die and if an even number turns 
up, he takes a crown, if an odd number turns up he deposits a crown. Then A 
throws the die and if an even number turns up he takes a crown, but deposits 
nothing if an odd number turns up. Then B throws the die again, taking a 
crown if he throws an even number, depositing a crown if he throws an odd 
number. Then A throws the die again under same conditions as before, and so 
on indefinitely so long as there remains any sum on deposit. Required the 
advantage of A or B. 

In his reply to Bernoulli, Montmort states that he had not tried the first two 
problems, that the last two presented no difficulty, but that it had taken him 
a long time to solve the third problem, that he had finally come to the conclusion 
that there would be neither advantage nor disadvantage to B, as had also 
Waldegrave, an English mathematician, who had worked with him on the 
problem. 

The modern reader can only wonder what it was that Montmort and Walde- 


1W. A. Whitworth, Choice and Chance, 5th edition, Cambridge, England, 1901, p. 220. 
2 L. Bachelier, Calcul des Probabilités, vol. 1, Paris, 1912, p. 38. 
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grave worked over, since the problem states explicitly that B has at every trial 
an even chance of winning or losing. 

Bernoulli’s fifth problem, which Montmort said presented no difficulty, is 
the problem which in a slightly modified form has since become celebrated 
under the name “ Petersburg Problem.’’ As first stated the problem admitted of 
several interpretations, the modified form in which it has become generally 
known was given it by Daniel Bernoulli, the nephew of Nicolas, who first dis- 
cussed the problem in the transactions of the Petersburg academy,” whence the 
name of the problem. 

In its original form the problem was in substance as follows: B throws a 
common die. If six turns up on the nth trial, A is to give B a sum of money 
which is some known function of n. Required B’s expectation. 

If we denote the sum by f(n), and assume that the play ends when six turns 
up for the first time, B’s expectation is =[f(n)-5"-1/6”]. If f(n) is such that 
lim [f(n + 1)/f(n)] > 6/5 or if f(n + 1)/f(n) is constant and equal to 6/5, say 


f(n) = (6/5)", B’s expectation becomes infinite. 

Daniel Bernoulli’s modification of the problem makes it read thus: A coin is 
tossed until head turns up. If this happens on the first trial Peter is to pay Paul 
1 crown, if on the second trial 2 crowns, if on the third 4 crowns, and so on, the 
sum which Peter is to pay Paul when head finally does turn up being double the 
sum he should have paid had head turned up on the immediately preceding trial. 
Required Paul’s expectation. 

This, then, is the Petersburg problem. By Paul’s expectation is meant the 
sum which Paul ought to pay Peter at the outset in order that the play may be 
fair to both Peter and Paul. The terms of the play are considered fair if, provided 
the play is repeated indefinitely, neither Peter nor Paul has an advantage. 

If an event whose probability is p carries with it a gain P it is easily seen 
that the expectation of this contingent gainispP. It follows that the expectation 
of a series of contingent gains is equal to the sum of the expectations of the 
separate contingent gains. 

In the Petersburg problem the probability that head will turn up for the first 
time on the nth trial is 1/2", if head does then turn up Paul is to receive 2”! 
crowns, hence so far as the nth trial is concerned Paul’s expectation is 2”~1/2” = 1/2. 
Now n may have any integral value, hence Paul’s total expectation is 


YS ya) = 2+ 12+ = @, 


But this conclusion contradicts common sense which assures us that Paul 
would not pay any considerable sum for the advantage which Peter offers him. 
It is of interest to observe that if the foregoing reasoning is valid Paul’s 
expectation will remain infinite even if the conditions of the play are modified 
in a number of ways, each modification resulting in a distinct disadvantage to 


Paul. 


1T. Todhunter, l.c., p. 134. 
2 “Specimen theoriae novae de mensura sortis,’’ Comment. Acad. Petrop., vol. 5. 


18 SOME CURIOUS FALLACIES [Jan., 


1. In the first place the expectation remains infinite whether the initial 
prospective gain is one crown or any smaller sum, say 10~!° crowns. 

2. In the second place the expectation remains infinite even though it were 
stipulated that Paul should receive nothing unless head turned up for the first 
time at any arbitrarily designated trial, say the one-millionth trial, and if head 
does not show then he were to receive nothing unless head did not turn up until 
some other arbitrarily designated trial, say the two-millionth trial, and so on 
provided only that if head does turn up for the first time on one of the designated 
trials Paul is to receive the stake attached to that particular trial by the conditions 
of the problem. 

3. The expectation will remain infinite if the stake attached to the nth trial 
is 2”-1/(kn) instead of 2”—! times the initial stake, where k is any constant, how- 
ever large. 

4. Paul’s expectation will remain infinite even if the conditions of the play 
combined all the disadvantages enumerated under 1, 2, and 3. 

The proof for this assertion is simple. Paul’s expectations of the favorable 
trials are 
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and the sum of these expectations is 
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In this generalized form of the Petersburg problem Paul would receive nothing 
unless tail turns up 999,999 times in succession, and his gain, if head turns up 


on the next trial, is 
10726 . 2999,999 
———z-——— crowns, 


a number small at will, say less than 1 crown, since k can be chosen as large as 
we wish. Yet the theory asserts that Paul’s expectation is infinite, that is to say, 
no matter how large a sum Paul should offer Peter for a single game, Paul would 
come out winner if the game were repeated on the same terms a sufficient number 
of times. 

Absurd as this conclusion seems, it is an incontrovertible consequence of the 
fundamental theorem that if A’s probabilities of receiving the separate sums 
P,, Po, Po, +++, are M1, Po, Ps, +++, respectively, his total expectation is the sum 
of the separate expectations 


piPy + poP2+ p3P3 + eee, 


(To be concluded in the next issue.) 
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THE USE OF AN EXISTENCE THEOREM IN DEVELOPING THE 
PROPERTIES OF THE SINE AND COSINE. 


By H. T. DAVIS, University of Wisconsin. 


Introduction. In an interesting section of Professor Osgood’s Funktionen- 
theorte (Second edition, volume 1, Leipzig and Berlin, 1912, pp. 571-582) many 
of the properties of the sine and cosine are developed through their definition by 
means of a differential equation. One method there employed is that of obtain- 
ing explicit expansions for the functions by means of substituting series in the 
equation. 

The purpose of the following paper is to show how this same development 
can be accomplished without the use of series by means of the existence theorem 
for linear differential equations. ‘The power and elegance of this kind of analysis 
makes it seem worth while to record a simple example of its use. 

The theorem in question is the following: ? 

““A linear homogeneous differential equation, in which the coefficient of the 
highest derivative is a constant, possesses one and only one integral which, for 
a preassigned value of the independent variable in whose neighborhood the 
coefficients of the differential equation remain analytic, assumes a preassigned 
value and whose first n — 1 derivatives assume preassigned values at the same 
point. The circle of convergence of the ordinary power series development, 
representing the integral in the neighborhood of such a value, is never smaller 
than the largest circle within which the power series developments of the coefii- 
cients are all convergent.” 

The power of the method which is here developed: attaches to the fact that 
the theorem just quoted assures us of the uniqueness as well as the existence of 
the two functions U and V which we shall choose to satisfy the following condi- 
tions: 

U and V are both solutions of the equation 


Fat nv = VU; | (1) 
U(0) = 1, V(O) = 0, (2) 
U’'(O) = 0, V"(O) = n. 


We shall now develop some of the properties of these functions, ultimately 
to be identified with the sine and cosine, on the basis of this definition. 

THEorEM I. U?+ V?= 1. 

By hypothesis U” + n?U = 0, V"” + n?V = 0. Multiply the first by V 
and the second by U and subtract. Then 


VU" — UV" = (VU' — UV"! = 0. 


Consequently VU’ — UV’ = ¢, and by making use of conditions (2) we have 
UV’ —-VU' =n. 


11. Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, vol. 1, Leipzig, 
1895, p. 25. 
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We next show that V’ = nU. Since nU is a solution of the equation, we shall 
require V" also to be a solution, a fact verified by differentiating the equation 
and comparing the result with that of substituting V’ for y. That V’ and nU 
are actually the same solution follows at once from the uniqueness part of the 
existence theorem, because 


V'(0) = n, nU(O) = n, 
V"(0) = 0, nU’(0O) = 0. 


It follows similarly that U’ = — nV and these results substituted above 
establish the theorem. 

The Oscillation Properties. We shall next prove the following theorem: 

THEOREM IT. When n is a real number the functions U and V vanish an 
enfinite number of times along the real axis and their zeros alternate with one another. 

Consider the intervalO S2< ©. We have, if Z = U’/U, 


UU" — U?_ — n°U?— U ; 
(nt i 


Hence, by integration, 


Z' = 


U=-—U f “(2 + Z)de, 
0 


and from the differential equation U’ = — n2U. 

If we now suppose that U is positive for all values of x, we are led to a con- 
tradiction because U’ and U” would then both be negative which is evidently 
a sufficient condition that U should vanish at some finite point of the axis of x. 
From this contradiction we see that U must vanish at least once in the interval. 

Moreover, when U vanishes it follows from Theorem I that V = 1, and the 
argument may be repeated for V. Since this may be continued indefinitely, 
it is seen that U and V must vanish an infinite number of times along the positive, 
and by similar reasoning, along the negative axis of x. 

The second part of the theorem is apparent from the identity: 

(;) = Uv'—VU'_n 


a 


V2 V2 


Suppose that a and b are two successive zeros of U and that V vanishes at 
no point in the interval. Then U/V is a continuous function which vanishes 
at two points and whose derivative must, therefore, by Rolle’s theorem, vanish 
at some point in the interval. But this is clearly a contradiction so that V must 
vanish in the interval. Since the same argument holds for V, the theorem is 
seen to be established. 

The Addition Formulas. As an example of the application of this method to 
proving the addition formulas we give the following: 


TueoreM IIT. U(2 + y) = U(x) U(y) — V(x)Vy). 
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‘Tf we set g = x + y, then by hypothesis the left-hand member satisfies the 
equation 


c U U = 0, 
and the additional conditions U(O) = 1, U’(O) = 0. 
Consequently letting U(x)U(y) — V(x)V(y) = W(a, y), it is sufficient to 
show that W is a function of z, that it satisfies the equation in zg, and that 
A necessary and sufficient condition that W shall be a function of g is that 
the Jacobian? 


ya D@W) — 
D(z, y) 
yn J = U(2) ow — V(a)V"ty) — U(x) Uy) + V'(2)V(y) = 90, since 
= Uand U’ = 
Also. by means of the theory of transformations,’ it follows that 
CW Ww 


Fe = og = UU) — V"@)V), 


= — U(z)U(y) + Via) Vy). 


OF = OE = U'@)U@) — V@VW), 
Z Ox 
we have W(O, 0) = 1, and (dW/dz)o = 0. 

By virtue of the uniqueness part of the existence theorem, these three con- 
clusions are sufficient to establish the identity. 

De Moivre’s Theorem. Since the existence theorem applies to complex as 
well as real functions, it is possible to give a simple proof of De Moivre’s theorem. 

THEOREM IV. [U(2) + «V(x)]" = U(nz) + wV (no). 

It is at once clear that the right-hand member of the equation is a solution 
of the differential equation (1) since it is a linear combination of two particular 
solutions, and that for x = 0 it takes the value 1 and its derivative with respect 
to xz, the value nz. 

Consequently it will be sufficient to show that [U(x) + 2V(a)]” is a solution 
of the differential equation and that this solution and its first derivative at the 
point x = 0 assume the values 1 and mi, respectively. 


Finally, since 


1TIn preceding paragraphs U and V stand for U(nx) and V(nx), U’ for dU(nx)/dz, ete. 
In the proofs of Theorems III and IV U and V when used alone stand for U(#) and V(x). n 
may be considered as taken equal to 1, but it should be noted that the n which is introduced in 
Theorem IV is not the n which is taken equal to 1. Thus'we have there V’ = U and U’ = — JV, 
and at the end we have V’(0) = 1, although we also have an n which is not supposed to be 
equal to 1—EbiITors. 

2 Goursat-Hedrick, Mathematical Analysis, vol. 1, Boston, 1904, p. 52. 

§ Goursat-Hedrick, loc. cit., p. 65. 
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If Y = [U(x) + 2V(2)]", then it follows readily that 
Y" + WY = (0+ 0V)"{In(n — 12) (U0 + iV’)? + n(U + iV)(U" + iV") 
+ (0 + 1V)", 
= (0+ iV) {n{V? — U?+ U?— V2?+ 2(0UV — VU) 
+ n[V? —- UW? — V?+ U2? + 2(UV — VU))} 


¥(O) = U(O) + VO) = 1, 


Y'(0) = n[U(0) + eV (O)}[U"(O) + 1V"(O)] = ma, 


which establishes the theorem. 

The Geometrical Interpretation. In order to complete the discussion by 
showing that the functions U and V are the ordinary cosine and sine, we may 
interpret them geometrically. We have already shown that U?+ V?= 1. 
Hence if U and V are taken as rectangular codrdinates depending upon a 
parameter, their locus will be a circle of unit radius with center at the origin. 
It merely remains to give a geometrical interpretation of the parameter ny. 

From the relations V’ = nU and U’ = — nV it follows that U2 + V” = n?. 
Hence ds/dz = n and upon integration, s + const. = na. This means that the 
parameter nz is a length of arc measured along the unit circle and, therefore, 
is also a measure of the angle at the center. 

It is interesting to observe that we might have argued as follows: By 
hypothesis U” + n?U = 0, V"’ + n?°V = 0. If we multiply the first equation 
by V’ and the second by U’ and subtract, recalling the fact that UV’ — VU’ = n, 
we have 

VU" —- UV" = VU’ — UV’) = — n’, 
or since U2 + V" = 73, 
(U” + ys 
uv" — Vu" 
Hence the radius of curvature of the curve whose parametric representation 1s 
U = U(nx), V = V(nz), is 1, which means that the curve itself is a unit circle. 


THE EFFECT OF CHANGE OF SCALE ON CURVATURE. 
By JAMES K. WHITTEMORE, Yale University. 


An important problem of applied mathematics is the determination of an 
empirical formula to represent the relation between two measured quantities. 
This problem is fully discussed in Joseph Lipka’s Graphical and Mechamecal 
Computation, chapter VI. The simplest and most important of the empirical 
laws are the two-constant laws such as (1) y = aa-+ 5, the straight line law; 


1 New York, 1918. 
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(2) y = az’, the power law; (3) y = ae®*, the exponential law. In each of these 
equations x and y are corresponding values of the two measured quantities, 
and a and Bb are constants. If the form of the law is known, the problem is the 
determination of the constants. If the form of the law is not known, the first 
and more difficult problem is the determination of the law best adapted to repre- 
sent the relation between the measured xz, y. The first step in the determination 
of the form of the law is to plot on ruled paper the points whose coérdinates are 
corresponding numbers 2, y. If the plotted points appear to lie nearly in a 
straight line the law (1) may be tried. It sometimes happens that, even though 
the plotted points lie approximately in a straight line, the law (1) gives unsatis- 
factory results. It is then necessary to try a different law. In the choice of a 
two-constant law other than (1) a most important question is whether the curve 
joining the plotted points is concave up or down. If the points are approxi- 
mately in a straight line it is difficult if not impossible to answer this question. 
“Change of scales from those first used is sometimes advisable in order to bring 
out the curvature, if any.”’! Itis the purpose of this paper to show how different 
changes of scale affect the numerical value of the curvature, hereafter called 
simply the curvature, of the graph of a set of points of given codrdinates. It is 
hoped that the results obtained, which are certainly not obvious, may have a 
practical value in the determination of empirical laws, as well as some general 
interest. 

Consider first a simple example. If we plot the points 2, y, which satisfy 
the equation, x? + y* = 1, with equal scales on the two axes the graph is the 
unit circle. Suppose the points with the same coérdinates to be again plotted 
with the x scale doubled, the y scale remaining unchanged. Evidently we shall 
obtain the same curve as in the second plot if we plot with the original equal 
scales the points of codrdinates, 7; = 22, y, = y, that is the locus of the equation, 
ay7/4 + yy = 1. The curvature at a point 2, y1 of this ellipse is 


= 16 . 
(x1? + 16y;")3/? 


For a, = 2, y1 = 0, Ki = 2; for a, = 0, y= 1, Ki = 1/4. Clearly doubling 
the x scale has had quite different effects on the curvature of the circle, unity for 
every point, at the two points, 1, 0 and 0, 1. Let us next suppose plotted the 
coordinates of the points of the same circle with the ~ scale increased in the ratio 
m:1, m being a positive number greater than one, the y scale unchanged as 
before. The graph is the same as that obtained by plotting with the original 
equal scales the locus of the equation, 22/m? + y;7 = 1. If y is not zero, 


Ky 


2 m? , 
Pot + ¥") 


where y and y’ = dy/dx refer to the circle, 227+ y? = 1, and do not change 


Ky 


1 Sheffield Scientific School Sophomore Mathematics, pamphlet by P. F. Smith, 1921, p. 15. 
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with m. ‘To find for what points of the circle the curvature increases as m 
increases from unity we compute au) /d(m?) for m = 1, obtaining 


1 dK) _ y= 2, 


Ke d(m2) =1 py mah 


It follows that as the 2 scale is infinitesimally increased the curvature at a point 
of the circle increases or decreases as y” is greater or less than 2, that is as the 
acute angle between the tangent to the circle and the 2 axis is greater or less than 
54° 44’. We proceed to show that the result is the same for any curve. 

For any curve the square of the curvature is 


_ yf 

+ y)* 

where y’ = dy/dx and y” = d*y/dz?. If the codrdinates 2, y of this curve are 
plotted with the x scale increased in the ratio m:1 and the y scale unchanged 
we shall have the same locus as that obtained by plotting with the original 
equal scales the points of codrdinates, 21 = mz, yi = y. The equation of the 
new curve is obtained from that of the given curve by replacing z and y in the 


latter by 21/m and y, respectively. The curvature at 21, yi, the point corre- 
sponding to 2, y, is given by 


2— 


yy” 9, INR 
2 my 


(1 + yy? (me +)” 


since y;’ = dy; /da = y’/m and yy’ =a y:/d2? = y"’/m?. Taking the logarithmic 
derivative of K,’? with respect to m?, then writing m = 1, we find as in the case 
of the circle 


1 d( Ky") _ = 2, 
KY? d(m?) =4 + y” 


3 
I 


The result is the same for all curves: as the 2 scale is increased, the y scale 
remaining unchanged, the acute angle between the tangent to the curve and the 
x axis decreases, since y;”" = y’?/m?, and the curvature increases or decreases as 
y’ is greater or less than 2. tt is evident that if we consider a definite point of a 
given curve for which y’ > v2 and gradually increase the x scale the curvature 
at the corresponding point will gradually increase until y;’ = V2; further increase 
of the x scale will decrease the curvature. For maximum curvature at a point 
corresponding to a given point we must choose m? = y’’/2, and find that the 
maximum curvature is given by | 


4 (1+ y) p 
kf = 97 Lan 


It is easy to show directly that this maximum K;,’ is greater than K? when 7’ 
is greater than 2 and that the ratio of maximum increase K,?/K? increases with y”. 
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If the equation of a curve is not given but the coordinates of a number of 
points are known, as in the case where an empirical law connecting corresponding 
pairs of given numbers is to be found, the effect of change of scale on curvature 
is the same as if an equation were given. If a number of pairs of codrdinates 
are given and plotted, if it is desired to increase the curvature of the graph at a 
point where the slope y’ is greater than v2, and if for other reasons an increase 
of the xz scale is not undesirable, then for maximum curvature the z scale should 
be increased approximately in the ratio y’ :V2. If, for example, y’ = 3, since 
3/12 = 2.1 the x scale should be doubled and K, = 1.4 K approximately. 

A discussion similar to the preceding shows that if the y scale is increased in 
the ratio n : 1, the x scale remaining unchanged, the slope y’ increases numerically 
and the curvature increases or decreases as y” is less than or greater than 1/2. 
Then if y” is between 1/2 and 2 an increase of either scale will decrease the curva- 
ture while a decrease of either scale will increase the curvature. 

We consider finally the effect on curvature of simultaneous changes in both 
scales. Suppose a curve plotted originally from a given equation or from pairs 
of given coordinates x, y, with equal scales on the two axes; suppose then the 
same codrdinates plotted with the 2 scale increased in the ratio m : 1 and the y 
scale increased in the ration :1. The second plot may be obtained by plotting 
with the original equal scales the points whose codrdinates are 71 = ma, yi = ny. 


For the new curve 


M2 12 


- we minty 
(1+ yr”)? (m? + ny”)? 


since y; = ny’/m and yi” = ny”’/m?. We have 


K? 


d(Ky") _ (n’y” — 2m?)d(m?) + (m? — 2n?y")d(n’) - 
K2 mn?(m? + n?y’) 


In this equation we set m = n = 1 to obtain the change in curvature for infini- 
tesimal changes in scale: 


d(K1?) _ (y” — 2)d(m*) + (1 — 2y")d(n’) | 
KY 1 + y 


m=n= Il, 


an equation which contains the results given before for changes in the z scale 
alone and in the y scale alone. It is clear that the exact effect on curvature of 
simultaneous change of both scales is not determined till the relative rate of 
change of scales is given. We consider two cases: (1) The two scales shall be 
changed in the same ratio, m = n. Since dm = dn we have, for m = 1, 


1 d(Ky’) _ 1 dky | 


As the scales increase the curvature decreases as is indeed evident; the rate of 
change of curvature with respect to scale is exactly equal to the curvature. 
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(2) The two scales shall be changed in inverse ratio, m = 1/n. Suppose for 
example the x scale to increase, m > 1, while the y scale decreases, n <1. In 
this case the slope, y1’ = y’/m?, decreases numerically; for infinitesimal changes 


of scale, m = n = 1, we have d(m?) = — d(n?) and 
1 dk’) _ 38 y" — 1), 
K? d(m?) y” + 1 


so that an increasing x scale and a y scale decreasing in inverse ratio will increase 
curvature as long as y” > 1. Suppose that the curvature at a definite point of 
a given curve for which y’ > 1 is to be increased by simultaneous inverse changes 
of scale. For the maximum increase m? = y’ and 
12\3 
K2 = ldt+y’) R?. 


8 y” 


We may see directly that this maximum K,? is greater than K? when y’ is greater 
than 1, that the ratio of maximum increase K,?/K? increases with y’, and that for 
values of y’ greater than 2, as might have been anticipated, this maximum 
curvature obtained by simultaneous inverse change of scale is greater than the 
maximum previously found by change of the x scale alone. If again we suppose, 
for example, y’ = 3 we obtain the maximum increase of curvature by choosing 
m = 1/n = V3 = 1.7 and K; = 2.2 K approximately. 

In conclusion we remark that in making a plot of given coérdinates for the 
determination of an empirical law other things besides curvature must be con- 
sidered. We quote from Lipka:! “The scales with which these values are 
plotted are generally chosen so that the length of the axis represents the total 
range of the corresponding variable, and so that the line or curve is about equally 
inclined to the two axes. There is no advantage in choosing the scale units 
on the two axes equal. Care should be taken not to choose the units either too 
small or too large; for in the former case the precision of the data will not be 
utilized, and in the latter case the deviations from a representative line or curve 
are likely to be magnified. The drawing of a good plot is evidently a matter of 
judgment.” From the results obtained in this paper we know that “if the line 
or curve is about equally inclined to both axes,”’ and if the plot is not actually 
a straight line, the curvature will be increased by a decrease in either or both 
scales, but what change of scale is most advantageous will in the end depend on 
the precision of the data, the form of the plot, and the size of the paper as well 
as on a desired magnification of the curvature. 


1 Loc. ctt., pp. 122-123. 
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QUESTIONS AND DISCUSSIONS. 


Epitep By C. F, GuMMER, Queen’s University, Kingston, Ont., Canada. 


DISCUSSIONS. 


Among the unphilosophical there is generally no very clear notion of what 
is involved in a mathematical theory; and many of the attacks on this science 
are attacks, not on mathematics itself, but on the hypotheses on which it happens 
to operate. Hence arises the distinction, unmeaning in any exact sense, between 
what is mathematically true and what is true in practice. It is therefore not 
unlikely that the rather fanciful doctrine of Golden Section, as the most perfect 
proportion, is by many persons regarded as something proved by mathematics 
(namely, by the study of the equation 2? + x — 1 = 0), and their unwillingness 
to apply the doctrine in a wholesale fashion would no doubt be excused on the 
ground that it is one of those things that are mathematically true only. Readers 
of the Montuty, though innocent of these errors, will be interested in Professor 
Bennett’s article, which goes further and exposes on general ground the impossible 
character of the theory in the sweeping form in which it is often stated. For notes 
on the history and literature of Golden Section, compare this MoNTHLY, 1918, 
232-235. 

The two formulas given by Dr. Weisner, which have a very simple application 
to a number of elementary summation problems, may well be considered in rela- 
tion to the operators D and A, where Df(n) = (d/dn)f(n) and Af(n) = f(n-+1) 
— f(n). We know that the inverse operators D~™ and A™ give rise to arbitrary 
complementary terms, the constants of indefinite integration and indefinite 
summation. It is also well-known that the operators D, A, D~, A are commuta- 
tive, provided the complementary terms are not forgotten. When we pass from 
the indefinite integral (supposed to exist) to the definite integral with upper 
limit n, and in like manner to the definite sum, the complementary terms will 
become fixed, and the results of D~1A~! and A“4D~ will now be found to differ 
by a linear function of n. The determination of this linear function depends on 
the lower limits of summation and integration. Dr. Weisner’s integration for- 
mula (2) may be thought of as giving the results for the lower limits 1 and ¢; 
for the left member is of the form f,”¢(n)dn + An-+ B. The differentiation 
formula (1) has the same relation to the change of order of D and A“. 


l. Tae “Most Pieasinc RECTANGLE.” 
By ALBertT A. BENNETT, University of Texas. 


As has been frequently emphasized, the Golden Section is even richer in 
interesting associations than was imagined by those who first bestowed upon it 
this grandiloquent title. We have indeed the regular pentagon, the regular 
decagon, the regular five-pointed star or pentagram, and related figures depending 
for their usual construction directly or indirectly upon the Golden Section. Yet 
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the relation of the segments thus obtained figures numerically in other familiar 
connections. The proportion, 1:2 = 2: (1— 2) gives 27+ x — 1 = 0, whence 

= — 1 +415, which enters into the study of the so-called Fibonacci sequence: 
0, 1, 1, 2, 3, 5, 8, 13, 21, ---, where each term after the second is the sum of the 
two preceding terms. It might seem at first strange that the sum of n terms of a 
series which is so essentially integral should be represented by an expression 
involving V5, but the following formula is readily verified inductively and con- 
stitutes merely the solution of a simple problem in differences: 


Sn = [G+ 3V5)™1 — @ — 3V5)" V5. 


The form is more suggestive of the Golden Section, if we alternate signs and write 
0, — 1,1, — 2, 3, — 5, 8, — 13, 21, ---, where now each term after the second 
is the difference obtained by subtracting the preceding element from the one 
preceding that. In this form the solution for the sum is 


[(— $— Wat = (— Wyn, 


From the properties of the Golden Section a direct proof that v5 is irrational 
follows easily, since the determination of a common measure for 1 and — 3 + ov 5 
can be shown to be impossible owing to the recurrent appearance of this ratio 
at each step in the classical process. 

Despite the wealth of geometrical and arithmetical material that is available 
in connection with the Golden Section, one sometimes sees in mathematical 
texts a further statement to the effect that the Golden Section provides segments 
which when tsed for the sides of a rectangle result in a “rectangle of the most 
pleasing shape.” One can object to this statement in mathematical texts on 
three grounds: (1) it is not codrdinate with the other propositions, not being 
mathematical in its content; (2) it could not be proved even it if were true; 
(3) if not meaningless it is false. 

The assertion as to the “most pleasing rectangle”’ is at its face value incapable 
of mathematical demonstration, and if intended as a scientific fact can rely only 
upon psychological grounds. This is not a fatal objection to making a reference 
to the claims of some psychologists but is a reason for criticizing the abrupt 
statement sometimes made. It is surely obvious that no mere experimentation 
can serve to select an irrational number exactly. No matter how many subjects 
be tested or how many reactions recorded, the determination of an irrational 
number with absolute precision is out of the question. Two methods of testing 
occur to mind: (1) A finite collection of shapes might be compared, (2) the 
persons whose esthetic judgments are being invoked might be requested to draw 
a figure or adjust a mechanism and so select the most pleasing rectangle out of a 
possible infinite number. In either case, at best all might agree on a figure 
differing but imperceptibly from that given by the Golden Section; and at worst, 
a distribution of choices might occur with a maximum or mode, near this point. 
But the statement will be meaningless in the abstract unless it is applicable to 
all of the numerous concrete instances that come to mind. To be specific, one 
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may ask what is the most pleasing shape of a sheet of note paper, of a newspaper, 
of a photograph, of a picture frame, of a postage stamp, etc. The whole question 
reduces to the character of our esthetic preferences in a matter of this sort. 
Is there a certain abstract pleasing rectangle which we prefer to see embodied 
in these various examples, or do practical commercial considerations familiarize 
us with certain shapes which thereby acquire a certain sanction? The question 
seems to be one which can be answered readily. One has merely to show that 
most pleasing proportions in one application are not those in another, and that 
in some of the most familiar cases at least commercial advantages are sufficient 
to explain the usual and for these purposes most pleasing proportions. 

The proportions of the usual postage stamp when measured from perforation 
center to center, are ~ in. X 1 in. These dimensions are selected for the con- 
venience in handling sheets of stamps consistent with ease of handling individ- 
ually. - The factors of the problem are the original size of the sheets to be used, 
the even decimal number of stamps to a row and to a column desired to facilitate 
sales, the average size of a clerk’s thumb. Long familiarity has accustomed us 
to finding esthetic satisfaction in this size and shape. Any other size attracts 
attention by its unfamiliarity, and unless it is an even multiple of the present 
size looks awkward to the average American. But these are not the proportions 
of the Golden Section. The American dollar bill and paper money in general 
show a certain size and shape with which we are all familiar. The dimensions 
are approximately 34 in. X 72 in. We are accustomed to the handling and fold- 
ing of bills of this size. When in foreign travel we come upon assorted sizes 
and shapes, there is nearly always a. feeling that the American bill is of more 
pleasing proportions. In this case again the dimensions are not those of the 
Golden Section but lie to the other extreme. If a picture that is to be framed 
should itself show certain proportions, and if the frame is to be of the usual 
sort to the extent of constituting a uniform border to the picture, it is clear that 
the exterior dimensions of the frame cannot be in the same ratio as those of the 
picture. The most pleasing dimensions for a picture frame if such there could 
be ought to be those presumably fitted to the picture of most pleasing dimensions 
and therefore the most pleasing rectangle for the exterior of a frame would more 
nearly approximate a square. 

Thus far most of these remarks have been directed to the proportions of a 
sheet of paper. The most familiar example of such a rectangle is undoubtedly 
that of a page of a book or magazine. And it is here that simple commercial 
considerations are most obvious. Changes in shape and in size are both dis- 
concerting, but changes in size are commercially necessary while marked varia- 
tions in ratio can be and therefore usually are avoided. Small pages are obtained 
by folding larger sheets, whence the terms, folio, quarto, octavo, duodecimo, etc. 
The question amounts to one as to how a sheet of paper shall be originally 
planned so that after these successive foldings the pages shall show sensibly 
similar shapes, the solution being complicated by the demand for even integral 
multiples of an inch or at least of a quarter inch. Instead of making one dimen- 
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sion exactly v¥ 2 times as long as the other, we can make use of the fact that for 
most purposes not requiring precision, 2/3 and 3/4 are not sensibly distinct, and 
are such that their product is 1/2. Thus a sheet, 18 X 24 when folded gives two 
sheets, 12 X 18 of sensibly similar shape, and after another folding, we obtain 
four sheets of 9 X 12 which are exactly similar to the original sheet. 

By referring to architectural details the folly of speaking of a most pleasing 
rectangle apart from its use becomes even more evident. ‘The most pleasing 
rectangle for the cross section of the capital to a column is obviously a square, 
while the most pleasing shape of a rectangular pilaster has proportions between 
1:8 and 1:15 probably. The most pleasing shape of the tread on a stairway 
differs again from the most pleasing proportions for a brick or for a fence board, 
or fora door. The abbreviated regimental colors look awkward to most civilians 
accustomed to the proportions of the national flag. 

There is still another element in the problem. As soon as commercial demands 
become secondary to the vagaries of fashion, the assumption that there is a 
most pleasing rectangle even for a given specific purpose becomes doubtful. 
Exclusiveness and novelty often outweigh the advantages of traditional famil- 
iarity. Fancy bricks come in a wide variety of sizes and shapes, ladies’ stationery 
shows continual variations. If there be indeed a most pleasing rectangle why 
is it that visiting cards whose proportions need be dictated by no considerations 
other than esthetic show such periodic fluctuations? 

Mathematics presents interest enough on its own account, it is called upon 
in ever increasing measure in the elucidation’ of natural laws and the furthering 
of arts. Why must mathematicians persist in seeking extraneous mystical 
significance in numbers? 


Il. Note on THE SUMMATION OF SERIES. 
By Louis WeIsNER, Columbia University. 


The object of this note is to present a method for determining the sum of the 
first n terms of a series whose nth term is f’(n) or f."f(n)dn, provided that the 
sum of the first n terms of the series whose nth term is f(n) is known. 

If y(n) = Vif(n), then y(n) — v(m — 1) = f(n). 

For most series which occur in practice this difference equation is satisfied 
for all values of n, with the possible exception of isolated values. If this is the 
case, and y(n) and f(n) are differentiable functions, we have 


g’(n) — o'(n— 1) =f'(n). 


If gy’ (x) + © wheh x = 0,1,2,--- n, wemayletn = 1,2,---0 in this equation. 
Adding the n equations thus obtained, we find that 


nN 


g’(n) — o'(0) = DF (n). (1) 


1 


For example, from 4n?(n + 1)? = >> n3 we gets (n+ 1)(2n-+ 1) = >) 38n?. 
1 1 
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Again, from log '(n + 1) = log 1+ log 2+ --- + log n, we obtain 


Mati MO _ 7,141, ...41. 
T'(n + 1) Tat tEt a 


Integrating our difference equation between limits c and n, where ¢ is an 
arbitrary constant for which the integrals exist, we find that 


[F e(nyan — [ “e(n— Dan = |" F(n)an, 


f *o(n)dn — f * elnydn = f " F(n)dn, 
f ; g(n)dn — f ; o(n)dn = f . f(n)dn. 


Letting n = 1, 2, --- n, assuming the integrals to have finite values, and 
adding the n equations thus obtained, we find that 


"o(n)dn—n [- oln)dn = >> [ f(nan. (2) 
i Jeon = J 


whence 


or 


6n® + 15n4+ 10n? — n _ > 
120 1 


| 3, 


For example from }n?(n + 1)? = }/n? we get 
1 


The reader will have little difficulty in finding other applications. 


RECENT PUBLICATIONS. 


REVIEWS. 


Analytische Behandeling van de Rationale Kromme van den Vierden Graad in een 
Vierdimensionale Ruimte. By J. Fr. pE Vries. The Hague, Martinus 
Nijhoff, 1922. 8vo. xi-+ 158 pages. Price 4 guilders. 

This book gives an analytical discussion of the rational quartic curve in 4- 
space, looked upon by the author as the analogon of the twisted cubic in 3-space. 
The classical analytical treatment of the latter curve! is taken as a guide in the 
study of the C,4.. The following analysis of the contents of the work gives an 
indication of its scope: 

Chapter I: Some parametric representations of the rational curve of fourth order in 4-space. 
Conical spaces containing the curve; Chapter II: Simply, doubly and triply tangent spaces, 
osculating spaces, tangent and osculating planes, tangent lines. Polar space of a point with 


respect to the curve; Chapter III: The space of the osculating planes, the locus of the tangent 
lines, the space of the bisecants, polar space. The Pliicker numbers; Chapter IV: Quadratic 


1 See, for example, O. Staude, Analytische Geometrie der kubischen Kegelschnitte, Leipzig, 1913; 
or P. W. Wood, The Twisted Cubic with Some Account of the Metrical Properties of the Cubical 
Hyperbola, Cambridge, England, 1913. 
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spaces containing the curve; Chapter V: Quadratic and cubic involutions on the curve; Chapter 
VI: Quadratic conical spaces through C.‘; Chapter VII: Generation of the curve by means of 
projective systems of spaces and rays; Chapter VIII: The curves C4 through six given points; 
Chapter IX: Properties of the rational C,3 obtained from those of the rational C4 by central 
projection. 


ARNOLD DRESDEN. 


The Calculus. By E. W. Davis and W. C. Brenxe. Revised edition, New 

York, The Macmillan Company, 1922. 345+ 65 pages. Price $2.75. 

In writing an elementary text on the calculus an author may try to build up 
a logical treatment of some of the elementary facts as free as possible from 
intuition and sacrifice manipulative skill to logical rigor, or he may trust to 
intuition in the more delicate matters and try to develop an intelligent manipula- 
tive grasp of the subject. 

The first edition of this book followed strongly this second alternative and 
while it had certain undoubted merits was not altogether a satisfactory text.! 

The revision by Professors Hedrick and Brenke which has just appeared 
seems, to the writer, to have cured all the faults of the earlier text and to have 
given us about as good a book for the average calculus class as one could wish. 
The authors show an accurate and detailed knowledge of the beginner’s difficulties 
and clearly indicate the right methods of meeting them. The book is not too 
long and the topics omitted show good judgment—asymptotes and multiple 
points of curves are not treated at all and the theory of infinite series is given 
little space. For the first hundred pages the only functions treated are algebraic 
(mostly polynomials). Reduction formulas do not occupy their usual imposing 
position and mechanical and formal problem solving receives no encouragement. 
The treatment of the notion of area as intuitional (which it is not) together with 
the ambiguity of the integral sign (a now unavoidably defective symbolism) is 
responsible for the obliteration of the distinction between D;~f(x) and f.4f(x)da, 
which is to be found in practically all the elementary texts. It is responsible 
for the mental fog which the treatment of the inverse operation as a direct limit 
usually produces. 

Since it is unfair to an author to say nothing but nice things about his book, 
we must follow the usual custom of casting a few stones of an innocuous sort as 
certain infelicities of expression. For instance, one would like to know why it it 
unfortunate? that positive series whose terms approach zero do not converge. 
Also how can all? absolutely convergent series be tested by the ratio test or, 
indeed, by any test? The beginner might imagine they could be successfully 
tested in this way. It is not true, as stated in the foot-note on page 198, that the 
two definitions of integral are identical. The word practical will hardly bear 
the strain put upon it on page 86 when it is asserted that 2? + 5 and 2? + C are 
practically the same thing. 


1 See review in this Monruty, 1912, 202. 
2p. 270. The beginner might not see the humor unless it is pointed out to him. 
3 

p. 263. 
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The book ends with an excellent formulary of algebra, trigonometry, and 
analytic geometry with tables and graphs. ‘This last feature though necessary 
is an eloquent testimonial to the state of preparation of many of our neophytes 
in the calculus. Let us hope that the day is not far distant when no one will be 
allowed to enter college without suitable visual training (at least six reels of 
Charlie Chaplin) and a psychological test certifying that he can name all the 
brands of automobiles made in the city of Detroit. 


M. B. Porter. 


Weather Prediction by Numerical Process. By L. F. Ricnarpson. Cambridge, 

University Press, 1922. 4to. 12 -+ 236 pages. Price 30 shillings. 

This book is intended primarily for scientific meteorologists, and yet inasmuch 
as it lays down a suggested program involving preferably international codrdina- 
tion, and certainly much governmental expenditure in Great Britain, it may 
make a secondary appeal to such legislators, if any there be, as can understand 
the scientific advantages proposed and weigh these against the financial draw- 
backs. 

The book appears to have three principal purposes. One is to establish the 
claims of a proposed arrangement of observation stations and a suitable division 
of labor among them, aiming toward a consistent, inclusive and reasonably refined 
compilation of scientific data on the weather, for Great Britain at least and 
preferably for the whole earth. The second purpose is to exhibit and justify 
a set of partial differential equations in vectorial form which are to account for 
all the principal meteorological variables. ‘This aim is carried out in a scholarly 
manner involving the careful weighing of much data and with a breadth of vision 
of which only an experienced scientist could be capable. The third purpose, 
one might say, is to explain a set of computing forms by which the partial dif- 
ferential equations may be integrated, on the basis of known meteorological 
constants and of the periodically observed data secured at the regularly dis- 
tributed observation stations assumed to exist. 

It is not entirely fair to the author of this valuable work to examine only its 
mathematical features and to ignore the real substance of the discussion. And 
yet the mathematical form contributes an inherent and important part to the 
value of the entire undertaking. I will quote some extracts on this point from 
the preface. 


“The extensive researches of V. Bjerknes and his school are pervaded by the idea of using 
the differential equations for all that they are worth. I read his volumes on Statics and Kine- 
matics soon after beginning the present study, and they have exercised a considerable influence 
throughout it; especially, for example, in the adoption of conventional strata,. ... But whereas 
Prof. Bjerknes mostly employs graphs, I have thought it better to proceed by way of numerical 
tables. The reason for this is that a previous comparison of the two methods, in dealing with 
differential equations, had convinced me that the arithmetical procedure is the more exact and 
the more powerful in coping with otherwise awkward equations. Graphical methods are some- 
times elegant when the problem involves irregularly curved boundaries. But the atmospheric 
boundary, at the earth, nearly coincides with one of the coordinate surfaces, so that the graphs 
would have no advantages over arithmetic in that respect. . . . The question then arises: how 
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chapter, involving an abandonment of the serial numeration of sections or 
paragraphs, and the adoption of a method of expression which indicates, at a 
glance, not only the subdivision number, but also the division and chapter. For 
example, a subdivision will be marked 3/10/2, to designate the second subdivision, 
of the tenth division, of chapter three. This is good but not nearly as satisfying 
as the recently introduced decimal fractional notation. The other minor item 
worth mentioning is an index of terms with equivalents in Ido, one of the com- 
peting “international languages.”’ 

The author assumes that the theoretical study and practical forecasting of 
air conditions is worth the cost and labor involved in the scientific location, 
equipment and conduct of observation stations, working not independently, 
but as efficient unit sources of periodic information, to be interpreted in accordance 
with established physical theory at a central office. This book appears to be 
the first important expression of this rather generally accepted conviction. Much 
intelligent scientific effort has been spent in the study of the dynamics of the air. 
Kivery year the subject of the prediction of atmospheric conditions becomes 
increasingly important, while the results capable of simple mathematical treat- 
ment continue to be disappointingly meager. Books of this sort, ambitious, 
original and scholarly, serve to inform and train the novice, and to stimulate 
fellow scientists. 

ALBERT A. BENNETT. 


Lhe Fourth Dumension and the Bible. By W. A. GRanvitLE. Boston, Richard 
G. Badger, The Gorham Press, 1922. 8vo. 9+ 119 pages. Price $1.50. 
This work is meant seriously and can be taken in no other sense, however 

whimsically one might be inclined to approach it at first. One’s sympathy with 

the attempt will depend largely upon one’s scientific and religious attitude, and 
the author admits that he is “on a ‘no man’s land’ exposed to fire from the 
mathematical trenches on the one side and the theological trenches on the other.” 

For this reason a statement of the content and attitude of the book with quota- 

tions in the author’s words will doubtless constitute the most satisfactory review. 
The preface seeks to establish the reasonableness of the whole inquiry while 

emphasizing its originality as “practically a virgin field for theological research.” 

The interested reader will do well however to glance at C. F. Bragdon’s Fourth 

Dimensional Vistas, New York, A. A. Knopf, 1916. The author first explains 

why “philosophy and the physical sciences when called to the defence of Chris- 

tianity have so often proven to be broken reeds,” concluding that “it is evident 
that we cannot reasonably expect that much constructive light will be thrown on 

Christianity now or in the near future by either philosophy or the physical 

sciences.”” On the other hand mathematics “is the only exact science that God 

has revealed to man and the truths which it contains are the only truths that 
can be absolutely established through pure reason. Because pure mathematics 
reveals absolute truth it is part of God himself, for God is the essence of all truth.” 

“That mathematics will ultimately prove to be a valuable aid in solving many of 
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the perplexing problems connected with our Christian religion is the firm belief 
of many of our sound thinkers” (with citation from C. J. Keyser). 

Approximately half of the book is an exposition of the notion of a fourth 
dimension and of higher spaces. This portion is in no respect original or scien- 
tifically ambitious, but it is thoroughly readable and actually elementary. It is 
as a whole accurate, calm and logical, with an appeal indeed to one’s imagination 
but none to one’s preferences or prejudices. In the remainder of the book, the 
mathematician is silent, and the discussion can be most generously characterized 
perhaps, with respect to its philosophical features, as mystical. There comes to 
mind, as possibly an unfair parallel, the story of Cardan who as a devout and 
conscientious astrologer is said to have cast the horoscope of Christ, and in- 
cidentally to have suffered the consequences of having shocked the medieval 
church. There seems to be a curious progress from spontaneous analogy to 
surmise and from surmise to certainty. But the following excerpts may be 
allowed to speak for themselves: 

“There are no restrictions of time, or restrictions of the space of our experience, in dream- 
land.” . . . “Perhaps dreamland is located in four-dimensional space.” ... “If our mental 
vision is four-dimensional it points to the possibility that our mental or spiritual self is four- 
(or higher-) dimensional.” . . . “In this higher space our grammatical tenses would then have no 
meaning.” . . . “The soul of man, being higher-dimensional, can leave the human body, which 
is three-dimensional, without doing any violence to the body or leaving any trace on it of the 
point of emergence.” . . . “No image of the soul, which is higher-dimensional, can be secured 


by material (three-dimensional) means; nor can the human body imprison the soul.” . . . “The 
raising of the dead involves the re-entrance of the souls into their former corporeal habitations.” 


As to the laws of nature, the author indulges in such remarks as the following: 


“This suggests that their (referring to certain snails) external form is the expression of an in- 
ternal difference due to a right or left twist of their atoms by a four-dimensional force.’’. 
“A congenital blind and deaf individual . . . could not perceive even any effect of those subtle 
marvelous vibrations that produce light and color and music.” ‘Astronomers have observed 
the sudden appearance in the heavens of stars and comets and also the apparent vanishing of 
such heavenly bodies, all in a manner suggesting that they were either entering or leaving our 
universe. For these and other reasons there has been for some time a suspicion in the minds of 
many scientists that the total mass of our material universe is not constant. . . . It follows that 
the principle of the conservation of energy also fails. Numerous instances are recorded in the 
Bible where new matter or new energy was apparently added to our material universe by super- 
natural means.” “This difficulty (of accepting the miracles) vanishes if instead we look upon 
the miracles of the Bible as the perfectly logical results of the working out of laws connected 
with higher spaces.’’ 


The author has a chapter on “Spaces as Heavens and Hells.” One may not 
agree with the assertions and surmises made, but in any case, explicit statements 
are not wanting. Lazarus seems not to have been so fortunate. ‘Where was 
the immortal part of Lazarus during the four days in which his body was in the 
grave, what did he do, what were his experiences? A message from Mars would 
be of trivial interest to dwellers on earth compared with the importance of the 
message that Lazarus should have brought back from the regions beyond the 
grave. It would have answered the great burning question of past, present, and 
future ages, the question beside which all other questions vanish into insig- 
nificance. . . . The reason why Lazarus did not answer this question, did not 
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relate his experiences between his death and his return from the grave, was be- 
cause he could not. . . . The impressions he received were therefore received in 
a space totally foreign to us, impressions which could not be described to us 
because we have no words, no language which will convey such a description to 
human (three-dimensional) beings. . . . On being again clothed with his material 
body his spirit at once became subject to the restrictions and limitations imposed 
on beings living in our space of three dimensions.” But the case is even worse 
than this. After showing how a three-dimensional material universe might be 
conceivably transferred bodily into our three-dimensional space and therefore 
be represented by a material creation, “out of nothing” so far as our space was 
concerned, and by a similar translation be “annihilated’’ with respect to our 
sense perceptions, the writer has the boldness to remark with regard to the 
limitations of the Holy Scriptures, “The Bible does not and could not tell us 
how something can become nothing any more than it can tell us how nothing can 
become something because it was written for human (three-dimensional) beings 
wholly incapable of comprehending such (higher-dimensional) mysteries.”’ 

The author turns readily from mathematics to miracles and again from 
religious verities to real variables, and does so in a way that is likely to carry 
conviction to many readers. An orthodox religious attitude, a light and pleasing 
literary style, and the crisp chapter divisions will retain many as readers who 
may originally intend merely to glance at this book. 


Contents—Preface; Chapter I: The concept of space, 11-17; II: Geometric units in each 
space, 18-23; III: Of the existence of higher spaces, 24-35; IV: About the supposed inhabitants 
of other spaces than our own. Flatland. Lineland, 36-46; V: Motion of a point perpendicular 
to each space, 47-53; VI: Rotation of symmetrical configurations, 54-68; VII: Sections of 
bodies in one space made by spaces of a lower order. Conservation of matter and of energy, 69- 
81; VIII: The illusory and the real, 82-85; IX: Spaces as Heavens and Hells, 86-90; X: Creation 
of our material universe. Evolution, 91-98; XI: Raising of the dead. Sacrament of the Lord’s 
Supper, 99-105; XII: Description of Heaven. Miracles, 106-109; Conclusion, 110-119. 


ALBERT A. BENNETT. 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN JOURNAL OF MATHEMATICS, volume 44, April, 1922: “‘A primary classification 
of projective transformations in function space” by L. L. Dines, 87-101; ‘A general theory of 
limits” by E. H. Moore and H. L. Smith, 102-121; “Substitution groups whose cycles of the 
same order contain a given number of letters” by G. A. Miller, 122-128; ‘Boundary values and 
expansion problems” by R. D. Carmichael, 129-152; ‘On a theorem in general analysis’’ by 
E. W. Chittenden, 153-162. 

ANNALS OF MATHEMATICS, volume 23, December, 1921: ‘Transformations of trajectories 
on a surface” by J. Lipka, 101-111; ‘On the structure of finite continuous groups with one two- 
parameter invariant sub-group” by 8. D. Zeldin, 112-117; ‘‘On the simplification of the structure 
of finite continuous groups with more than one two-parameter invariant sub-group”’ by 8. D. 
Zeldin, 118-121; ‘The automorphic transformation of a bilinear form” by J. H. M. Wedderburn, 
122-134; ‘A direct determination of the minimum area between a curve and its caustic” by 
O. Dunkel, 135-140; “The Poisson integral and an analytic function on its circle of convergence” 
by A. Arwin, 141-143; “Systems of circuits on two-dimensional manifolds’’ by H. R. Brahana, 
144-168; “Two generalizations of the Stieltjes integral’? by P. J. Daniell, 169-182. 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 28, October, 1922: 
“Cremona transformations and applications to algebra, geometry, and modular functions’ by 
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A. B. Coble, 329-364; Reviews by S. Lefschetz of F. Severi, Vorlesungen tiber algebraische Geometrie 
(Leipzig, 1921), 365-366; by P. Field of A. E. H. Love, Theoretical Mechanics (3d ed., Cambridge, 
1921), 366; by F. L. Hitchcock of A. Naess, Zur Theorie der Triaden (Kristiania, 1921), 366-367; 
by J. B Shaw of C. Isenkrahe, Untersuchungen tuber das Endliche und das Unendliche (Bonn, 1920), 
367; by R. B. McClenon of T. L. Heath, The Copernicus of Antiquity (Aristarchus of Samos) 
(London and New York, 1920), 368; by J. B. Shaw of P. Appell, Hléments de la Théorie des Vecteurs 
et de la Géometrie Analytique (Paris, 1921), 368; Notes, 369-392; New publications, 373-376. 

BULLETIN DES SCIENCES MATHEMATIQUES, volume 57, October, 1922: Review of E. 
Picard, Traité d’ Analyse, volume 1, 3d ed. (Paris, 1922), 3538-354; “Sur quelques transformations 
d’équations aux dérivées partielles’’(to be continued) by E. Goursat, 370-384—-November : 
Review by H. Andoyer of Bureau des Longitudes, Annuaire pour Van 1922, 385-389; “Sur 
quelques transformations d’équations aux dérivées partielles’’ (conclusion) by E. Goursat, 390- 
403; ‘Deux lecons sur certaines équations fonctionnelles et la géométrie non-euclidienne”’ (to be 
continued) by E. Picard, 404-416. 

L’INTERMEDIARE DES MATHEMATICIENS, second series, volume 1, May-June, July- 
August, 1922: Fifty questions are proposed or re-proposed and thirty-two are answered. The 
death of H. Brocard, “un des collaborateurs les plus fidéles et les plus érudits du journal,” is 
announced (cover). 

MATHEMATICAL GAZETTE, volume 11, December, 1922: “Approximate integration” by 
A. Buxton, 181-187; “The complete angle and geometrical generality”’ by D. K. Picken, 188-193; 
“TIsochordic circles related to the triangle” by W. W. Taylor, 194-199; “Some incidental writings 
‘by De Morgan,” 200-203; Mathematical notes, 204-208; Review by E. H. Neville of Weather- 
burn’s Elementary Vector Analysis, 209; Review by H. T. H. Piaggio of Griffin’s Introduction to 
Mathematical Analysis, of Passano’s Calculus and Graphs and of Phillips’ Differential Equations, 
210-211. [In America a wider range is covered and a broad general outline obtained. The 
price that has to be paid for this is the sacrifice of much of the mental training obtained by working 
problems.’’] 

MATHEMATICS TEACHER, volume 15, November, 1922: ‘The case for general mathe- 
matics” by W. D. Reeve, 381-391; “Errors in computation and the rounded number” by H. 
Rice, 392-404; “The constitution of algebraic abilities” by E. L. Thorndike, 405-415; “Romance 
in science” by Bessie I. Miller, 416-422; “Mathematics of the calculating machine” by L. L. 
Locke, 423-428; ‘‘‘Steradians’ and spherical excess” by G. W. Evans, 429-434; and ten pages of 
discussion, news, notes and research—December: ‘Non-euclidean geometry” by W. H. Bussey, 
445-459; “Study of mathematics under individual system’? by Mary.M. Reese, 460-46€; ‘“Prob- 
lems concerning the teaching of secondary mathematics” by A. Davis, 467-477; ‘Future de- 
velopment of mathematical education” by C. N. Moore, 478-483; ‘Function concept in H. 8. 
mathematics” by J. M. Kinney, 484-495: and twelve pages of discussion, news and reviews, 

MESSENGER OF MATHEMATICS, volume 52, May, June, 1922. “Factorization of N & N’ 
= (e* =F y”) + (« Fy), &c. [when z — y = n]”’ by A. Cunningham, 1-32. 

NATURE, volume 110, September 16, 1922: Notices of A. Dakin, Practical Mathematics 
(London, 1921) and of J. Haag, Cours complet de mathématiques spéciales, volume 2, Géométrie 
(Paris, 1921), 375; “The theory of numbers’? by G. H. Hardy (Presidential address delivered to 
Section A of the British Association at Hull, September 8, 1922), 381-385—September 23: Notice 
of F. F. P. Bisacre, Applied Calculus (London, 1921), 411; “Summary of the theory of relativity’’ 
by H. J. H. Piaggio, 482-434—October 14: “Bergson and Einstein” [review of H. Bergson, 
Durée et Simultanétté (Paris, 1922)] by H. W. Carr, 503-505—October 21: ‘‘Mersenne’s numbers’? 
by G. H. Hardy, 542 [correction of the statement made in the presidential address (see above), 
to the effect that for n = 137 it was not yet known whether 2" — 1 is prime or composite; the 
note refers to A. Gérardin’s article in Comptes Rendues du Congres des Sociétés Savantes, 1920, 53-55, 
and to this Monrsuy, 1921, 380. In the address n = 139 should accordingly be substituted 
for n = 187, throughout.]—October 28: Notice of volume 20 (1922), Proceedings of the London 
Mathematical Society, 570; ‘Relativity and physical reality” by A. A. Robb, 572. 

PHILOSOPHICAL REVIEW, volume 31, September, 1922: “7 +5 = 12” by G. W. Cunning- 
ham, 495-504—November: “7 +5 = 12” by B. Bosanquet, 593-598 [reply to the discussion in 
the preceding number]. 

PROCEEDINGS OF THE NATIONALFACADEMY OF SCIENCES OF THE U.S. A., volume 8, 
‘October, 1922: “New properties of all real functions’? by!H. Blumberg, 283-288; ‘Generalized 
limits in general analysis” by C. N. Moore, 288-293. 
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REVISTA MATEMATICA HISPANO-AMERICANA, volume 4, September—October, 1922: 
“Prime numbers in arithmetic progression” by E. Landau, 113-128; Appreciation of Camille 
Jordan by C. de la Vallée Poussin, 129-131; Review of C. P. Steinmetz’ L’Industrie Electrique 
by J. A. Perez del Pulgar, 134-135, and fourteen pages of short notes, problems and solutions. 

REVUE DE MATHEMATIQUES SPECIALES, volume 33, November, 1922: ‘On the integrals 

dx . . 
f (ax? Lbe hoe’ f (aa? +L bu +o) fan ye ”” (to be continued) by R. Dontot, 313-315; Solutions of 
problems in algebra, analytic geometry and physics, 316-324, 330-332; Examination questions, 
324-329, 333-336; New problems, 336. 

SCIENCE, volume 56, November 10, 1922: ‘The order of scientific merit” by J. McK. 
Cattell, 541-547—November 17: Review by H. Blumberg of E. W. Hobson, Theory of Functions 
of a Real Variable (2nd ed., vol. 1, Cambridge, 1921), 574-575; Review by H. L. Rietz of O. 
Veblen, Analysis Situs (New York, 1922), 575. 

TOHOKU MATHEMATICAL JOURNAL, volume 21, October, 1922: ‘‘A general view of the 
theory of summability” by S. Takenake, 198-221; ‘‘ Notes sur la géométrie du tétrahédre”’ by V. 
Thébault, 222-233; ‘Notes on differential geometry in non-euclidean space” by T. K. Kubota, 
234-243; “‘New demonstration of Euler-Maclaurin sum formula’ by C. Jordan, 244-246; 
““Note on the theory of approximation of irrational numbers by rational numbers”’ by K. Kurosu, 
247-260; “Beweise einiger Satze iiber Eiflachen” by T. Kubota, 261-265; “A mathematical 
game” by S. Fukazawa, (in Japanese) 265-270; ‘‘Pentaspherical geometries in non-euclidean 
space, III” by T. Takasu, 271-309; ‘‘Plane algebraic curves invariant under a quadratic Cremona 
transformation”? by A. Emch, 310-326; ‘Projective generalization of some theorems on algebraic 
curves and surfaces”? by T. Takasu, 327-348; ‘On the convergencies of series of functions” by 
T. Matsumoto, 349-355; “Some integral equations in the theory of diffusion of mixed gases’’ by 
T. Hayashi, 355-359. 

TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY, volume 23, January, 1922 
[published November, 1922]: “Relatively uniform convergence and the classification of functions’? 
by E. W. Chittenden, 1-15; “Periodic functions with a multiplication theorem” by J. F. Ritt, 
16-25; ‘Note on Dirichlet and factorial series’’ by T. Fort, 26-29; “Functions of infinitely many 
variables in Hilbert space”? by W. L. Hart, 30-50; ‘Prime and composite” polynomials” by 
J. F. Ritt, 51-66; ‘Some two-dimensional loci connected with cross-ratios’”’ by J. L. Walsh, 
67-88; “On transformations with invariant points” by J. W. Alexander, 89-95; “Invariant 
points in function space’’ by G. D. Birkhoff and O. D. Kellogg, 96-115. 


UNDERGRADUATE MATHEMATICS CLUBS. 
All reports of club activities should be sent to E. L. DODD, Williams College, Williamstown, Mass. 


CLUB ACTIVITIES. 


Toe Matuematics Crus oF Brown UNIversity, ProvipEence, R. I. 
[1922, 77.| 


The program for 1922-23 is announced in printed form, as follows: 

November 8, 1922: “Huge numbers”’ by Philip Welch ’23; ‘“The Moscow mathematical papyrus 
and formulas for the volume of a truncated square pyramid”’ by Amelia Harris ’24; ‘Sophie 
Kovalevski, a mathematician of Russia” by Dorothy Bundy ’24. 

December 15: ‘Mathematics of genetics” by Doris Anthony ’24; ‘Ramanujan, a mathematician 
of India” by Everard Ketcham ’24; ‘A Diophantine problem” by John Miner, Jr. ’25. 
January 12, 1923: ‘Foundations of our geometric notions” by James Pierpont, professor of 

mathematics, Yale University. 

February 16: “Approximate methods for trisecting an angle” by Nellie Stokes ’23; ‘Robert 
Recorde, a mathematician of England” by Rose Whelan ’25; “Mathematical paradoxes”’ 
by George Smith ’23. 

March 23: “Egyptian mathematics”? by Arnold Chace, chancellor of Brown University. 

April 27: “Leibnitz, a mathematician of Germany”’ by Sarah Jacobson ’23; ‘Methods of work 
of mathematicians” by Richard Whipple ’25; ‘The game of Nim” by Evelyn Wiggin, Gr. 

May: Picnic. 
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The officers are: Chairman, Professor Richardson; committee on program, Professor Burgess, 
Professor Gilman, Mildred Carlen, Sp., Amelia Harris ’24, Philip Welch ’23, Henry Bodwell ’24; 
committee on arrangements, Mr. MacPherson, Mary Appel ’23, Charlotte Perry ’25, Clarence 
Bennett ’23, John Miner, Jr. ’25. 


THe Matsematics CiuB or Cooper Union, New York City. 
[1922, 24-25.] 


For the year 1921-22, the following officers were elected: President, Thomas Peterson ’23; 
secretary, Hector Audino ’25; faculty adviser and honorary treasurer, Professor H. W. Reddick. 
Meetings were held on alternate Tuesdays, with an average attendance of twenty-five. A 
polyphase duplex slide-rule was awarded by the Club to Fred Buhrendorf ’25 at commencement 
as a prize for the highest average in first-year mathematics. 

The following papers were presented: 

November 1, 1921: “‘Einstein’s theory of relativity’’ by Professor Reddick. 

November 15: ‘Magic squares” by Harry Serper ’24. 

November 29: ‘The geometry of numbers”’ by R. D. Irby ’24. 

December 13: ‘Survey of ancient mathematics”’ by Reginald Overton ’23. 

January 10, 1922: ‘‘Perpetual calendars’’ (with presentation of wooden models to the Club) by 

Harry Powell ’25 and Albert Johns ’25. 

January 24: ‘Geometric representation of indeterminate forms’’ by William Hoffman ’24. 
February 7: ‘Non-Euclidean geometries’? by David Samson ’24. 

February 21: “Amusing numbers” by D. A. Lunden, instructor. 

March 7: “The trisection of an angle’ by Fred Buhrendorf ’25. 

March 21: “The fundamental theorem of algebra”’ by George Agins ’22. 

April 4: ‘The slide-rule’’ by Thomas Peterson ’23; ‘The planimeter’’ by Battista Sola ’238. 

At the last meeting the following officers were elected for the year 1922-23: President, Peter 
Kosting ’25; vice-president, Barnett Emmerich ’23; secretary, Arthur Cook ’25. 

(Report by Hector Audino.) 


Pr Mv Epsiton or Syracuse UNIVERSITY, Syracuse, N. Y. 
[1922, 80.] 


The Pi Mu Epsilon Fraternity has now four chapters. These are located at Syracuse Uni- 
versity, Ohio State University, University of Pennsylvania, and University of Missouri, the 
latter having been recently admitted with fifteen charter members. 

At the Syracuse Chapter in 1921-22 there were elected to membership one faculty member, 
seven graduate students, and nineteen undergraduates. In addition to the formal meetings, a 
picnic and a Christmas party were given. The officers for the year 1921-22 were: Director, 
Professor W. G. Bullard; vice-director, Professor May Harwood; secretary, Elizabeth Lyons ’22; 
treasurer, Carl Bye ’22; librarian, Eunice Davidson ’22. The officers for the year 1922-23 are: 
Director, Professor Mary Harwood; vice-director, Otto Gelormini, Gr.; secretary, Olive Jackway 
23; treasurer, Otis Hendershot ’23; librarian, Helen Franklin ’23. 

Papers were read as follows: 

November 7, 1921: ‘History and plans of Pi Mu Epsilon’”’ by Professor E. D. Roe, Jr. 

November 28: ‘The volume of a tetrahedron in terms of its sides’? by Helen Houck ’22. 

April 24, 1922: ‘‘Practical problems in maxima and minima” by Eunice Davidson ’22; “Factors 
in the development of interest in America’? by Elizabeth Lyons ’22; ‘Calculus and chemical 
kinetics”’ by Otto Gelormini, Gr. 

May 18: ‘The monomolecular reaction constant”’ by Howard Post, Gr. 

(Report by Olive Jackway.) 
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PROBLEMS AND SOLUTIONS. 


Epitep sy B. F. Finkezt, Orto DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 
PROBLEMS FOR SOLUTION. 


[N.B. Problems containing results believed to be new, or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, pro- 
posers would also enclose any solutions or information that will assist the editors in checking the 
statements. In general, problems in well-known textbooks, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Monruty. In so far as possible, 
however, the editors will be glad to assist members of the Association with their difficulties in the 
solution of such problems. ] 

2999. Proposed by M. B. PORTER, University of Texas. 

Given n positive numbers: a1, @2, @3, -*+, Gn, then 

La;za; > n? ¢ (i,j = 1,2,3---n) 
unless a; = a;, for which case equality occurs; show by passing to limits that, if g(x) > 0 and is 
continuous, f ” o(x)dx f > de takes on its minimum for ¢(2) = constant over the interval 

toB a a ¢(x) 
a to b. 


3000. Proposed by J. ROSENBAUM, Milford, Conn. 

With use of compasses alone, to construct a circle whose area shall be nm times the area of a 
given circle, where 7 is any positive integer. 

3001. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 


In the plane of a given circle a second circle with a given radius is drawn so that the radical 
axis of the two circles passes through a given fixed point. Find the locus of the center of the 
second circle. 

3002. Proposed by C. N. MILLS, Heidelberg College, Tiffin, O. 


The diagonals of any quadrilateral are in length a and b respectively and are inclined at an 
angle A, Show that the greatest rectangle which can be drawn with its four sides passing through 
the four corners of the quadrilateral is 14ab(1 + sin A). 

3003. Proposed by R. M. MATHEWS, Wesleyan University. 


The angle PAM rotates around A and meets a line rotating around B in P and M. When 
M moves along the perpendicular bisector of AB the locus of P is an equilateral hyperbola of 
which the mid-point of AB is the center. Generalize. 


SOLUTIONS 
2908 [1921, 326]. Proposed by L. E. DICKSON, University of Chicago. 
If f is a homogeneous polynomial in n variables and H is its Hessian determinant, prove 
that the Hessian of f? is cHf”, where c is a constant. 
SOLUTION BY ConsTANCE R. BALLANTINE, Chicago, IIL. 


This is a special case of the general theorem that the Hessian of f” is cHf""), which may 
be proved as follows: 


H(fm) =| oe) Gj = 1,2, 2) 
= me | pos °F + (m — yma Sh EI Gj = 1,2, ++, 7). 


OXi02; OX; 02; | 
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This determinant may be broken up into the sum of 2” determinants, one of which is H(f ) 
with every element multiplied by f”—, and the others each the same as this determinant with the 
elements in the jth column replaced by (m — 1)f™-°(af/dx;)(af/dx;), for one or more values of je 
Of these last, all containing more than one such column will be zero; for suppose the jth and 
kth columns so replaced, then we may factor out f/d2; and df/dx, and leave these columns the 
same. Thus, 

H(f™) —_ mn fain + (m — 1) frm—D—- > Of Of C;; \, 
aj 02; Ox; 
where C’;; is the cofactor of 0?//0x;02; in H, and where the indices of summation run from 1 to n. 
By Euler’s identity, if p is the order of f in the variables, 


0 oO? 0 
Say Sh = pf, and Ya? = (p —1) 2 


k ‘ OXL,OX; Ox; 


df/dz; being a homogeneous polynomial of order p — 1 in the variables. Thus 


to. 1 fo 1, 
2 5m, Ci p= in% aid © p= j tH, 
since 
a Cn = 0 when k + j, 
i 02:02, | Hwhenk =). 
Then f af 1 f . 
WY Ao 1 a oe 
2 Ba; aaj © 7 p- ae ae 7 pPp- ak 
and 
H(fm) = mrtnp — 2) Hf rtm, 
Dp _ 
In particular, if m = 2, 1) 
27(2p — 
2) — n 
Hf?) = PS Hp. 


Also solved by Exsre J. McFaruanp, J. R. Mussetman, F. D. MurNaGHAN, 
and H. L. Ouson. 


2910 [1921, 326]. Proposed by DANIEL KRETH, Wellman, Iowa. 


The segments formed on the base of a triangle by the perpendicular from the opposite vertcx 
are mand n. The product of the other two sides is p. Compute the two unknown sides and 
give a simple construction for the triangle. 


PARTIAL SoLuTION BY M. L. Yu, Nanking, China. 


Computation. In the triangle ABC, let AD be the perpendicular on the side BC, DB = m, 
DC = n, the unknown sides AB = x, and AC = y. 

Then we have x? — y? = m? — n? and zy = p. 

From these two equations, 


2y2 = Y, =n? — m2? + v(m? — n2)? + 4p?, 


or 
Y, = 1? — m? — WV(m? — n?)? + 4p’. 
Y. renders y imaginary. y = VY,/2 givesx = pv2/Y:. 


Construction.! Draw the straight line RQS, making RQ =m and QS = n, and the 
perpendicular 


_ ee [2 
PQ = ve — nr? = | V(m? — n?)2 + 4p? — (m? + n?) | ‘ 
Join P and R and P and S and then PRS is the triangle required. 


Discussion. In order that there be a real triangle, PQ? = y? — n? must be positive, that is, 
N(m? — 12)? -+ 4p? — (m? + n2) > 0, which means that mn < D. 


1 This is not what is generally meant by a construction but is merely a formula for computa- 
tion. The geometric construction of PQ from m, n and p? is possible but not simple—Eprrors. 
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Also solved by T. M. Buaxsiez, J. B. Reynoups, A. R. Nausr, and F. L. 
WILMER. 


2912 [1921, 326]. Proposed by T. W. JACKSON, Jamestown College, N. D. 


Given c, the chord of a circle, determine r the radius, so that 3c is equal to the major arc 
of the circle. 


SoLuTION BY A. H. Laupsr, Laramie, Wyo. 


Let 2¢ be the angle subtended by the minor arc, and letz = sin g = c/2r. Thenzaz — ¢ = 3x 
and after eliminating ¢ we have 


. Cc 
x —sin3z =O r=. 
, 22 


The first equation has only one positive root different from zero. Solving for this root and 
inserting its value in the second equation, it is found that 


x = .759622, r = .658222c. 


Also solved by T. M. Buaxster, A. M. Harpine, J. B. ReyNotps, and 
F. L. WILMER. 


2913 [1921, 326]. Proposed by PAUL CAPRON, U. S. Naval Academy. 


Given 
Se) = ne [1 + $ (— ye SH ee | 
Cz) =1+ > (— je ME = 2) (nt = A) i’ = (2p = 25 = 2) (0? = oa in? — (2p — 2)'} Zep 
show that, for any value of n, |cosz| <1, |sinz| <1: 
sin (nx) = S (sin x) = sin (=) C (cos x) — cos ( ) S(cos x); 


es 
2 
cos (nz) = C (sin x) = cos (=) C (cos x) + sin (3) S (cos 2). 


SOLUTION BY THE PROPOSER. 


I. Letz = sinzandy = sin nz, and letdy/dz = y’, dy/dz? = y’’. Theny’ = n cos nz/cosz, 
y’’ = (— n* cosa sin nx + n cos nx sin x)/cos® x, so that (1 — 2*)y’’ — zy’ + ny = 0. 
It is readily seen that this differential equation also arises if we let 


Il. z= sing, y = cosnz, 
III. 2 =cos2, y = sin nz, 
IV. 2 = cos2, y = cos nz. 
Now let y = ao +a 2 + aoz? +--+ +agw*+---, so that y’ = ar + 2acz + 3a32? + 


- + kaget! + «++, y!’ = Qae + 3.2032 + 4.3042? + +++ + k(K — lapzt?2 + ---, 
If we substitute these values for y, y’, and y’’ in the differential equation, we shall have as 
the coefficient of 2*, (k + 2)(k + l)akse — (k? — n?)ax, and this coefficient must vanish identically, 
Hence 


y = aC (2) + S@). 


This is the law of the series that satisfies the differential equation (1 — 2?)y’’ — zy’ + n?y = 0. 

Sets of corresponding values sufficient to complete the definition of the series for each of the 
particular cases I, II, III, IV are exhibited in the following table; from them and the law above, 
the required developments are found: 
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x Case Z do( = y) ai(= y’) 
0 I 0 0 n 
0 II 0 1 0 
_ ur 
w/2 III 0 sin > 2 COS 5 
nT - nT 
a2 IV 0 COs “> n sin 5- 


It is interesting to develop other elementary functions in this way; for instance, to develop 
tan nx into a series of powers of tan x, from the equation (1 + 2)y” + 2(2 — ny)y’ = 0. 


2923 (1921, 392]. Proposed by C. N. SCHMALL, New York City. 


The corner of a page of a book is turned down in such a manner that the triangle formed 
has a constant area. Show that the locus of the corner is an oval of the curve, 


r2 = a? sin 20. 


SoLuTION BY W. G. Hussrrt, College of the City of New York. 


Take the corner in its initial position as origin, in its turned down position as P(r, 6), and 
let the ends of the crease be Q and R. By identity, the triangles OQR and PQR are equal, and 
QR is the perpendicular bisector of OP at E, whose coérdinates are r/2, 0. The constant area K 
is then equal to the combined areas of triangles OFQ and OER, or 


K = 30K (QE + ER) 
= 55 (5 tno +5 cot); 
whence 7? = 4K sin 26. The constant a is then equa] to 2 VK. 
Also solved by P. E. Basyz, Epna E. Kramer, R. M. Matuews, L. C. 
MatTuEewson, ADELE A. M. Marzxsz, A. R. Naver, E. J. Octessy, H. L. OLson, 
ARTHUR PELLETIER, H. P. Ropertson, J. B. REYNoLpDs, CONSTANCE RUMMONS, 


ANNA SCHIFF, the PRoposEerR, and by Mor Bucuman, A. L. Duna, HERMAN 
Henkin, T. F. Pererson, and Battista Sota of Cooper Union, New York. 


2925 [1921, 393]. Proposed by F. V. MORLEY, New College, Oxford, Eng. 


A regular polygon of 2n + 1 sides will have only n — 1 diagonals of different lengths (e.g., 
the regular heptagon has two distinct diagonals). Call the side of such a polygon ai, and the 
n — 1 diagonals in order of size a2 +++ an. Then if the circumscribed circle has radius unity, 


n 
ae = 2n-+1; in words, the sum of the squares of the distinct lengths obtained by joining 
an odd number of regularly spaced points on a unit circle is equal to the number of such points. 
SoLution By A. M. Harpine, University of Arkansas. 
Let P be any vertex of the polygon, A; the ith vertex after P, and ~ POA, =a. Then 
nN n 
a? = PA? = OP? + OA? — 20P-OA; costa = 2 —2 cosia. Hence > a? = 2n — 2 y COS ta. 
1 
nN 
Since a = 27/(2n + 1) and = 2sin (a/2) PD cos ta = sin [(2n + 1)a/2] — sin (a/2), we have 
n 
Da; = 2n +1. 
1 


Also solved by W. H. Ecuouts, R. M. Matuews, L. C. Matuewson, H. L. 
Otson, J. B. Reynotps, F. L. Witmer, M. L. Yt. 
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NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


Mr. E. W. Scurerper, Proviso Township High School, Maywood, IIl., a 
member of the Association, is recording secretary of the Chicago Mathematics 
Club, which meets monthly to consider questions of mathematical or pedagogical 
interest. 

The twenty-second meeting of the Central Association of Science and Mathe- 
matics Teachers was held at Hyde Park High School, Chicago, on December 1 
and 2, 1922, under the presidency of Mr. ALrrep Davis, Soldan High School, 
St. Louis. Mr. E. L. THompson, Township High School, Joliet, Ill., is vice- 
chairman of the Mathematics Section. ‘The program of the Mathematics Section 
was as follows: “Organization of secondary mathematics” by W. W. Hart, the 
discussion being opened by J. M. Kinney; “Consistency in grading mathematics 
papers” by E. J. Moutton; “The slide rule” by W. W. GorsLIne; “ Preparation 
of teachers of mathematics for Junior High School” by J. R. Overman; “Inspec- 
tion of some old mathematics manuscripts from Armour Institute and other 
sources” by M. J. Newexyi. All the men mentioned are members of the Math- 
ematical Association of America. 

Mr. Rateran ScHORLING of the Lincoln School, New York, has been appointed 
principal and head of the mathematics department of the new model high school 
at the University of Michigan. 

Announcement is made that the annual summer meeting of the Association 
for 1923 will be held at Vassar College, Poughkeepsie, N. Y., beginning Wednes- 
day afternoon, September 5, and continuing through Wednesday and Thursday. 
,The Thursday afternoon session will be held jointly with the American Mathe- 
matical Society whose meetings will continue through Friday. 

The following reports of Summer Sessions to be held in 1923 have been 
received. 

Unwersity of Chicago, June 18—-August 31. In addition to the usual courses 
in Trigonometry, College algebra, Plane analytic geometry, and Calculus, the 
following advanced courses are offered. By Professor E. J. Moutton: Advanced 
calculus. By Professor J. W. A. Youna: Selected topics in mathematics. 
By Professor A. F. CARPENTER: Solid analytic geometry. By Professor L. J. 
Morve.u: Theory of definite integrals; Analytic theory of numbers. By Pro- 
fessor A. C. Lunn: Theory of sound; The theory of relativity. By Professor 
L. E. Dickson: Arithmetic and algebra of hypercomplex numbers; Differential 
equations from the standpoint of Lie. By Professor F. R. Moutron: Analytic 
mechanics; Theory of functions of the complex variable. By Professor E. J. 
WILCZYNSKI: Theory of linear differential equations. By Dr. Mayme I. Logs- 
DON: Higher plane curves. 

Columbia Uniersity, July 9-August 17. In addition to the usual courses in 
Logarithms and trigonometry, Solid geometry, College algebra, Analytic geom- 
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etry, and Calculus, the following courses are cffered. By Professor DUNHAM 
JACKSON: Theory of functions of real variables; Calculus of variations. By 
Dr. K. W. Lamson: Differential equations. By Dr. Jesse Douauas: Differ- 
ential geometry. By Professor W. B. Fire: Theory of infinite series. Each of 
these courses meets five times per week. 

Cornell University, July 7-August 17. By Professor Vinci SNYDER: Course 
for teachers; Projective geometry. By Professor C. F. Crata: Analysis. The 
following reading and research courses are also offered. By Professor SNYDER: 
Algebraic curves and surfaces. By Professor F. R. SHarpre: Applied mathe- 
matics. By Professor W. B. Carver and Professor F. W. Owens: Foundations 
of geometry and problems in synthetic geometry. By Professor D. C. GILLESPIE 
and Professor W. A. Hurwitz: Advanced analysis. By Professor C. F. Craic: 
Functions of a complex variable. By Professor W. L. G. Wriiiams: Theory of 
algebraic forms. 

University of Illinois, June 18-August 11. By Professor R..D. CARMICHAEL: 
Elliptic functions. By Professor A. R. CRATHORNE: Mathematics of statistics. 
By Professor A. J. Kempner: Functions of a complex variable. By Professor 
G. E. Wann: Theory of equations and determinants. By Dr. H. R. BRAHANA: 
Projective geometry. By Dr. Groraz RutLEpGE: Advanced calculus. 

University of Michigan, June 25-August 17. Besides the usual elementary 
courses, the following more advanced courses are offered. By Professor W. B. 
Forp: Advanced calculus. By Professor L. C. Karprnski: History of mathe- 
matics. By Professor T. R. Running: Graphical methods. By Professor 
Peter Fretp: Vector analysis. By Professor J. W. BrapsHAw: Geometry of 
pictorial representation. By Professor H. C. Carver: Theory of probability. 
By Professor T. H. HizpeBrRanpt: Functions of a complex variable. By Pro- 
fessor C. J. Coz: Differential equations. By Professor R. B. Ropsins: Finite 
differences. 

University of Pennsyluania, July 2-August 11. In addition to courses in 
Solid geometry, Plane trigonometry, College algebra, Analytic geometry, and 
Calculus, the following courses are offered. By Professor H. H. Mrrcwe.u and 
Dr. J. D. Esaueman: Advanced plane and spherical trigonometry. By Professor 
M. J. Bass: Review of college mathematics. By Professor G. G. CHAMBERS: 
Advanced calculus. By Professor H. H. Mrrcueny: Theory of algebraic num- 
bers. By Professor J. R. Kurne: Foundations of geometry. 

University of Wisconsin, June 25—August 3. Besides the usual elementary 
courses, the following more advanced courses are offered. By Mr. O. H. Recu- 
ARD: Differential equations. By Professor L. W. Dow1ine: Projective geom- 
etry, Higher geometry. By Professor W. Weaver: Vector fields, Restricted 
theory of relativity. By Professor C. S. Scuticuter: Theory of probabilities. 
By Mr. E. B. Minter: Theory of equations and determinants. By Professor 
ARNOLD DRESDEN: College geometry for teachers, Elliptic integrals, Algebra of 
matrices. By Mr. H. T. Davis: Theory of numbers. 
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The University of Chicago 


Offers instruction during the Summer Quarter on the same basis as 
during the other quarters of the academic year. 


The undergraduate colleges, the graduate schools, and the professional 
schools provide courses in Arts, Literature, Science, Commerce and Ad- 
ministration, Law, Medicine, Education, Divinity, and Social service 
Administration. Instruction is given by regular members of the Univer- 
sity staff which is augmented in the summer by appointment of profes- 
sors and instructors from other institutions. 


Summer Quarter, 1922 
Ist Term June 19--July 27 2d Term July 27--Sept. 1 


Detailed announcement will be sent upon application. 
Box 600 Faculty Exchange 


THE UNIVERSITY OF CHICAGO, Chicago, IIL. 


, eee 


e 


au a 
Mitchell Tower 


UNIVERSITY OF COLORADO 
SUMMER QUARTER 1922 
First Term, June19 to July 26. Second Term, July 27 to Sept.1 


Graduate and undergraduate courses in Arts, Engineering, Law and Medicine, Ophthal- 
mology (at Denver). Daily open lectures of general interest and educational value. 

Courses for teachers, principals, and superintendents in many departments. Many courses 
counting toward professional requirements of Colorado Certification Law. 

In the foothills of the Rockies; ideal location for summer study and recreation; weekly 
conducted excursions to points of interest. Boulder is the south gateway to Rocky Mountain 
National Park. 

For Bulletin and further information, address the Registrar, 


THE UNIVERSITY OF COLORADO 
BOULDER, COLORADO 


The University of Wisconsin 


Summer Session—June 26 to August 4 
Fee, $22 for All Courses [Except Law, $35] 


Full program of courses in undergraduate and graduate mathematics. Special attention 
given to courses in the teaching of mathematics. Fine library and equipment for the use of 
tudents wishing to study for higher degrees. 


Boating and bathing facilities at hand. Splendid opportunity for outdoor living. 
For fuller information address 


Director Summer Session, Madison, Wisconsin 


Missing Numbers of the Monthly 


Cash will be paid for certain single numbers as follows, up to a limited number of 
copies: 
February, March, May or September, 1913; September, 1914; February, March, April 
or June, 1915; February or September, 1918—fifty cents; September, 1915— seventy-five 
cents; May, 1915—one dollar :See MONTHLY, March, 1921, p. 152) 

Extra copies or volumes of any dates which members wish to contribute will be 
used to the best advantage of the Association. 


Address all communications to the Secretary, W. D. Cairns, Oberlin, Ohio 
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EDITORIAL CORRESPONDENCE AND BOOKS FOR REVIEW should be addressed to the 
EpIToR-IN-CHIEF, A. A. BENNETT, University of Texas, Austin, Texas. 
BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of the 
Association, W. D. Cairns, Oberlin, Ohio. 
Seventh Summer Meeting of the Association, University of Rochester, September 6-7, 1922 
Seventh Annual Meeting, Harvard University, December, 1922 
The following are dates of Section meetings of the Association in 1921 (unless otherwise 
ppecified) : 
ILLINOIS, Rockford, I!l., April 28-29, 1922 MinnESOTA, Collegeof St. Thomas, St. Paul, 
June 4 
Missouri, Washington University and Soldan 
High School, St. Louis, November 25- 


IowA, Simpson College, Indianola, April 30, 
Des Moines, November 4 


Kansas, Topeka, January 22; Topeka, Jan- 
uary 21, I922 

KENTUCKY, University of Kentucky, May 7; 
Georgetown College, 1922 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA, 
Annapolis, May 13, I1s22; Washington, 
December, 1922 


26; Kansas City, November, 1922 
Oxuto, Columbus, March 25-26; Columbus, 
April 14-15, 1922 
Rocky Mountain, Denver, March 25-26; 
Greeley, Colo. April 14-15, 1922 
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THE DEVELOPMENT OF MATHEMATICS IN BOHEMIA. 


By QUIDO VETTER, University of Prague. 
Translated from the Italian! and edited with notes by 
RAYMOND CLARE ARCHIBALD, Brown University. 


In the following observations on the development of mathematics in the past, 
I must consider also astronomy since these two sciences, especially with us, have 
advanced together. And wishing to show foreigners the scientific movement in 
a nation little known up to the time of the Great War in the wide circle of an 
international public, I must sketch at least roughly the surroundings in which 
it developed. Bohemia, in Central Europe, is surrounded not only by mountains 
but also by Germans and Magyars, who were quite too frequently enemies of the 
Czechs. Hence life in this country was fostered as much through the effort of 
the Czech.nation as by the influence of its neighbors. 

In the Middle Ages the Czechs knew how to create a strong state which stood 
at the height of culture of the time. In 1348 the Emperor Karel IV, Czech in 
origin but educated in Paris (the seat of the famous university), on his return 
from Italy, where several fine universities flourished, founded the University of 
Prague which he tried to organize on the models of France and Italy; it was the 
first university in Central Europe. From that time also our scanty record of the 
study of the sciences in Bohemia begins. In the Faculty of Arts three professors 
were named for the Trivium, and four for the Quadrivium that is for the mathe- 
matical sciences.?, Unfortunately their names are. not preserved; it is probable 
that among them were some teachers from Italy. We know, however, the 
mathematical works which the professors followed in their academic courses. 
They are the Algorismus of Sacrobosco,*’ the six books of Euclid’s Elements, the 

1 “To sviluppo della matematica nella Boemia’’ by Q. Vetter, L’Europa Orientale, Rome, vol. 
2, February 15, 1922, pp. 99-104. This periodical is a monthly issued under the auspices of the 
Istituto per l’Europa Orientale, founded at Rome (Via Nazionale 89) in 1921, to develop and 
diffuse, by purely scientific methods, studies relative to Eastern Europe. Among those directing 
the Institute’s work is the scholar Dr. Aurelio Palmieri, a remarkable linguist, ever cordially 
helpful to inquirers. An excellent library is being built up. 

Doctor Vetter has also published “La storia della matematica presso i Cechi’’ in Archivio 
di Storia della Scienza, vol. 2, June, 1921, pp. 199-201. In the present article he refers to the 
work of J. Smolik (1863) telling of Bohemian mathematicians before 1750, and to Father Vydras’s 
history (1778) as his chief sources of information. Another useful publication is F. J. Studnitka, 
Bericht tiber die mathematischen und naturwissenschaftlichen Publicationen der k. Bohm. Ges. der 
Wissenschaft wahrend thres Bestehens, Prague, 1884. The footnotes I have added contain a 
number of further references to the literature of the subject; ten of these references were kindly 
furnished to me by Doctor Vetter. The two footnotes wholly by Dcctor Vetter have his name 
attached to them. 

For assistance in the translation I am much indebted to Miss ANNE Hatuaway of the New 
York Public Library. 

2In the Middle Ages the Trivium was the lower division of the liberal arts, comprising 
grammar, rhetoric, and logic; the higher division was the Quadrivium comprising the mathe- 
matical sciences (arithmetic, geometry, astronomy, and music). 

8 Sacrobosco, Latinized form of Holywood; John of Holywood, an Englishman, who flourished 
in the thirteenth century. 
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Tractatus de Sphaera of Sacrobosco, the Sphaera theoretica of an unknown writer, 
the Almagest of Ptolomey, the Computus Cyrometricalis, written perhaps by a 
teacher called Erford or by Sacrobosco, the Perspectiva communis by John of 
Peckham.! They studied also the theory of the planets according to the book 
of Giovanni da Campano, or according to Gerardo da Cremona or Bonalo da 
Forli. 

The first names of Czech professors known to us are the astronomer Master 
Gallus and the mathematician Jenek of Prague,” both of the second half of the 
fourteenth century; their names are about all we know of them. The first 
scientific manuscripts preserved are those of Kristian z Prachatic (1368-1439). 
He was an intimate friend of Huss* and professor in the Faculty of Arts, and 
later rector, in the University of Prague. Among the authors of the time, 
Kristian has the reputation of being a prolific writer, but of his mathematical 
writings only an Algorismus* and a Computus Cyrometricalis are preserved. 

These promising beginnings were interrupted by that movement which made 
sacred the historic mission of the Czech nation and glorified it, but at the same 
time arrested the development of the sciences in Bohemia, namely the Hussite 
movement. The profoundly religious and particularly ethical spirit of the 
older Czechs of the fourteenth and fifteenth centuries suffered severely through 
the deplorable lowering of morality in general and in the church in particular. 
With all the passion of their trusting hearts, with all the fervor and seriousness 
of their moral sense, they proclaimed the necessity of strict morality, and in their 
slavic individualism, the necessity of freedom of religious belief. All were drawn 
into the vortex of religious discussions, but as soon as the most intellectual people 
were carried into the strife then every other activity became absolutely im- 
possible, or at least greatly curtailed. This psychological reason, it seems to me, 
hindered the development of science more than the long Hussite wars in which 
villages were destroyed, cities and monasteries burned. Kristian z Prachatice, 
whom I have mentioned, is better known for the part he played in the scenes of 
religious and_political struggle than for his scientific activity. And in the con- 
flagration of war the memories of his earlier work perished. That is why our 
knowledge of him is so meagre. The little nation was forced bitterly to expiate 
the courage it displayed in raising on high the torch of progress, a hundred years 
before others were capable of grasping it, 


1 John of Peckham, Archbishop of Canterbury from 1278 till his death in 1292, was equally 
celebrated as a theologian and mathematician. His Perspectiva was later printed, and has ap- 
peared in many editions, for example: The first edition, 1480; Leipzig, 1504; edition by G. 
Hartmann, Niirnberg, 1542; and Venice, 1593. 

2 Presumably this is ‘“Zdenék,” the astrologer and physician to King J. ohann of Luxemburg, 
regarding whom some biographical notes are given by K. Teige on page 244 of Casopis pro pést. 
matem., vol. 22, 1893. 

§ John Huss (1369-1415), the Bohemian reformer and martyr. 

4 Compare the papers by F. J. Studniéka: (a) “‘ Ueber den Algorismus KfiSt’ans von Pracha- 
tic,” Sitzungsberichte der kgl. béhm. Gesellschaft der Wissenschaften, Math.-Naturwiss., 1892, 
pp. 100-104; (b) ‘‘Algorismus prosaycus magistri Christiani anno fere 1400 scriptus,’’ idem, 1893, 
no. VI, 14 pp. Also Bibliotheca Mathematica, series 3, vol. 10, 1910, p. 58. 
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In the midst of this political turmoil the name of the astronomer Jan Sindel! 
(b. 1375) stands out. He is of interest to Italians as the friend of Giovanni 
Bianchi? and a man greatly esteemed by Enea Silvio, afterwards Pope Pius II. 
Even a man like Tyge Brahe * studied the works of Sindel. 

I do not wish to try the patience of the reader with the names of all the 
mathematicians of minor importance who, however, prepared the field for 
scientific study of the stars; for the most part these were called from foreign 
countries to the court of Rudolph IT. 

At the end of the fifteenth century a monument was set up which showed 
the astronomical attainment of the Czechs at that time, namely the Clock of 
Prague whose maker was called, according to tradition, Master Hanus. Not 
only the movable statues of the clock diverted the public, but its construction 
won the admiration of the mathematical astronomers of the fifteenth and 
sixteenth centuries. ‘The clock showed the motion, the rising and setting of the 
stars, the sun, moon, and planets, the phases of the moon, the height and depth 
of the sun and moon above and below the horizon, the calendar of feast days, 
the hours according to the ancient numeration, that is from one to twenty-four 
commencing with sunset, and finally the astrological rulers of every day and 
every hour. 


1 This name is usually spelled Szindel (other forms: Syndelius and Schinttel). Jan Szindel 
(in German, Johann Schindel) was born in Krélové Hradec (Koniggratz), Bohemia, not earlier 
than 1370 nor later than 1375; it is not known that he was born in 1375. He died in Prag about 
1450. After being director of the St. Niclas School in Prague, he was dozent in mathematics 
and astronomy in Vienna, 1407-1409. From 1410 on, he was “doctor et lector ordinarius Uni- 
versitatis studii Pragensis.”” ‘The following sources may be consulted for material treating of 
Szindel’s life and work: L. J. Scherschnik, De doctis Regiopradecensibus commentarius, Prague, 
1775; Truhl4f, Proédtky humanismu v Cechich (The beginning of humanism in Bohemia), 1892, 
pp. 24-27: K. Teige, “N ew information completing the history of mathematical science. 2. Jan 
Sindel” (in Bohemian), Casopis pro pest. matem., vol. 22, 1893, pp. 244-246; A. Czerny, “Aus 
dem Briefwechsel des grossen Astronomen Georg von Peurbach,” Archiv fiir "Osterreichische Ge- 
schichte, vol. 72, 1888, pp. 299-301; J. Teige, “ Hin Beitrag zur Lebensgeschichte des Magister Joannes 
de Praga,” Zeitschrift fiir Mathematik und Physik, hist.-literar. Abt., vol. 28, pp. 41-44; F. J. 
Studnicka, Siizungsberichte der kgl. béhm. Gesellschaft der Wissenschaften, Math.-Naturwiss. 
1892, pp. 103-104; S. Giinther, Geschichte des math. Unterrichts im deutschen Mittelalter bis Zum 
Jahre 1525, Berlin, 1887, p. 228; Schepfs, ‘‘Der Mathematiker Joh. Schindel (1444),” Anzeiger 
fiir Kunde, deutschen Vorzett, 1879, new series, vol. 26, col. 262 (see also 1878, vol. 25, col. 1); and 
J. P. Kalina von Jatenstein, Nachrichten viber béhmische Schriftsteller und Gelehrte, Prague, 1818. 

2 It seems certain that this name should be Giovanni Bianchini, that of the fifteenth cen- 
tury astronomer of Ferrara, and the correspondent of Regiomontanus. Compare P. Riccardi, 
Biblioteca Matematica Italiana, Modena, 1893, (I), cols. 188-134; (II), cols. 7, 94-95; R. Wolf, 
Geschichte der Astronomie, Munich, 1877; A. R. Grant, History of Physical Astronomy, London, 
1852; S. Giinther, Geschichte des mathematischen Unterrichts im deutschen Mittelalter bis zum 
Jahre 1525, Berlin, 1887, p. 225; and M. Cantor, Vorlesungen viber Geschichte der Mathematik, 
Leipzig, vol. 2, second edition, 1900, various references in the index. 

3 Tyge Ottesen Brahe (1546-1601) is popularly known as Tycho Brahe. For valuable biblio- 
graphical and historical notes concerning him see N. Nielsen, Matematiken I Danmark 1528-1800 
Copenhagen, 1912, pp. 27-87. 

4-This clock, one of the great marvels of Bohemia, is situated in the outer wall at the foot 
of the tower in the old Town Hall, on the market place, and was constructed in 1490 by Master, 
Hanus, an astronomer and mathematician who taught at the University. The old dial plate is 
protected by a Gothic canopy with ornamental conventional forms of leaves and animals, motions 
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In the sixteenth and at the beginning of the seventeenth century some manuals 
of arithmetic and mensuration were published. Their purpose was practical. 
The material was limited to the calculations of lines and figures, to the simple 
and complex rule of three and to similar problems, to arithmetic, and to geometric 
progressions. 

Above the common level rise two astronomers, Kerések Lvovicky z Lvovicz 
(1514-1574)! and more especially Tade4és Hajek z Hajek (1525-1600): 2 
the first as author of several astronomical books, the other as professor of mathe- 
matics at the University and then as doctor of medicine to the Emperor Maxi- 
milian IJ. We know a group of his astronomical books, an Oratio de laudibus 
geometrie,® and besides this, calendars, and minutiz, and finally several books 
on medicine and chemistry. His greatest fame came through his fine description 
of the new star of the year 1572;* it is this star which is connected so closely with 
the scientific career of Tyge Brahe.® The great Danish astronomer considered the 


of the heavenly bodies, etc. Above the dial are two windows which open as an hour is struck, 
and figures of Jesus followed by the apostles appear. Under the dial is another recent one in 
an ancient border representing the signs of the zodiac; it contains scenes depicting seasonal events 
in Bohemia (fishing time, hunting season, vintage, etc.). In the time of Hanus this calendar 
was an integral part of the clock; it was removed to the shelter of the museum of the Rudolphinum 
in the nineteenth century, and replaced by the above-mentioned modern copy by the painter 
Josef Manes. 

Master Hanus had charge of the Prague clock until his death; then a pupil held the office 
till his death in 1580. He was followed by a third keeper who served for forty years and left a 
work on 15 strips of parchment describing the origin and mechanism of the clock. After his 
death the clock stopped, no one being found able to care for it till 1787. It stopped again in 
1824 and remained out of commission till 1866. 

An excellent picture of the clock is given in F. M. Feldhaus, Die Technik der Vorzeit, Leip- 
zig, 1914. Another good picture is given in the article “ orloj’’ (from which most of the informa- 
tion given above is taken) in Ottuv Slovnik Nauény (Slovak Cyclopedia of Knowledge), Prague, 
vol. 18, 1902. See also L. P. M. Leger, Prague (Les villes d’art célébres), Paris, 1907, pp. 93-94; 
F. H. H. Liitzow, The Story of Prague, London, second edition, 1907, pp. 80, 168. There is also 
a fine picture in C. Wakefield, Visit to the City of Prague, London, 1921, p. 44. 

1Compare ‘Der Astronom Cyprianus Leovitius (1514-1574) und seine Schriften’”’ by Jos. 
Mayer, Bibliotheca Mathematica, series 3, vol. 4, pp. 134-159, 1908. Reference may also be given 
to: C. F. Dechales Milliet, Cursus seu mundus mathematicus, Leyden, 1690, vol. 1, p. 88; P. 
Bayle, Dictionnaire historique et critique, Rotterdam, 1696, third edition 1720, etc.; J. F. Weidler, 
Historia astronomiae, sive de ortu et progressu astronomiae, Wittenberg, 1741, p. 369; C. G. Jécher, 
Allgemeines Gelehrien-Lexicon, Leipzig, vol. 2, 1750; J. 8S. Bailly, Histoire de Vastronomie moderne, 
new edition, Paris, 1785, vol. 2, p. 236; A. G. Kastner, Geschichte der Mathematik, Gottingen, 
vol. 2, 1797, pp. 344, 588; R. Wolf, Geschichte der Astronomie, Munich, 1877, p. 303. 

2 Reference may be given to: F. M. Pelzel, Abbildungen béhmischer und méhrischer Gelehrten 
und Kiinstler, vol. 4, Prague, 1782; J. 8S. Bailly, Histoire de Vastronomie moderne, new edition, 
Paris, 1785, vol. 1, pp. 375, 411. There is a brief paragraph concerning this scientist in Poggen- 
dorff, Biographisch-literarisches Handwérterbuch, vol. 1; this seems to have been the source of 
information for the paragraph on H4jek in D. E. Smith, ‘Medicine and mathematics in the 
sixteenth century,’’ Annals of Medical History, New York, 1917, p. 136. 

8 Published at Prague in 1557. 

4 De investigatione loct stelle nove in Zodiaco, Vienna, 1573; Dialexis de nove et prius ine 
cognite stelle inusitate magnitudinis apparitione et de ejusdem stelle vero loco constituendo . . 
Frankfurt, 1574. 

5'T. Brahe, De nova et nvilivs. evi memoria privs visa stella, ... Anno... 1572. mense 
Novembrj primum conspecta, contemplatio mathematica, Copenhagen, 1573. See also T'ychonis 
Brahe Dani Opera Omnia edidit I. L. E. Dreyer, vol. 1, Copenhagen, 1913. 
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observations of Hajek the best after his own. It is interesting that Hajek 
writes against astrological imposture. He believes, with his time, that comets 
and phenomena of the universe have an importance in the life of men, but, in 
his deeply religious nature, especially during his later years, he sees in them 
certain admonitions of God for the sins of men. He says expressly that it is not 
possible to predict the modes of divine punishments and that the omnipotent God 
can mitigate the punishment of a penitent world. And again we come to what 
I have already said. Hajek was greatly concerned with religious questions, he 
even maintained a polemic against an attack on the Bohemian Brothers though 
not of their religion. A hindrance to his astronomical activities was the lack of 
accurate instruments such as Tyge had. Not finding a patron like the beneficent 
Frederick IIT of Denmark, he had to make a living from his medical practice and 
gave only his spare time to science. HA&jek was in active correspondence with 
the mathematical societies of his time. He continued his relations with the 
Italian scientists he had known while studying at Bologna; jt was for this reason 
he visited Girolamo Cardano at Milan.1 That he had an intimate friendship 
with Tyge Brahe, we see from their copious correspondence, a part of which re- 
mains still unpublished in the Bibliothek Nazional in Vienna. To him belongs 
the principal credit of calling Tyge Brahe to Prague. Hajek and Martin 
Bachacek, (1539-1612), professor of mathematics in the University, were the 
principal representatives of that “native” spirit of which I have already spoken. 

The sojourns of Brahe, Kepler, and Biirgi? would have had a profound and 
beneficial influence on the development of the sciences in Bohemia, if there had 
not occurred a long prepared catastrophe. Scarcely had the Hapsburg dynasty 
got possession, in 1526, of the Bohemian crown, for which during two centuries 
and a half it had worked with a tenacity peculiar to itself, when it sought means 
completely to subjugate the hated Czech nation. The unfortunate battle of 

1 Cardano (1501(?)-1576) was a practising physician and professor of mathematics in Milan 
1534-1559. It was in his Artis magnae sive de regulis Algebrae Liber unus, Milan, 1545, that he 
published the rule given him by Tartaglia under a pledge of secrecy six years earlier. 

2 Tyge Brahe (1546-1601) went to Prague in 1599 and died there. Johann Kepler (1571- 
1630) was in Prague from the time of Brahe’s death to 1615. Joost Biirgi (1552-1632), chief 
clock-maker to Rudolph II, 1603-1622, is entitled to the honor of mdependent invention of 
logarithms and constructed the tables, Arithmetische und Geometrische Progress-Tabulen, published 
in 1620. Napier was working on logarithms at least as early as 1594; compare “‘Question of 
priority” by F. Cajori in Napier Tercentenary Memorial Volume, 1915. See also R. Wolf, Johann 
Kepler und Jost (sic) Buirgi, Zurich, 1872; and J. v. Hasner, Tycho Brahe und J. Kepler im Prag. 
Eine Studie, Prague, 1872. Tyge Brahe’s tomb in the Tyn Church, near the University and Town 
Hall, shows an effigy in red marble representing Brahe in armor holding his globe and compasses. 
A photograph of this is reproduced in L. P. M. Leger, Prague (Les villes d’art célébres), Paris, 
1907, p.9. See also F. H. H. V. Liitzow, The Story of Prague, London, second edition, 1907, p. 104. 

Among the publications which appeared on the three hundredth anniversary of T. Brahe’s 
death were the following: (a) “Tyge Brahe in Bohemian literature’ (in Bohemian), by L. Peprny, 
Casopis 'pro pést. matem., vol. 30, 1901, pp. 209-222—a list, with indications of contents, of 
Czech publications discussing Brahe and his work; (6) Prager Tychoniana zur bevorstehenden 
Sdkularfeier der Erinnerung an das vor 300 Jahren erfolgte Ableben des Reformators der beobach- 
tenden Astronomie Tycho Brahe gesammelt, by F. J. Studnicka, Prague, 1901; 71 pp. + chromo- 


portrait + 7 reproductions—concerning some of Brahe’s books, manuscripts, instruments, etc., 
now in Prague. 
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White Mountain in 1620 gave the desired pretext to inflict upon the whole Czech 
nation unheard-of cruelty. After the thirty years war there did not remain in 
Bohemia more than one-sixth of the old population; property of the native people 
was confiscated, and the finest and most intellectual Czechs wandered like beggars 
in foreign lands. Of course the development of the sciences would thus be 
interrupted and the participation of Czechs in international sciences greatly 
diminished. , 

The Czech Jan Marcus-Marci (1595-1667)! is worthy to be remembered. 
His writings on the squaring of the circle? and on physics, we know; he was 
the forerunner of Newton in the theory of the refraction of light. 

The sciences in the seventeenth and eighteenth centuries found an asylum 
in the monasteries, especially among the Jesuits who took possession of the 
University of Prague. Among the native Jesuit Czechs were several mathema- 
ticians. The highest praise was given to Father Jakob Kreza (1648-1715)? who 
has left several mathematical works. Kreza, after having been professor in the 
Universities of Prague and Olomauc, was called to the University of Madrid, 
where he taught for fifteen years. 

The eighteenth century produced many practical books, such as interest- 
tables and books of applied geometry. Of the practical manuals I would cite 
especially the one of Vaclav Vesely, to whom also is attributed an Ars liberandi, 
published in the year 1734. 

Technical arts flourished in Bohemia. Already at the beginning of the 
eighteenth century a school of engineers was founded at Prague, not by the 
imperial government, but by the Diet of the Bohemian Kingdom. The Austrian 
government, relentlessly hostile to the Czech nation, wished to Germanize not 
only the offices but all the schools from the elementary to the university; for 
this reason Emperor Josef II excluded the Latin language at the end of the 

1 His life and work have been described by F. J. Studni¢ka in a ‘“Festvortrag,” ‘‘Joannes 
Marcus Marci a Cronland, sein Leben und gelehrtes Wirken,” Jahresbericht der kénigl. bohm. 
Gesellschaft der Wissenschaften, 1890, 32 pages. He is referred to as the ‘‘Bohemian Galileo”’ 
and a list is given of 16 of his works dealing with philosophy, geometry, physics, astronomy, and 
medicine. See also Marci a Kronland, Liturgia mentis, edited by J. J. W. Dobrzensky, Regens- 
burg, 1678; F. M. Pelzel, Abbildungen bohmischer und méhrischer Gelehrten und Kiinstler, Prague, 
vol. 1, 1773: ¥’. Hoefer, Nouvelle biographie générale, Paris, vol. 28, 1859; V. Ldska, ‘‘Ueber 
Marcus Marci de Kronland, ” Zeitschrift fiir Mathematik und Physik (hist. liter. Abth. ), vol. 35, 
1890, pp. 1-3; Poggendorff, Biographisch-literarisches Handwérterbuch, vol. 2; D. E. Smith, 
‘“Medicine and mathematics in the sixteenth century,” Annals of Medical History, 1917, p. 136; 
and Enciclopedia Universel Illustrada Evropeo-Americana, vol. 33, Barcelona, 192 0. 

2 Labyrinthus in quo via ad circuli quadraturam pluribus modus exhibetur, Prague, 1654. 
Compare the reference to Marci by Huygens, Oeuvres Completes de Christian Huygens, vol. 12, 
1910, pp. 97-98. 

’Thereis abrief paragraph concerning “ Jakob Kresa’’ in Poggendorff, Biographisch-literarisches 
Handwérterbuch, vol. 1. The name is spelled as in the text in M. Cantor, Vorlesungen riber 
Geschichte der M. ‘athematih, vol. 3, second edition, 1901, p. 12. It is here stated that while Kreza 
was in Madrid he translated into Spanish Euclid’s Elements, books 1-6, 11, 12, which were 
published at Brussels in 1688; compare Bibliotheca Mathematica, series 3, vol. 12, p. 261, and P. 
Riccardi, Saggio di una Bibliografia Euclidea, Bologna, 1887, p. 50 of the first part. See A. 


Jemelka, [‘‘ On the life and works of the mathematician P. J. Kresa, 8. J.’’] (in Bohemian), Casopis 
pro pest. matem., vol. 42, 1913, PP. 501-509. 
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eighteenth century and substituted for it the German language. A few years 
after the founding of the famous polytechnic school in Paris, the school of engi- 
neers in Prague was also changed by the Diet of the Bohemian Kingdom to a 
Polytechnic Institute of the type of the one in Paris. This was in 1806, that is, 
before the opening of the Polytechnic Institute in Vienna (1815). 

In the eighteenth century, the leaders in the study of mathematics were 
Josef Stepling (1716-1778), author of many books on mathematics, astronomy 
and physics,t and Jan Tesének (1728-1788)? who wrote a series of mathe- 
matical works, the commentaries on the celebrated work of Newton being note- 
worthy.? 

At the end of the eighteenth century and at the beginning of the nineteenth 
there swept over Europe a wave of nationalism awakened by the grand ideas of 
the French revolution. Among the Czechs of the cultured class were idealists, 
who went to the huts of the peasants seeking the despised native language. 
They gave new life to the forgotten Czech literature, and in this way aroused 
national consciousness. | 

In the ranks of these idealists was a mathematician, professor at the Uni- 
versity of Prague, Father Stanislav Vydra (1741-1804).4 He wrote several 
mathematical books in Latin and German. In order to show that the Czechs 
had mathematical literature, he published in the year 1778 a Historia matheseos 
in Bohemia et Moravia cultae,? and in order to show that the language of the 
common people could serve also as a medium for the sciences, he wrote in Czech 
Pocatkové arithmetiky (Elements of Arithmetic) and an algebra which however 
was left incomplete. 

In the nineteenth century the Czechs had the great task of establishing 
modern Czech mathematical literature, creating an adequate terminology and 

1 Listed in Poggendorff, Biographisch-literarisches Handwérterbuch, vol. 2. A life of Stepling 
by 8S. Vydra was published at Prague in 1779: Vita ad modum reverendi ac magnifici virt J. Step- 
ling. See also F. M. Pelzel, Abbildungen béhmischer und méhrischer Gelehrten und Kiinstler, 
Prague, vol. 1, 1773; S. Vydra, Historia matheseos in Bohemia et Moravia culte, Prague, 1778; 
F. M. Pelzel, Béhmische, mdéhrische, und schlesische Gelehrte und Schrifisteller aus dem Order der 
Jesuiten, Prague, 1786; J. G. Meusel, Lexikon der von 1750 bis 1800 verstorbenen deutschen Schrift- 
steller, Leipzig, vol. 18, 1815; Oesterreichsche National-Encyklopddie, Vienna, vol. 5, 1836. 

2 A common spelling of this name seems to be TessAnek. For authorities concerning his life, 
the works of Vydra, Pelzel (2), and Meusel, mentioned in the previous footnote, may be consulted. 
See also Abhandlungen der kénigl. béhm. Gesellsch. d. Wiss., new series, vol. 4, 1837; F. J. Studnicka, 
Bericht tiber die mathematischen und naturwiss. Publicationen d. kén. Ger. d. Wissenschaften, 
Prague, 1885, p. 11; Vorlesungen tiber Geschichte der Mathematik, vol. 4, ed. by M. Cantor, Leip- 
zig, 1908; and Poggendorff, Biographisch-literarisches Handwérterbuch, vol. 2. 


3 Philosophiae naturalis principia mathematica auctore Isaaco Newtono illustrata commenta- 
tiontbus . . ., Prague, 1780 and 1785. 

4Compare ‘Stanislav Vydra,” Casopis pro pest. matem., vol. 1, 1872, pp. 1-6, 49-54; 
A. Rybicka, “Stanislav Vydra,” Casopis pro pest. matem., vol. 44, pp. 53-68, 103-119; Vorlesungen 
dtiber Geschichte der Mathematik, vol. 4, ed. by Cantor, Leipzig, 1908; Poggendorff, Biographisch- 
literarisches Handwérterbuch, vol. 2; Oesterreichsche National-Encyylopddie, vol. 6, Vinena, 1837; 
and F. M. Pelzel, Béhmische, mdhrische und schlesische Gelehrte und Schriftsteller aus dem Orden 
der Jesuiten, Prague, 1786. : 

5 This, together with Jan Smolik, Mathematikové v Cechdch, is the principal source of material 
for this article in respect to early mathematics—Q. VETTER. 
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devoting themselves to original research. For this end it was well there were 
several distinguished foreigners as professors at the University and Polytechnic 
Institute of Prague. We may name the Milanese Bernard Bolzano, also Pro- 
fessor Wilhelm Fiedler,? Carl Kiipper® and Jakob E. C. Durége.t A fierce 
struggle had ever to be maintained against the unjust Germanization of the school 
system. Individual cities founded Czech secondary schools, without the help 
of the government and even against the government. Only after long political 
controversy did they succeed in dividing the Polytechnic in 1869 and the Uni- 
versity in 1882 into two institutions, the Czech and the German, and only at 
the end of the last century was a second Czech Polytechnic founded at Brno. 
Not until today has the Austrian yoke been thrown off, and now it is possible 
to erect as many Czech schools as the nation needs. It is natural that with such 
conditions many Czech scientists of the older generation, educated in German 
schools, wrote in German in order to make themselves known in the international 
scientific world. 

The Czech mathematicians applied themselves with all their might to the 
difficult problem concerning which I have already written. In the second half 
of the last century several excellent Czech mathematicians flourished. In the 
history of mathematics Jan Smolfk deserves notice. It is a pity that he forsook 
this field to devote himself to numismatics, and of his book Matematikové 
Cechéch (Mathematicians of Bohemia) in 1863, he published only the first part 
which concludes with the beginnings of the eighteenth century. 

In foreign countries perhaps the best known are Emil and Eduard Weyr, two 
brothers. Emil, the older (1848-1894), having taken a journey through Italy for 
the purpose of study, met almost all the best mathematicians of the time; espe- 
cially noteworthy was his friendship with L. Cremona, with whom he studied at 
Milan. On his return home he was made professor at the Polytechnic Institute 
of Prague and later at the University of Vienna.’ Emil Weyr wrote many 


1T have not been able to verify that there was any “‘Milanese’’ mathematician of this name. 
Of course the catholic theologian and philosopher Bernhard Bolzano (1781—1848) was born, 
and died, at Prague and was professor of the philosophy of religion in the University there for 
many years. He is the author of a number of well-known mathematical writings.—After this 
note was in type Dr. Vetter informed me that he wished the clause to read: ‘‘We may name 
Bernard Bolzano of an Italian family” .. . ; Bolzano’s father was a native of Northern Italy. 

? Otto Wilhelm Fiedler, born in Saxony in 1832, was professor of geometry at the Polytechnic 
Institute of Prague. He left there for a similar position in the Polytechnikum at Ziirich where 
he remained till his death in 1912. He is chiefly known to Americans as the genial translator 
and editor of the German editions of George Salmon’s works, and as the author of Cyklographie 
oder Construction der Aufgaben tiber Kreise und Kugeln, Leipzig, 1882. 

*Carl Joseph Kiipper (1828-1900), professor of geometry at the Polytechnic Institute, 
Prague. An obituary notice (accompanied by a portrait) with a list of his writings, by E. Waelsch, 
appeared in Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 14, 1905, pp. 389-394. 
See also Poggendorff, Biographisch-literarisches Handwérterbuch, vol. 4. 

* Apparently instead of the initial “EE.” should be H. since Jacob Heinrich Karl Durége 
(1821-1893) was professor in the Polytechnic Institute, Prague, before 1869 when he went to 
Vienna. He lived in the United States 1851-57 and his German work on the theory of functions 
of a complex variable has been made familiar through the English translation (Philadelphia, 
1896) of the late G. E. Fisher (see this Monruty, 1920, 239) and I. J. Schwatt. 

6 Emil Weyr was born in Prague and was appointed professor of mathematics in the Univer- 


1923.| © THE DEVELOPMENT OF MATHEMATICS IN BOHEMIA. 335) 


important books on geometry, not only in Czech and in German, but also in 
French and Italian; his works brought him international fame. Projective 
geometry is indebted to him for many, important discoveries. To Italians it 
may be interesting to know that he translated into’ Czech the memoirs of L. 
Cremona.! Eduard Weyr (1852-1903)? was also professor at the Czech Poly- 
technic Institute of Prague and not only enriched Czech mathematical literature 
but published articles in Italian, French, and German periodicals and made a 
name for himself which was respected in foreign scientific circles. Analytical 
geometry and algebra were the objects of his study. 

Both brothers were active in the “Jednota éesk¥ch mathematiku a fysiku”’ 
(Union of Czech mathematicians and physicists), the center of Czech mathe- 
matical life; during half a century this union has published a journal, Casopis 
pro pestovant matematiky a fistky (Journal for the study of mathematics and 
physics), and several scientific manuals and text-books for secondary schools. 

The most prolific writer among Czech mathematicians was Frantisek Josef 
Studnitka (1836-1903),? the first professor of mathematics in the Czech Uni- 
versity of Prague, where he taught for twenty years. A group of books and 
many memoirs came from his pen. His interest in science was very great; he 
wrote several books on meteorology. He was greatly interestéd in Czech termi- 
nology and tried to fill the gaps in Czech scientific literature. For that purpose 
he compiled the first Czech manuals of the different mathematical theories. To 
him belongs the credit for advancing history of mathematics at this time; he not 
only wrote several historical articles and published the works of the early mathe- 
maticians but also awakened among his pupils an interest in history. Teaching 
in secondary schools also attracted his attention, as we see in his memoirs and 
text-books. His greatest work however was that done in research in deter- 
minants.* Descriptive geometry was studied in Bohemia‘ with success. Of the 
sity of Vienna in 1875. For material regarding his life and work the following sources may be 
consulted: Casopis pro pést. matem., vol. 24, 1895, pp. 163-244, by A. Panek; Monatshefte frir 
Mathematik und Phystk, Vienna, vol. 6, 1895, pp. 1-4, by G. Kohn (Italian translation in Rendi- 
conti del Circolo Matematico di Palermo, vol. 9, pp. 260-262); Jahresbericht der deutschen Mathe- 
matiker-Vereinigung, vol. 4, 1897, pp. 24-33, by G. Kohn; F. J. Obenrauch, Geschichte der 
darstellenden . . . Geometrieé, Brno, 1897, pp. 365, 485 f.; Ziva. Sbornik védeck¥ musea kralovstvt 
Ceského, Prague, 1894, 14 pages, by A. Sucharda; and Poggendorff, Biographisch-literarisches 
Handwérterbuch, vols. 3 and 4. 

1 By “memoirs” is meant, possibly, the Czech translation of ‘‘Introduzione ad una teoria 
geometria d. curve piane”’ (Bologna, 1862); and of ‘‘Sulle transformazione geometriche delle, 
figure piane” (Bologna, 1862-1865), the Czech translation of the latter appearing it 1872. 

2 A biography and chronological list of writings of Eduard Weyr, by K. Petr and J. Sobotka 
is given in Casopis pro pést. matem., vol. 34, 1905, pp. 457-516. See also Poggendorff’s 
Biographisch-literarisches Handwérterbuch, vols. 3 and 4. 

3 A sketch of his life and work, by A. P4nek, is given in Casopis pro pést. matem., vol. 33, 
1904, pp. 369-480; see also vol. 32, 1903, p. 297. A fairly complete list of his writings is given 
in Poggendorff, Biographisch-literarisches Handwérterbuch, vols. 3 and 4. 

4For an account of this, see T. Muir, The Theory of Determinants in the Historical Order of 
Development, vol. 3, 1861-1880, London, 1920, various references in the index. 

5 Concerning descriptive geometry and its literature in Bohemia up to 1883 one may consult 
two works by Vaclav Lavitéka: (1) Historie deskriptivnt geometrie, Prague, 1878; (2) Deskriptiva 


geometrie ze stanovisté historickopaedagogického, SeSit prvy (Descriptive geometry from the histori- 
cal pedagogical standpoint, part 1), Pardubitz, 1883. 
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Czech professors of this subject at the Polytechnic Institute of Prague,? the earliest 
is Rudolf Skuhersky (1821-1863). After the division of the Institute, in the 
Czech section Frantisek TilSer (1825-1913) * was the first professor of descriptive 
geometry. He worked on the theory of illumination and he is author of a special 
theory, the theory of “ikonognosie,”’ * in which he tries to connect descriptive 
geometry with philosophy. Karel Pelz (1845-1908) ° is rather well known in 
foreign mathematical circles. His works excel in clever solutions of construction 
problems. The most celebrated of his works are those on axonometric projection. 

Of other mathematicians now dead, I shall cite only the professors of both 
the Czech polytechnic institutes at Prague and Brno, Gabriel Bl4zek,® Augustin 
Pnek (1843-1908),’ Karel Zahradnik (1848-1916),° who translated into Czech 
from Italian the works of Bellavitis,? Vaclav Rehorovsky (1849-1911), Anton 
Sucharda (1854-1906)" and Franti8ek Velisek,’? (1877-1914), who was killed in 
the Great War. 


1For biographies of professors in this Institute the best work is A. V. Velflik, Dejiny tech- 
nikého utenti v Praze (History of the Polytechnic Institute in Prague), vol. 1, 1906.—Q. VETTER. 

2R. Shuhersky was born in 1828, not 1821. He was professor at the Institute 1854-1863. 
For sketches of his life and work see F. J. Obenrauch, Geschichte der darstellenden und projectiven 
Geometrie, Brno, 1897, p. 353f.; G. Loria, Storia \della Geometria Descrittiva dalle origint sino at 
giorni nostri, Milan,-1921, pp. 330, 340-341; and Das stdndisch-polytechnische Institut zu Prag. 
Programm zur finfzigjahrigen Erinnerungs-feier. Ed. by C. Jelinek, Prag, 1856, pp. 250-251. 
Compare also Poggendorff, Biographisch-literarisches Handwérterbuch, vols. 2-3. 

8 A sketch of his life and work is given in G. Loria, Storia della Geometria Descrittiva, Milan, 
1921, pp. 335-339, ete., and by B. Prochdzka in Casopis pro pést. matem., vol. 48, 1914, pp. 1-25. 
He was professor of geometry and astronomy at the Institute, 1864-1895. See also F. J. Oben- 
rauch, Geschichte der darstellenden . . . Geometrie, Brno, 1897, p. 353f., and Poggendorff, Bio- 
graphisch-literarisches Handworterbuch, vol. 3. 

4“Grundlagen der Ikonognosie. I. Abteilung’ by F. TilSer, Abhandlungen der kénigl. 
béhmischen Gesellschaft, 1878, pp. 1-88. 

5’ His work is discussed rather fully in G. Loria, Storia della Geometria Descrittiva, Milan, 
1921, pp. 371-379, etc.; by J. Sobotka in Casopis pro péstov. matem., vol. 39, pp. 433-460; 
F. J. Obenrauch, Geschichte der darstellenden . . . Geometrie, Brno, 1897, p.355f. Seealso Poggen- 
dorff, Biographisch-literarisches Handworterbuch, vols. 3-4. 

6 Born 1842; appointed ordinary professor in the Bohemian Polytechnic Institute, Prague, 
1872. 

7 Professor of higher mathematics at the Bohemian Polytechnic Institute 1896-1908. Editor, 
1884-1908, of Casopis pro pést. matem., also of the mathematical part of the Bohemian encyclo- 
pedia Ottiv Slounik Nauéng. For a sketch by K. Petr, with a portrait, see Casopis pro pést. 
matem., vol. 41, 1912, pp. 1-8. 

8 Karel Dragutin Zahradnik, a prolific writer of German and Bohemian mathematical papers, 
especially in the field of geometry. A critical biography with a list of his writings, by J. Vojtéch, 
appeared in Casopis pro péstov. matem., vol. 46, 1917, pp. 235-303. 

® That is, G. Bellavitis, Methoda equipollencé Cili rovnic geometrickych, Prague, 1874. In the 
same year was published a French translation by C. A. Laisant. 

10 An obituary notice of V. K. Rehorovsky, by J. Sobotka, appeared in Casopis pro pst. 
matem., vol. 42, 1913, pp. 129-145. : 

11 An obituary notice by K. Rychlik appeared in Casopis pro pést. matem., vol. 51, 1922, pp. 
247-248. 

12 Professor of mathematics in the Polytechnic Institute, Brno, 1900-1907; he died February 
19, 1907, according to Bibliotheca Mathematica, series 3, vol. 7, p. 424. He was the constructor 
of various types of models of cubic surfaces (see W. Dyck, Katalog mathematischer und mathe- 
matisch-physikalischer Modelle, Apparate_und Instrumente, Munich, 1892, pp. 299-300.) A 
biography by J. Sobotka appeared in Casopis pro pést. matem., vol. 37, 1908, pp. 353-359. 
A number of papers by Sucharda are listed in Poggendorff’s Biographisch-literarisches Hand- 
worterbuch, vols. 83-4. See also G. Loria, Storia delle Geometria Descrittiva, Milan, 1921, pp. 357, 
534, 547. 
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Today we have a group of mathematicians in the Czech universities of Prague 
and Brno and in the polytechnic institutes of these cities. Professor Lerch + is 
known for his works on mathematical analysis. Vaclav Laska,? originally a 
geodesist and professor of applied mathematics and physics, is interested also in 
geophysics, and in the philosophy, history and teaching of mathematics. Pro- 
fessor Jan Sobotka? is a geometrician known also beyond the limits of Bohemia. 
Professor Karel Petr* has given his attention to analysis and arithmetical ques- 
tions. Geometry is the specialty of Professors Bohumil Bydzovsky, Jan Vojtech, 
Ladislav Seifert, and Bohuslav Hostinsky who now is devoting himself to applied 
mathematics and theoretical physics. Professor Karel Rychlik gives his time 
to algebra, Professor Josef Benés and Doctor Emil Schoenbaum to actuarial 
mathematics. The theory of functions is the special branch of Dozent Milos 
Kossler. At the Polytechnic Institute of Prague are also Professors Matthias 
Vanetek > and Josef Klobouéek, and Dozenten FrantiSek R4dl and Karel Dusl. 
Professors Cenek Jarolimek * and Bedrich Prochézka’ have written several books 


1 Maty48 Lerch, born in Bohemia in 1860, professor of mathematics at the University of 
Freiburg, Switzerland, from 1896 till his appointment as professor in the Polytechnic Institute 
at Brno in 1906. Biographical notes may be found in Annuario Biografico del Circolo Matematico 
di Palermo, 1914, and in Acta Mathematica 1882-1912, Table Générale des tomes 1-85, Upsala, 1912, 
where there is also a portrait. For long lists of his writings see Royal Society of London, Cata- 
logue of Scientific Papers, vol. 16; Revue Semestrielle des Publications Mathématiques; and Poggen- 
dorff’s Btographisch-literarisches Handwérterbuch, vol. 4. The Academy of Sciences of the 
Institute of France awarded him in 1900 the grand prize for mathematical sciences. He died 
August 3, 1922. 

2That i is Vaclav Jan (=Wenzel Johann) Laska, professor of higher geodesy and astronomy, 
and director of the astronomical, meteorological and seismological observatory at the University 
of Lemberg, 1899-1911. He is best known to American mathematicians by his Sammlung von 
Formeln der reinen und angewandien Mathematik, Braunschweig, 1889-1894, 1090 pages. His 
other books and numerous papers written in German and Bohemian and published before 1904, 
and dealing with topics in mathematics, theoretical astronomy and mathematical geography, 
surveying, and geodesy, are listed in “ Poggendorff,” in Royal Society of London, Catalogue of 
Scientific Papers, vol. 16, and in Revue Semestrielle des Publications Mathématiques. 

§ Jan Sobotka was born in Bohemia in 1862. He was professor of descriptive geometry in 
the Technical Institute of Brno from 1899 till 1904 when he was appointed professor in the 
Bohemian University of Prague. See G. Loria, Storia della Geometria Descrittiva, Milan, 1921, 
various references in index; Annuario Biografico del Circolo Matematico di Palermo, 1914; Poggen- 
- dorff’s Biographisch-literarisches Handwérterbuch, vol. 4, and Revue Semestrielle des Publications 
Mathématiques. His Deskriptivnt Geometrit promtidnt parallelntho, vol. 1, was published in 1906 
by the Society of Czech mathematicians as vol. 10 of its Sbornik. A biography and list of his 
writings, by F. Kaderavek, appeared in Casopis pro pest. atem. vol. 52, 1922, pp. 1-9 + portrait. 

4K. Petr, professor of mathematics at the Bohemian University of Prague since 1903, was 
born in Bohemia in 1868. For a list of his papers see Royal Society of London, Catalogue of 
Scientific Papers, vol. 17; Poggendorfi’s Biographisch-literarisches Handwérterbuch, vol. 4; and 
Revue Semestrielle des Publications Mathématiques. 

5 Born 1859. 

6 Author of articles listed in Royal Society of London, Catalogue of Scientific Papers, vol. 16, 
and in Revue Semestrielle des Publications Mathématiques. His treatise on descriptive geometry 
was a three-volume work first published in 1875-1877 by the Jednota éesk¥ch mathematiku. 
During the next thirty years it was almost the only text used in Bohemian Real Schools. It was 
translated into Bulgarian, by Sourek, for use in secondary schools. See G. Loria, Storia della 
Geometria Descriitiva, Milan, 1921. The Christian name “ Cenek” is the same as “ Vincenc.” 
Since the above was ‘in type Dr. Vetter furnished me with the following information: Professor 
Jarolimek was born in 1846 and died in 1921. He was professor at the Bohemian Polytechnic 


58 SOME CURIOUS FALLACIES [ Feb., 


on descriptive geometry. Professors Miloslav PeliSek! and Franti8ek Kadera4vek 
(b. 1885), and Dozent Josef Kaunovsky (b. 1881) teach this branch also. At 
the University of Prague, philosophy of mathematics is taught by Professor 
Karel Vorovka ? (b. 1879) and the history of mathematics by the author of 
this article (b. 1881). 


SOME CURIOUS FALLACIES IN THE STUDY OF PROBABILITY. 


By ROBERT E. MORITZ, University of Washington. 
Part II. 


The Petersburg paradox discussed in Part I consists in the conclusion that under the follow- 
ing conditions Paul’s expectation is, by elementary rules, infinite. A coin is tossed until head turns 
up. If this happens on the first trial Peter is to pay Paul 1 crown, if on the second trial 2 crowns, 
if on the third 4 crowns, and so on, the sum Peter is to pay Paul when head finally does turn up 
being double the sum he should have paid had head turned up on the immediately preceding trial. 


It is not necessary to recount the earlier attempts that were made to explain 
the Petersburg paradox. This has been done by the historians of the science of 
probability, by Todhunter in his History of the Theory of Probability from Pascal 
to Laplace by Czuber in Grunert’s Archiv, volume 67, and by Netto in the fourth 
volume of Cantor’s Geschichte der Mathematik. 'To the modern reader many of 
these attempts seem puerile if not ridiculous, as for instance Cramer’s attempt to 
explain the paradox by considering all sums greater than 2 as practically equal, 
or D’Alembert’s distinction between physical and metaphysical possibilities and 
his contention that some such expression as 1/[2”(1 + 8n?)] or 1/(2" + 2%”) rather 
than 1/2” must be accepted as the probability that head turns up for the first time 
on the nth trial, or Bequelin’s conclusion that the oftener a chance event has 
happened the less likely it is to happen on the next trial, or Buffon’s doctrine 
that any probability less than 10~* must be considered absolutely zero. 

It is, however, not without interest to consider some of the explanations 
offered by more recent writers. 


Institute, 1907-1915. A biography by J. Sobotka, with two lists of writings, is given in Casopis 
pro pest. matem., vol. 45, pp. 489-449, and vol. 51, 1922, pp. 67-68. 

1 Author of articles listed in Royal Society of London, Catalogue of Scientific Papers, vol. 7, 
and in Revue Semestrielle des Publications Mathématiques. M. PelfSek was born in 1855; see 
Poggendorfi’s Biographisch-literarisches Handwérterbuch, vol. 4. Professor Proch4zka’s Christian 
name ‘‘Bedrich”’ is the same as “Friedrich.” 

2 Heft 13 (89 pages, Vienna, 1914) of the report on mathematical instruction in Austria to 
the International Commission on Mathematical Instruction was by K. Vorovka, L. Cervenka and 
V. Posejpal, with a preface by J. Sobotka. The report is entitled Die Lehrbvicher fiir Mathematik, 
darstellende Geometrie und Physik an den Mittelschulen mit béhmischer Unterrichtssprache, and 
contains considerable historical material. Other reports of this series give an appreciable amount 
of information concerning mathematics in Bohemian institutions; for example: Der Unterricht 
in der darstellenden Geometrie an den Technischen Hochschulen by E. Miller (Heft 9); Der mathe- 
matische Unterricht an den Universitdten by R. v. Sterneck (Heft 7); Der mathematische Unterricht 
an den Technischen Hochschulen by E. Czuber (Heft 5). For other publications of Professor 
Vorovka see Revue Semestrielle des Publications Mathématiques. 

3 For numerous references, see E. Czuber’s article Wahrscheinlichkettsrechnung in Encyclopddie 
der Mathematischen Wissenschaften, I D 1, Section 17. Translated and amplified by J. Le Roux 
in Encyclopédie des Sciences Mathématiques, I 20. 
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Bachelier! discusses the paradox but makes no effort to explain it. “‘Common 
sense,” he says, ‘‘can not be invoked to settle delicate mathematical questions. 
Common sense is unable to determine whether the area between a curve and its 
asymptote is finite or infinite, or whether a series is convergent or divergent. 
In the Petersburg problem the stake which Paul is to receive if he wins at any 
one trial is double the stake he would have received had he won'at the preceding 
trial; if the multiplier had been 1.999 instead of 2 his expectation would have 
been finite, for the series 


1. ~ 4 (1. ey (1. ey 


—— + 


+. 


is convergent. Common sense, however, is unable to distinguish the difference.’’ 

This of course does not explain why there is such a discrepancy between 
common sense and the results of logical reasoning. Nor is the illustration very 
fortunate, for the sum of the above series is 1000, and common sense would 
forbid Paul to venture 1000 crowns, or any other considerable sum, for what 
he might reasonably expect to win on accepting the conditions of the play. The 
paradox consists not in that the expectation is infinite, but in thaf it is larger than 
common sense can admit it to be. 

Czuber” takes the view that the explanation of the paradox is to be sought 
in the conditions of the problem, which specify a play which may never end 
and which may require Peter to pay out a sum greater than any possible sum. 
These are mere words, he says, without a real meaning. If the problem is to 
have a real meaning it must be limited to a definite maximum number of trials, 
and this limitation must be such that Peter can actually meet all possible losses. 
When the problem is thus modified no objection can be raised against the resulting 
expectation of Paul. 

Czuber then goes on to show that if the play were limited to n trials with the 
understanding that if head does not turn up during the first n trials Peter must 
give Paul 2” crowns, since that is the least sum Paul could win if the play were 
continued indefinitely, Paul’s expectation would be 

1,2 , 2, 2° i ae) 

statatat otatRagtl 
Suppose that Peter had a million crowns, the maximum loss that he could pay 
would then be 2% = 524,288 crowns. It would therefore be necessary to limit 
the play to 19 tosses* and Paul’s expectation would be only 10.5 crowns. 

Now neither of the objections which Czuber raises, namely that the Peters- 
burg problem is necessarily meaningless because it deals with a play that may 
never end, and that may require Peter to pay out a sum greater than he can 
possibly possess, objections which, by the way, were previously raised by both 

17. Bachelier, Calcul des Probabilités, vol. 1, Paris, 1912, p. 26. 

2K. Czuber, Wahrscheinlichkeitsrechnung, Leipzig, 1903, p. 203; also in Grunert’s Archiv, 


vol. 67. 
3 Czuber says 20, but that is evidently an error. 
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Poisson and Buffon, are valid objections. For nothing can prevent us from assum- 
ing that Peter has unlimited wealth, or that instead of playing for real money the 
players play for stage money, or counters, or marks of ink on paper to symbolize 
money. Nor does it follow that the expectation must be meaningless because 
of the fact that the play may never end, for there are many problems which 
impose this condition in which the resulting expectation is perfectly compatible | 
with common sense. Let us assume that Peter is to pay Paul one crown as soon 
as head turns up for the first time. Then, clearly, this play also may never end, 
and Paul’s expectation is 


1,1 1 
gtotgat =] 


which is in perfect agreement with common sense. The conditions t6 which 
Czuber objects do not, therefore, necessarily imply a paradox. 

De Morgan in his admirable Essay on Probabilities (London, 1838), like 
Condorcet before him, held that the Petersburg problem offered really no para-’ 
dox and tried to show that the conclusion that Paul’s expectation is infinite 
is consistent with the results of experience. He cited the results of Buffon’s 
experiment which consisted of 2,048 sets of tosses of a coin. In his Formal Logic 
he gave the results of another 2,048 sets of trials made by one of his own pupils. 
In the combined number of 4,096 sets of trials head showed on the first toss in 
2,109 sets, on the second in 1,001 sets, on the third toss in 480 sets, and soon. The 
complete results are exhibited in the following table. 


Results of Trials. Theoretical Results. 


Games Won. | Amount Won. | Games Won. | Amount Won. 


ine neneeeneennene tee ene teneed leeeenmmnnmemmnsmmemnmmeemmmm armen teed Ro tetra ee N 


On Ist toss............... 2,109 2,109 2,048 2,048 
ad Leen 1,001 2,002 1,024 2,048 
os (0 480 1,920 512 2,048 
“6 4th 6 ooo. * 236 1,888 256 2,048 
oth Lee. 127 2,032 128 2,048 
“ 6th “ ooo... 67 2,144 64 2,048 
6 Tth Loe, 42 2,688 32 2,048 
“ 8th Lo... eee 17 2,176 16 2,048 
“ Oth | Loe... eee. 11 2,816 8 2,048 
“ 10th “ ...... ee... 3 1,536 4 2,048 
“ Uth “ ooo... ee. 1 1,024 2 2,048 
6 12th “ oo... 0 0,000 1 2,048 
“13th “ ooo... ee. 0 0,000 

“ 4th “ ooo... 1 8,192 

“ th “ oo... i. 0 0,000 

“ 16th “ oo... cee. 1 32,768 

Total... ..... cece ee eee 4,096 63,295 4,096 24,576 
Average per game.......... 15.4 6 


According to the theory, Paul in playing 4,096 games could have expected to 
win an average of 6 crowns per game; the actual trials gave him an average of 
15.4 crowns per game. Buffon’s 2,048 sets of trials would have given 5 crowns 
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per game as against the theoretical result of 5.5 crowns per game. De Morgan, 
in discussing the results of Buffon’s trials, calls attention to the significant fact 
that the rarer occurrences contributed most to the total amount. “If Buffon 
had tried a thousand times as many games, the results would not only have given 
more, but more per game. ‘The larger net would have caught, not only moré 
fish, but more varieties of fish; in two million of sets, we might have expected 
to have seen cases in which head did not appear till the twentieth throw. .. . 
Thus the reader may readily perceive that the player might continue until he 
had realized not only any given sum, but any given sum per game; a result which 
is indicated by the application of our rule, when it tells us that the mathematical 
expectation of the player upon a single game is infinite.” 

Theoretically, as is obvious by inspecting the two right-hand columns in 
the foregoing exhibit, 2” games should yield on an average n/2 crowns per game. 
To secure an average of 18 crowns per game would therefore require 2 games, 
a number of games exceeding the number of seconds in the Christian era. 
Theoretically the games in which head turns up for the first time on the twelfth 
toss contribute exactly the same sum toward the total amount as the games in 
which head turns up at the first trial. De Morgan, therefore, seems to have 
failed to grasp the real significance of his own observation to the effect that the 
rarer occurrences contributed more to the total amount won than did the more 
frequent occurrences, and overlooked completely the even more significant fact 
that, contrary to the general rule, the average (15.6) attained from 4,096 sets of 
trials deviated more from the theoretical average (6) than did the average (5) 
resulting from Buffon’s 2,048 sets from the corresponding theoretical average 
(5.5). This fact points to a greater and greater deviation from the theoretical 
average as we increase the number of trials. If this should be the case, the mathe- 
matical expectation, as computed by the general formula derived for a finite 
number of contingent prospects, would be meaningless when applied to the 
Petersburg problem. 

It is a cause of no little surprise that this observation has escaped the attention 
of all commentators on this subject. .The mathematical expectation of a con- 
tingent prospect is by definition a mean value. It is not the value of any single 
hazard but the average value of a sufficiently large number of equal hazards. 
The mathematical expectation of one chance out of a thousand to secure a billion 
dollars is one million dollars, but this does not mean that anyone in his senses 
would pay a million dollars for a single chance of winning the billion dollars; a 
million dollars is the equivalent of such a chance only if the risk can be repeated 
sufficiently often to secure an average. If on repeating a risk sufficiently often, 
or it may be indefinitely, an average can not be secured, the formula for the 
mathematical expectation loses its significance. Now this is exactly what hap- 
pens in the Petersburg problem. Let us suppose that n is a number so large that 

1 In his Budget of Paradoxes (Original Edition, p. 170) De Morgan cites the results of two other 
sets of 2,048 trials each. The combination of these results with those already cited, that is, of 


8,192 trials in all, would yield an average of 14.6 crowns per game as against a theoretical average 
of 6.5 crowns per game. 
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n games will secure an average. Every game that is played involves the prospect 
of head not showing up till the nth toss of the coin, the probability of this prospect 
is 1/2"; this particular prospect will therefore be realized on an average but once 
in 2” games. But this is contrary to the assumption that n games will secure 
an average. The foregoing reasoning is valid even if n is assumed equal to ©, 
for each game involves events whose probability is 1/2”, and such events will 
occur on an average but once in 2” games. The conjecture, occasioned by 
Buffon’s and De Morgan’s experimental results, that the formula for the mathe- 
matical expectation when applied to the Petersburg problem leads to a meaning- 
less result is thus verified. 

Whitworth! ignores the infinite result given by the formula for the mathe- 
matical expectation and proceeds to determine the unknown sum x which Paul 
might risk on the play on the condition that if the play were repeated each time 
on a scale proportional to his capital at that time, he would in the long run be 
left neither richer nor poorer. His procedure is in substance as follows: 

Let x denote the sum which Paul with an initial capital of C may pay for a 
chance p of winning a prize P. If he wins, his capital will be C + P — 2, if he 
loses C — x, so that the effect of winning is to multiply his capital by the factor 
(C+ P — x)/C, that of losing to multiply it by (C — 2)/C. 

If Paul repeats the venture n times, n being large enough to secure an average, 
he will win pn times and lose gn times, where p + gq = 1. On the condition that 
the sum he risks in any one venture is proportional to the capital he then has, 
the result of the n operations will be to multiply his initial capital by the factor 


C+ "(Fe a\ a" 
C C 
Since now the result of the n operations is to leave Paul neither richer nor 
poorer, this factor must equal unity, hence also 


aoa *)'= 1 
C C — 

This equation immediately suggests the corresponding equation in which & 
denotes the sum which Paul may pay for the chance of winning one of & prizes 
Pi, Po, «++, Px, with the respective probabilities 1, po, «++, px of winning them, 


where 1+ po+-++:-+p, = 1. The condition that in the long run Paul is 
neither richer nor poorer becomes 


(Peay (ey. egy - 1 


C C C 


This equation does not admit of a general solution, but if x 1s small as com- 
pared with C it may be approximated to any desired degree of accuracy. As 


1W.A. Whitworth, 5th edition, Cambridge, 1901, p. 243. 
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the result of such approximation, Whitworth gives without proof 


Grebe) trey ~4 
= Sf A A 


CLP t+ ORT OLR 


In the Petersburg problem the prizes are 1, 2, 2?, 23, ---, and the respective 
chances of winning them are (1/2), (1/2)?, (1/2)%, (1/2)4, ---, so that in this case 
the equation for determining x becomes 


O+1- “ye +2- “ee +4- “" - 


and the approximate solution 


1\1/2 9\1/4 4\1/8 
_ (+a) (+2) (+e) 2 


1 1 
+- ton 


2(0+ 1) ' 4(C+ 2)" 8004+ 4) 


From this formula Whitworth finds that when C = 8, x = about 3.8; when 
C = 32, x = about 4; and when C = 1,024, x = about 6, results which are in 
remarkable close agreement with those obtained from Bernoulli’s hypothesis of 
moral expectation.’ 

However much Whitworth’s highly ingenious solution may compel our 
admiration, it can not be considered a satisfactory solution of the Petersburg 
problem for at least three reasons. 

First, it introduces a new condition into the problem, namely, that the price 
which Paul may pay for the advantage which Peter offers him is to be such 
that if the play were repeated each time on a scale proportionate to his funds at 
that time, he would in the long run come out even. Now it can be readily shown 
that any player who repeats a play, which is otherwise fair, on a scale propor- 
tionate to his capital, is sure to lose in the long run, therefore to stipulate that the 
x which Paul is to pay for his advantage is to be such as to leave him neither 
richer nor poorer if he repeats the play in this manner, is equivalent to asking 
odds in favor of Paul. 

Suppose a player tosses a coin staking each time one half of what he possesses 
on the chance of heads turning up. If he wins on the first toss, he will have in- 
creased his funds by one half; if he tosses again and loses, he will have diminished 


1 This seems to be incorrect. The first approximation to x is 


melee) Cre) ] 


+ +: 


or P, ore, 


2'The correct approximation formula given in the preceding footnote yields the values 
x = 2.85, 3.45, 6.28 for C = 8, 32, 1,024 respectively. 
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his funds by one half, so that he will have left three fourths of what he originally 
possessed. If he loses the first toss, he will have left one half of what he had; 
if he wins the second toss, he will increase this half by one half of itself, so that 
again he will have left only three fourths of what he originally possessed. Sup- 
pose now that he continues to play until he has secured an average, that is, until 
he has won as often as he has lost, say 2n games in all. He will then have lost 
nm games and won n games. Each game he loses will diminish his fortune by 
one half, each game he wins will increase it by one half. The result is that in 
the end he will have his original fortune multiplied by the factor (1/2)"(3/2)*, 
that is by (3/4)". If n = 10, (8/4)” is less than one sixteenth, so that, although 
the game is fair in every other respect and the number of games sufficiently 
large to secure an average, the player will have lost more than 15/16 of his 
original fortune. 

It is commonly supposed that a player must necessarily win in the long run 
provided the odds are in his favor. This itself is a fallacy, as the following illus- 
tration will show. Suppose that a player plays for even stakes, always staking 
one half of his funds on a hazard in which the odds are 3 to 2 in his favor, that is, 
such that, in the long run, he will win 3 times out of 5. Suppose that he plays 
5n games, n being sufficiently large to secure an average. He will then have won 
3n games and lost 2n games. Each game he wins increases his fund by one half, 
each game he loses diminishes his fortune by one half. If his initial fund be 
denoted by C, his fund after playing 5n games will be 


(1/2)2"(3/2)8"-C = (27/32)"-C 


which is certainly less than C. If n = 10, (27/32)” is less than 1/5, so that 
though the odds are 3 to 2 in favor of the player, he will have lost more than 4/5 
of his original fortune. 

In the second place it is obvious that the condition which Whitworth 
imposes may be replaced by any one of an infinite number of similar conditions 
and we should thus be led to an infinite number of different solutions of the 
problem. Instead of repeating the play on a scale proportionate to his funds 
at the time, the price Paul should pay might be determined on the condition 
that, if he repeated the play on some increasing or decreasing scale, he should 
come out even in the long run, the only essential consideration being that the 
scale be such that he may continue the play indefinitely without exhausting his 
fund. 

Third, granting that the value of x fairly represents Paul’s advantage, it 
remains to find x. Whitworth approximates the value of x on the assumption 
that x is small as compared with C, that is, so small that the second and higher 
powers of the quantity x/C, which enter into the expansion of the infinite product, 
may be neglected. This begs the question. In other words, Whitworth finds 
that x is small as compared with C on the assumption that x is small as compared 
with C. 

The view which has been advanced in this paper, that the rule for the mathe- 
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matical expectation gives a meaningless result when applied to the Petersburg 
problem, explains the paradox but does not solve the problem. Indeed it may 
be safely asserted that the problem does not admit of solution without the aid 
of assumptions not warranted by the expressed conditions of the problem. 


THE ORIGIN OF THE SYMBOLS FOR “DEGREES, 
MINUTES AND SECONDS.” 


By FLORIAN CAJORI, University of California. 


At the present time there is a conflict of views regarding the origin of the 
symbol ° for “degrees” in angular measure. Edward O. von Lippmann’ gives 
M as the symbol for the Greek word potpar standing for parts, including parts of 
circular periphery, and then adds, “woraus wohl das Zeichen ° fiir Kreisgrad 
entstand”’ (from which doubtless originated the sign ° for circular degree). On 
the other hand, J. Tropfke? assigns the origin of °, not to Greek antiquity, but 
to the sixteenth century, and connects it, not with Greek symbolism, but with 
the exponential concept as applied to different units in the sexagesimal system. 
Tropfke cites L. Schoener (1586) as the earliest author he could find who used 
exponents for geometric series, thus: 


Il II I 0 I II Il 
216000. 3600. 60. 1 1 1 1 


60 3600 216000 
and for sexagesimal integers and fractions, thus: 


“Tlae Tae 0 I II TIT” 
3. 15. 7. 50. 34, 23. 


As between Lippmann and Tropfke, the researches I have made decidedly 
favor the general conclusions of Tropfke, but I have found earlier dates than his 
for the first appearance of the signs ° ’ ”’. 

In Athelard of Bath’s translation into Latin (twelfth century) of certain 
Arabic astronomical tables, the names signa, gradus, minute, secunde, etc., are 
abbreviated. The contractions are not always the same, but the more common 
ones are “Sig.,” “Gr.,” “Min.,” “Sec.” No symbolism is used here in the 
designation of angular measure. Neither here nor elsewhere have I found 
indications of notations in support of Lippmann’s explanation of the origin of 


the sign °. In the Alfonsion Tables‘ one finds marked by 492 321 15” 4? the 


sexagesimals 49 X 60 + 32+ 15 X = + 4X a 
1K. O. von Lippmann, Entstehung und Ausbreitung der Alchemie, Berlin, 1919, p. 358. 
2 Johannes Tropfke, Geschichte der Elementar-Mathematik, 2. ed., Leipzig, vol. 1, 1921, p. 43. 
3See H. Suter, Die Astronomischen Tafeln des Muhammed ibn Misa Al-Khwérizmi in der 
Bearbeitung des Maslama ibn Ahmed Al-Madjriti und der latein. Uebersetzung des Athelard von Bath. 
Copenhagen, 1914, p. xxiv. 
4A. Wegener in Bibliotheca mathematica, series 3, vol. 6, 1905, p. 179. 


It was during the six- 
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teenth century that the modern notation for degrees, minutes and seconds took 
form. 


Oronce Fine? in 1535 used for them the marks grad, m, 2, 3, ; Gemma Frisius? 
in 1540 wrote 


Integr, Mi. 2 3. 4. 
36. 30. 24 50 15. for our modern 36° 30’ 24’ 50’ 15”, 


but in the revised 1569 edition of his book published in Paris there 1s an appendix 
on astronomical fractions, due to J. Peletier (dated 1558), where one finds, 


“Integra, Mi vel i, 2, 3, 4, 5, 6, 7, 8 ete.” 
° 1, 2, 3, 4, 5, 6, 7, 8. 


This is the first appearance that I have found of ° for integra or degrees. It 
is explained that the denomination of the product of two such denominate num- 
bers is obtained by combining the denominations of the factors; minutes times 
seconds give thirds, because 1+ 2 = 3. The denomination ° for integers or 
degrees is necessary to impart generality to this mode of procedure. “Integers 
when multiplied by seconds make seconds, when multiplied by thirds make 
thirds”’ (folio 62, 76). It is possible that Peletier is the originator of the ° for 
degrees. But nowhere in this book have I been able to find the modern angular 
notation °’ ’’ used in writing angles. The ° is used only in multiplication. The 


angle of 12 minutes and 20 seconds is written “S.0.g.0 m.12.2.20.” (folio 76). 

Twelve years later (1670) one finds in a book of Johann Caramuel ?® the 
sions ° ’ ”’ ’’’ * ysed in designating angles. In 1571 Erasmus Reinhold + gave 
an elaborate explanation of sexagesimal fractions as applied to angular measure 
and wrote “°63 ’13 '’53,” also “62° 54’ 18’’.” The positions of the ° ’ ’’ are 
slightly different in the two examples. This notation was adopted by Tycho 
Brahe® who in his comments of 1573 on his Nova Stella writes 75° 5’, etc. 

As pointed out by Tropfke, the notation ° ’ ’’ was used with only minute 
variations by L. Schoener (1586), Paul Reesen (1587), Raymarus Ursus (1588), 
Barth. Pitiscus (1600), Herwart von Hohenburg (1610), Peter Criiger (1612), 
Albert Girard (1626). The present writer has found this notation also in 
Rhaeticus ° (1596), Kepler” (1604), and W. Oughtred.2 But it did not become 
universal. In later years many authors designated degrees by “Grad.” or 
“Gr.,” or “G.”’; minutes by “Min.” or “MM.” seconds by “Sec.” or “S.” 

1 Orontius Finaeus Arithmetica practica, Paris, 1535, p. 46. We quote from Tropfke, op. cit., 
p. 43. 

2 Gemma Frisius, Arithmeticae practicae methodus facilis, Strasbourg, 1559, p. 57 v°. From 
Tropfke, op. cit., p. 43. 

3 Joannis Caramvelis, Mathesis Bicepts Vetus, et Nova, Companiae, 1670, p. 61. 

4B. Reinhold, Prvtenicae tabvlae coelestivm motuum, Tiibingen, 1571, folio 15. 

’ Tycho Brahe, Opera omnia, ed. I. L. E. Dryer, vol. 1, Copenhagen, 1913, p. 137. 

6 Opus Palatinuvm de triangvlis a Georgio Joachimo Rhetico coeptum. 1696, p. 3 ff. 

7 J. Kepler, Ad vitellionem paralipomena quibus astronomiae pars optica traditur. Frankfurt, 
1604, p. 108, 139, 237. 

8 William Oughtred in Clavis Mathematicae, 1631; Anonymous Appendix to E. Wright’s 
1618 translation of John Napier’s Descriptio. 
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QUESTIONS AND DISCUSSIONS. 


Epirep By C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


DISCUSSIONS. 


Not long ago Professor H. 8. Uhler described in this Montuty (1921, 447) a 
plan for the multiplication of large numbers without undue expenditure of labor. 
The principal feature of the method was the preparation of nine strips of card- 
board containing the products of the multiplicand by the digits 1, 2, ---, 9, from 
which these products might be obtained and inserted in their usual places, as 
often as they occurred, by mere copying. The saving of labor would be due to 
the fact that with a large multiplier the same partial products would appear 
a number of times. Since the appearance of Professor Uhler’s note, several com- 
munications on the same subject have come in to this department. 

It is evident that, if we were under the unfortunate necessity of carrying out 
multiplications involving thousands of figures, we might find it worth while to 
prepared in advance the products of the multiplicand by numbers up to 99, or 
higher. Actually, however, we may spare ourselves this task by use of a cal- 
culating machine. The notes printed below by D. N. Lehmer, J. P. Ballantine, 
and D’A. W. Thompson are concerned with the problem as modified by this 
consideration. 

In the second discussion, Professor Bradley presents in a convenient form the 
solution of the celebrated problem on triangles with integral sides and area. 


Ia. ON THE MULTIPLICATION OF LARGE NUMBERS. 
By D. N. Lesmer, University of California. 


In certain researches in the theory of cubic irrationalities it has been necessary 
to-.compute determinants of the third order whose elements are of the order of 
twenty digits. Since I was interested in the factors of the result, it was necessary 
to obtain the product to the very last digit. I have found for this purpose a 
multiplying machine to be indispensable even when the factors are far larger 
than the capacity of the machine. By a slight modification of the method of 
cross-multiplication which is described in Science, volume 16, July, 1902, page 71, 
I was able to perform the multiplication given by Professor Uhler in this 
Monra ty, 1921, p. 447, in half an hour, using an eight place Monroe Calculating 
Machine. For such a machine I separate the numbers into periods of eight digits, 
and write one over the other thus: 


23140692 63277926 90057290 86367948 54738026 61062426 00211600 
43213918 26377224 97744177 37171728 01127572 81098106 33085400 


9999999 66551256 78226922 68470128 58244096 21798502 61794556 
33448743 21773076 31529870 41755902 78201490 38200882 
1 1 1 


10000000 00000000 00000000 00000000 00000000 00000000 00000389 
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The above is all the work that is put down in the actual computation. I 
obtain first the product 


23140692 & 438213918 = 9999999 66551256 


which I set down in the third line. Then since the machine can compute 
AB + CD without taking anything out of the machine, I obtain 23140692 * 26- 
377224 + 63277926 X 43213918 = 33448743 21773076. This result I put down 
in the fourth row, eight places to the right of the first product in the third line. 
I then obtain on the machine the sums 238140692 * 97744177 + 63277926 
X 26377224 + 90057290 X 43213918 = 78226922 68470128 and set this result 
down eight places to the right of the preceding product sum. ‘The machine then 
gives me, 23140692 & 37171728 + 63277926 X 97744177 + 90057290 X 26377- 
224 + 86367948 X 43213918 = 1 31529870 41755902. This I put down eight 
places to the right as before, the 1 being put in an additional row. ‘The process 
is carried on in this way, eight new digits being added to the product at 
every step. The final addition is then made. The result differs a little at the 
end from Professor Uhler’s, because he used digits beyond the fifty-two places 
which he has written down. 

The method might be used with Crelle’s Rechentafeln, only the numbers would 
be separated into periods of three, and the additions would have to be made 
“by hand.” It is nevertheless a much better method for most purposes than the 
old methods. 


Ib. Note on THE MULTIPLICATION oF LonG DECIMALS. 
By J. P. BaLLantTiIne, Chicago, Il. 


We will suppose a calculating machine (such as the Monroe) which will carry 
6, 8 or 10 digits on the keyboard, and twice as many on the carriage, denoting 
these numbers by wp and 2y. We will denote by a any positive integer of p or 
fewer digits, and will understand by aja) the number a,-10" + ad. Thus if a 
number contained 2y digits at the left of. the decimal point and 6y at the right, 
it could be written in the form a1a@)-a_14_.a_30_40_5A_¢ = > j=-60:10"*. 

The multiplication of two numbers follows the ordinary laws of multiplication 
of two polynomials, thus: 


A 
AX A’ 


0° A-10_20_3, ‘me Ay’ -A_1/A_2/a_3' , 
(ao X ao’)+ (do X a_y’ + ay X aq’) (ao KX Aue! + a1 X ay’ 
+ de X ay’) ++. 


The combinations, of which the expression (ay) X a—»’ + a_1 X ay’ + a-2 X ay’) 
is typical, can be computed on the machine very readily. The products 
Go X A», a1 X a_i’, and a_» X ay’ are taken, and if the carriage is not cleared 
between the operations, they are automatically added. The result will be a 
number of 2 digits, and hence can be written in the form a’’a;’’.. The ay” is 
written down as part of the product A X A’ (in the proper place), while the a2” 
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is carried, that is, entered in the carriage of the machine to be taken as part of 
the next combination to the left. 

In a precisely similar fashion it is possible to perform any of the familiar 
processes, such as long division, square root, and even Horner’s method. It is 
as if the radix were 10", and instead of our memorizing the multiplication table 
up to 10" X 10", the entries in this table were read from the machine. 

To give a comparison between the longhand method and the machine method 
of multiplying, there are $ as many possibilities of error when an eight-place 
machine is used as when the work is done by hand; and, as for time, while Pro- 
fessor Uhler spent an afternoon on his multiplication, it takes by machine less 
than 20 minutes. 


Ic. On THE MULTIPLICATION oF LARGE NUMBERS. 
By D’Arcy W. TuHomprson, St. Andrews University. 


The method of multiplying large numbers described by Professor H. 8. Uhler 
is one which I happened to hit upon several years ago, and which I have used 
‘frequently. But it may be further simplified. 

First, it is not necessary to write out the figures on codrdinate paper, nor to 
transfer them to strips of cardboard. For the typewriter is itself an automatic 
“eodrdinator,” and to typewrite the figures is at once to space them properly. 

Secondly, if one performs the necessary summation by means of a Brunsviga, 
no preluminary multiplication is necessary; one does all that in the process of 
summation, by giving at each step the proper number of turns to the handle 
of the machine. So one has merely to type the multiplicand again and again, 
each time one space further to the right, and then place the multiplier vertically 
at the right-hand side and follow its indications as one turns the handle. Pro- 
fessor Uhler’s example then is typed as follows: 


432139182--:+-+:-. x 2 
43213918--+-+-:-. xX 3 
4321391-+--+:-: x1 
432139+++:5 x 4 


Lastly, as a further improvement, the multiplier is typed (vertically) on a 
separate piece of paper, which serves as a movable rider, to be slid along the 
multiplicand as block after block of the latter is successively dealt with by the 
Brunsviga; and this rider has a slot which reveals just so broad a block of figures 
as may correspond to the capacity of the machine. Using this slotted rider, 
one does away with the necessity of blocking out the multiplicand by columnar 
interspacing, as in Professor Uhler’s example. The rows of figures become 
thereby easier to write, and much easier to check, for the eye runs over identical 
figures in diagonal lines. 

Professor Uhler says that his long multiplication of 50 digits by 50 was done 
in an afternoon and evening. With an assistant to dictate the numbers, I think 
it could be done very easily in an hour. 
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9182); 2 
3918] 3 
1391/1 
2139) 4 


oeeeeeene eoee 


Diagram of “rider.’ 
II. [RationaL OBLIQUE TRIANGLES. 


By H. C. Brapirey, Massachusetts Institute of Technology. 


In this Monruty, 1921, page 246, Professor Dickson gives Euler’s results for 
the sides of a rational oblique triangle. Omitting the arbitrary constant multi- 
pher, these are 


paMtm, yy MEN, (nN nM)(mM F WN) 
mn MN — 7 mnMN ‘ 


where m and n are relatively prime integers, not both odd, and where M and N 
are relatively prime integers, not both odd. 

These formule are not well adapted for finding integral solutions. However, 
let us multiply each by the factor mMn?N?. This gives 


a= Mn(m?N? + n?N?), y = mN(M?n? + n?N?), 
z= (mN + Mn)(mMnN = n2N?). 


Now let mN = p, Mn = q, nN = 1, and we have the simple three parameter 
solution 


t=qr+r”), y=p@e@t+r”), 2s:= (weg =r). 


If from these three sides we find the area by the formula A= Vs(s—x)(s—y)(s—z), 
the result is 
A = gre. 


These results are the same as in Carmichael’s Diophantine Analysis (New 
York, 1915), page 12, except that he does not give the double sign in the value of z. 
While this omission causes no loss in generality, it makes solutions in small integers 
less readily obtainable. 

In using these formule, a few points may be noted. If we take p = q, only 
isosceles triangles are obtained. If we take either p = r, or g = 1, only right 
triangles will result. Hence for general oblique triangles, all sides unequal, 
take p + q +1, though any two may have a common factor. Even then the 
equations occasionally give a right or an isosceles triangle. A few interesting 
cases are appended. 


4 13 15 24 
9 10 17 36 
3 25 26 36 
7 15 20 42 
6 25 29 60 
11 13 20 66 


1923. | RECENT PUBLICATIONS. 71 


RECENT PUBLICATIONS. 
REVIEWS. 


The Cambridge Colloquium, 1916. Part 2: Analysis Situs. By OSWALD VEBLEN. 
(American Mathematical Society Colloquium Lectures, volume 5, part 2.) 
New York, 1922. 150 pp. Price $2.00 (unbound). 


Extracts from Preface: ‘‘The Cambridge Colloquium lectures on Analysis Situs were in- 
tended as an introduction to the problem of discovering the n-dimensional manifolds and char- 
acterizing them by means of invariants. For the present publication the material of the lectures 
has been thoroughly revised and is presented in a more formal way. It thus constitutes some- 
thing like a systematic treatise on the elements of Analysis Situs. The author does not, however, 
imagine that it is in any sense a definitive treatment. For the subject is still in such a state 
that the best welcome which can be offered to any comprehensive treatment is to wish it a speedy 
obsolescence. 

“The definition of a manifold which has been used is that which proceeds from the con- 
sideration of a generalized polyhedron consisting of n-dimensional cells. The relations among 
the cells are described by means of matrices of integers and the properties of the manifolds 
are obtained by operations with the matrices. The most important of these matrices were 
introduced by H. Poincaré, to whom we owe most of our knowledge of n-dimensional manifolds 
for the cases in which n > 2. But it is also found convenient to employ certain more elementary 
matrices of incidence whose elements are reduced modulo 2, and from which the Poincaré matrices 
can be derived. 

“The operations upon the matrices lead to combinatorial results which are independent of 
the particular way in which a manifold is divided into cells and therefore lead to theorems of 
Analysis Situs... . 

“Tt will be seen that, aside from this one question which has to be dealt with in order to give 
significance to the combinatorial treatment, we leave out of consideration all the work that has 
been done on the point-set problems of Analysis Situs and on its foundation in terms of axioms or 
definitions other than those actually used in the text. We have also been obliged by lack of 
space to leave out all reference to the applications. . . .” 

Contents—Chapter I: Linear graphs, 1-33; II: Two-dimensional complexes and manifolds, 
34-72; III: Complexes and manifolds of N dimensions, 73~99; IV: Orientable manifolds, 100- 
124; V: The fundamental group and certain unsolved problems, 125-150. 


No review, in the usual sense, of this work will be appropriate in this MONTHLY. 
Many of the readers of the MonTHLY will not be interested in a critical estimate 
of the importance, originality, or accuracy of this significant series of lectures. 
A few remarks to supplement the statements in the above given extracts from 
the “ Author’s Preface’’ will suffice here. 

The study of Analysis Situs is the study of properties which remain invariant 
under continuous transformations. These may be roughly divided into “im 
Kleinen” and “im Grossen”’ properties, that is, properties which have reference 
to the infinitesimal character of the figure under consideration, and those which 
derive their significance from the figure as a whole. ‘The distinction is a qualita- 
tive one which may be difficult to apply in certain cases, but in many familiar 
instances, from every mathematical study employing notions of continuity, this 
separation corresponds to an actual division of subject matter and of methods of 
attack. One might call these, respectively, the differential and the integral 
properties. In but one dimension, the major part of the theory of sets of points 
may be properly counted under Analysis Situs (of the differential sort), while 
the classification of different types of closed one-dimensional continua, with 
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respect to internal properties alone, is trivial in the extreme. The handling of 
sets of points in the plane, a workable definition of a “curve,”’ considerations of 
equi-continuity, and so forth, present all kinds of unexpected problems and even 
paradoxes. Space-filling curves, curves of content, the proof that a simple 
closed curve divides the plane into two regions, and similar topics rightly suggest 
a host of delicate questions of rigor. All of these fall outside of the scope of these 
lectures. 

The fact that there are actually questions of Analysis Situs in the integral 
sense, in two dimensions, is usually brought to vivid consciousness for the first 
time by the exhibition of a twisted paper strip of one continuous edge and one 
continuous surface. Since such “applications” are largely missing from the 
present work, and since the concrete problems are at once translated into equiv- 
alent problems in finite combinatorial analysis, the merely casual reader may 
find difficulty in seeing the connection between most of the topics here discussed 
and continuous transformations. The study is really one of matrices, the 
permissible operations being those suggested by the geometry of the problem, 
while little further mention is made of the geometrical interpretation of the 
several steps. By this procedure, dependence upon spatial preconceptions is 
largely eliminated and the subject acquires a degree of mathematical rigor, with 
flexibility of manipulation, that is a refreshing surprise to most mathematicians 
who approach this study for the first time. 

Except for the applications to Riemann surfaces, whose study served to 
introduce the entire subject on a systematic basis, the topic has won as yet but 
few investigators in America. This is perhaps due to the recentness of most of 
the developments. While serviceable expositions of much of the theory have 
been provided by Dehn, Heegard, and Poincaré, there is not a little that is new 
in this exposition, and one need hardly point out that it is the only work in 
English to attempt to cover this ground. The subject is basic, important un- 
solved problems are still open and much machinery is now available. What 
greater incentive can an adventurous mathematician ask to induce him to read a 
series of lectures which, like these, are simple to read, are self-contained, and are 
developed in a progressive logical manner? 

ALBERT A. BENNETT. 


Précas d’ Arithmétique. By J. Porrtze. Paris, Gauthier-Villars, 1921. 8vo. 
5 + 64 pages. Price 7.50 francs. 


Author’s Preface (translated): “In composing this work, we have not sought to give verbal 
formulation to the rules of arithmetic, which are found furthermore in all of the treatises. We 
have been interested particularly in explaining the reason and mechanism of each operation. We 
have shown how the consideration of sets of objects awakes in us the notion of integral number 
and how the comparison of magnitudes of the same sort leads to the notion of fraction. The 
calculation of a fraction to a given degree of approximation permits us to define what is called 
limit of a sequence of numbers. 'The study of the square root leads us to consider a certain class 
of these numbers called trrationals, of which analysis offers so many examples. If we have spoken 
of progressions it is because these serve in algebra for the definition of logarithms. We have also 
shown that progressions enter in certain problems of arithmetic. Finally, the last chapter, 
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devoted to the examination of the remainder of certain series, will familiarize the reader with 
the Gaussian notation and will facilitate for him the later study of the theory of numbers which 
is only sketched here. To close, let us add that different types of arithmetical problems are 
studied as applications of proportions.”’ 

Preface by C. CamicHEL, Director of the Electrotechnical Institute of the University of 
Toulouse: ‘‘Elementary arithmetic is an excellent introduction to the study of mathematics. 
There one finds in concrete form models of all types of reasoning from the most simple to the most 
delicate of analysis. However, this part of mathematics is usually neglected by students. Per- 
haps they are not entirely to blame. Aiming at extreme rigor and desirous of leaving no 
difficulty concealed, authors often insist on points whose importance is not well understood by 
beginners, and which prevent these from seeing the essential parts of the reasoning. Monsieur 
Poirée has shown how to avoid this danger and has condensed into a few pages the whole object 
of the classical courses; he has even added a most interesting chapter introducing the reader to 
the elements of number theory. 

‘‘Suppressing all that was not absolutely indispensable, although observing rigor throughout, 
the author passes rapidly over numeration, the fundamental operations, divisibility, and prime 
numbers, making the logical order of the theorems clearly evident. Fractions offer him the 
occasion for introducing and rendering precise the notion of limit, which beginners find so difficult 
to understand. Similarly, while studying the square root, he introduces, simply and naturally, 
the irrational numbers. All this is accompanied by numerical examples indispensable to beginners 
for securing an understanding of the theories. 

‘“‘Assuredly a treatise so conceived will render the greatest service to all who would understand 
arithmetic. Like his preceding work, this new book by Monsieur Poirée is a ‘real stccess.’ ”’ 

Contents—Preface; Chapter I: Numeration, 1-2; II: Fundamental operations, 3-4; III: 
Tests for divisibilityjby 2, 5, 4,3,9,11. Casting out nines, 5-6. IV: Greatest common divisor, least 
common multiple, 7-10; V: Prime numbers, 11-17; V1: Fractions, 18-27; VII: Proportions. 
Various problems. The metrical system, 28-37; VIII: Square roots. Square roots to the nearest 
tenth, hundredth, etc. Definition of an irrational number, 38-42; [X: Arithmetic and geometric 
progressions. Applications, 43-46; X: Introduction to the theory of numbers, 47-62; Table of 
contents, 63-64. 


NOTES ON RECENT PUBLICATIONS. 


Mortrz Pascn’s “Die Begriffswelt des Mathematikers in der Vorhalle der 
Geometrie”’ has been reprinted from the Annalen der Philosophie in pamphlet 
form (Leipzig, F. Meiner, 1922, 4 -+ 45 pages; price 50 marks in Germany). 


In Monatshefte fiir Mathematik und Physik, Vienna, volume 32, there is a 
sketch by Emit MULLER (pages 281-293) of the life and work of Gustav Koun, 
1859-1921; compare 1922, 232. There are over fifty titles in the list of his 
scientific writings. 


In the Quarterly Journal of Pure and Applied Mathematics, volume 49, number 
3, October, 1922, there is an article (pages 226-283) “Abstract definitions of the 
symmetric and alternating groups and certain other permutation groups” by 
R. D. CARMICHAEL. 


The concluding part (pages 377-524) of the fourth volume of the Opera 
Omnia of Tycho Brahe (1546-1601) was published in 1922 (compare 1920, 421; 
1921, 314). Volumes I-VI, except for the second part of volume V, have been 
published since 1912. It will be recalled that this sumptuous publication 1s 
being issued by the Danish Society of Language and Literature under the editor- 
ship of Professor J. L. E. Dreyer of Oxford. 


The mathematical bibliographer and librarian will welcome Catologo crono- 
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logico e alfabetico, per Autort e per Materie, delle Ediziont Hoepl: 1872-1922, con 
Introduzione di Michele Scherillo (Milano, Hoepli, January, 1922, 71 + 404 
pages). The exact month in which each one of their five thousand works was 
published is here indicated; also the dates of different editions. Unfortunately 
the edition of the Catologo was exhausted within six months of its publication. 


There is a short memoir on THEODOR REYE (1838-1919), by C. Segre, in Attz 
della reale Accademia Nazionale det Inncet, Rendicontt, volume 311, pages 268- 
272, April 2, 1922; on pages 398-404, May 7, there is also a memoir on CAMILE 
JORDAN (1888-1922), with a list of his principal publications, by L. Bianchi; 
a brief notice of Max NortHer (1844-1921) and his work, by G. Castelnuovo, 
follows on pages 404-407. Compare this Montuty, 1920, 90; 1922, 138-139, 233. 


The last number of Nowvelles Annales de Mathématiques, volume 79, was 
published in December, 1920; the first number of volume 80 appeared in October, 
1922, edited by R. Bricard, H. Villat (the new editor of Journal de Mathématiques 
Pures et Appliquées), and J. Pérés. The periodical is designed, as formerly, to 
serve candidates in special schools, and those preparing for the examinations of 
the licence and agrégation. The subscription price is 35 francs a year in the 
postal union. 


In The Encyclopedia Britannica, volume 31, 1922, the second of the new 
volumes, the article on “Mathematics” occupies pages 874-880. The sub- 
sections and their authors are as follows: “Mathematical logic and the founda- 
tions of mathematics” by Jean Nicop, agrégé de philosophie; “Theory of 
numbers” by G. H. Harpy; “Theory of series” by G. H. Harpy; “Theory of 
functions” by G. H. Harpy; “Geometry” by H. F. Baker. The article on 
“Nomography” by R. H. Heziet occupies pages 1139-1144. In volume 30, 
1922, “Aeronautics” and “Ballistics” are extensive articles. The article on 
“Relativity,” volume 33, pages 261-267, is by J. H. JEANs. 


Doctor ALFRED ErReERA, secretary of the Belgian Mathematical Society, 
received the degree of “doctor in physical and mathematical sciences” at the 
University of Brussels in 1920. His thesis, published at Ixelles, by G. Bothy, 
in 1921 (66 pages + 1 plate), is entitled Du Coloriage des Cartes et de quelques 
Questions d’ Analyse Situs. It contains a fairly complete survey of work done on 
this problem. In the “Bibliographie” the following Americans are referred to: 
J. W. ALEXANDER, G. D. Brrxuorr, H. R. Brawana, P. FRANKLIN, N. J. LENNES, 
IsaBEL Mappison, W. E. Story, O. VEBLEN. In Revue de Université de Bruz- 
elles, April-May, 1922, Dr. Errera has a 13-page article entitled, “L’origine et 
les problémes de l’analysis situs,” and in Mathesis, February, 1922, he has a 
6-page article, “Analysis situs. Une démonstration du théoréme de Petersen.” 


In this Montuty, 1921, 452, we have discussed the question of the existing 
copies of Brother Juan Diez’s Sumario Compendioso, 1556, the first work on 
mathematics published in the New World. In Bibliotheca Americana, catalogue 
no. 429, published by Maggs Bros., London, in 1922, one of these copies, formerly 
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in the National Library at Madrid, was offered for sale at £120. Of the 103 
folios which it contained, 2, 41, and 48 are missing. ‘This seems to be the copy 
(original vellum with tabs) of which we have already given a reproduction of 
the title page, 1921, 11. Maggs Bros. state, on page 48 of their catalogue, that 
the copy belonging to the British Museum “is non-existent, as we have convinced 
ourselves by personal research’’; nevertheless this is the copy of which there is a 
rotograph copy at Michigan (1921, 452). 


In Journal fiir die rene und angewandte Mathematik, volume 152, Heft 1-2, . 
published September 22, 1922, there is a page in memory of K. H. A. Scowarz 
(compare 1922, 232-233) whose first scientific paper was published in volume 63 
when he was a student scarcely twenty years old. This was followed by ten 
other memoirs in the same journal. He was a member of its editorial committee 
for volumes 125-151, inclusive. In two papers by RupoLr Sturm, in volume 
152, the following problems are discussed: (a) The largest tetrahedron with faces 
of given areas (pages 90-98); (b) Through a given point in the plane of two lines, 
draw a line such that the part cut off by the given lines shall be a minimum; 
(c) Given three planes, and a point or a line, respectively supports of a bundle or 
a sheaf of planes; to find that one of these planes from which the three given 
planes cut off the triangle of least area in the solid angle containing the point. 


Section 8, December, 1920, of Publications of the Clark University Inbrary, 
volume 6, 1922, contains a “List of degrees granted at Clark University and 
Clark College 1889-1920.” The following 24 men received the degree of Ph.D. 
in mathematics: J. W. A. Youne (1892), W. H. Metzuer (1893), T. F. HoLcGate 
(1893), J. E. Hiuxt (1895), L. W. Downe (1895), T. F. NicHous (1895), W. G. 
BuLLARD (1896), F. C. Ferry (1898), E. W. Retrarr (1898), J. S. FReENcH 
(1899),’F. B. Witiiams (1900), S. E. Stocum (1900), H. C. Morzno (1900), 
H. G. Keppe (1901), J. N. Van per Vrises (1901), J. N. Gates (1904), R. B. 
ALLEN (1905), H. L. Stoprn (1908), R. K. Morzuey (1910), SoLomon LerscHetz 
(1911), W. J. Montgomery (1911), J. A. Bunuarp (1914), Prysan LryzrRaH 
(1916), SAMUEL ZELDIN (1917). The titles of the theses, and also, in the case of 
16, the places of publication, are given. It is noted that a seventeenth was 
privately printed. The theses of Hill, Dowling, Nichols, and W. G. Bullard 
were published in The Mathematical Review founded by Professor W. E. Story, of 
Clark University, and published in Worcester. It has been generally thought 
that only two numbers of this Review were published: I, July, 1896, pages 11-96; 
II, April, 1896, pages 97-192. It appears, however, that a third number was 
published in 1899, and that it contained (pages 193-208) the thesis “On the 
general classification of plane quartic curves”’ by Professor W. G. Bullard, now of 
Syracuse University—Section 4, April, 1921, of the Publications contains a 
report of the inauguration of President Atwood of Clark University. Among the 
published greetings are those of A. P. WILLS, professor of mathematical physics 
at Columbia University, and of FraNnK Mor Ey, professor of mathematics in the 
Johns Hopkins University. 
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PROBLEMS AND SOLUTIONS. 


Epirep BY B. F. FInket, Otto DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Monruuy. In so far as possible 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems. ] 


3004. Proposed by W. B. FORD, University of Michigan. 
Is there a plane curve such that two tangents whose lengths are in the constant ratio n : 1 
(n ¥ 1) may be drawn to it from any point in its plane? If so, discuss its properties. 


3005. Proposed by F. D. MURNAGHAN, Johns Hopkins University. 
Given the recurrence formule: 2%ni1 = Un(tn + Yn), Yrur = Yn(2tn + yn) with the initial 
Un 


values x1 = 1, y1 = 1, it is desired to find a good approximation to du. + yn 


for large values of n. 


In particular, for values of n from n = 20 ton = 80. 
Note.—This question arose in connection with a problem in genetics. 


3006. Proposed by S. A. COREY, Des Moines, Iowa. 
The formula 


mS f'(mx)da = x{e + f'(0) +f’) +f’ (2x) + f'(8x) + fide) + 2+ + f'n — Iz] 
+ azo (965f' (mx) — 462f'[(m + 1x] + 336f’[(m + 2)z] 
— 146f’[(m + 3)x] + 27f'[(m + 4)x}}, 
gives the exact value of the integral when the fifth and all higher derivatives are zero. Find an 
expression for the remainder term in the general case. 


3007. Proposed by NORMAN ANNING, University of Michigan. 
Given two opaque spheres, radii 7; and re, at a fixed distance d(> 11 + 12) apart; locate 
the points on either from which the maximum surface of the other can be seen. 


3008. Proposed by P. R. RIDER, Washington University. 

The altitude of a right circular cone is a, the radius of its base is b, and its slant height is c. 
A string is wrapped n times about the cone, starting at the vertex and ending at the base, in such 
a manner that for any complete circuit the vertical rise (the cone being supposed to rest on its 
base) isthe same. A bird at the vertex takes the end of the string in its beak and flies around the 
cone, unwinding the string, keeping it taut and always tangent to the curve of the string as it lies 
around the cone. Find an expression for the distance that the bird has flown when the string is 
completely unwound, (a) if it starts at the vertex, (0) if it starts at the base. 


3009. Proposed by J. G. COFFIN, New York City. 

Rectangular pieces of cardboard of the same dimensions are piled so that they overhang to 
the greatest extent possible; what curve do the edges touch? how great a distance between 
first and last piece can be obtained? and what are the properties of the material volume thus 
produced? 

It is assumed that the solver will be led to consider an infinite number of infinitely thin layers. 


3010. Proposed by F. D. MURNAGHAN, Johns Hopkins University. 

Find an expression for the volume of the pedal tetrahedron, with respect to the tetrahedron 
of reference, of a point whose perpendicular distances from the sides are (x1, 22, %3, X4); from 
this expression show that the locus of points the feet of whose perpendiculars on the faces of the 
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tetrahedron of reference are coplanar is Steiner’s cubic surface, 
Ai , Ae, Az 
my | % | &% 
where the A’s are the areas of the faces of the tetrahedron of reference. 


As _ 
+7, = 9 


SOLUTIONS. 


2903 [1921, 277]. Proposed by A. A. BENNETT, University of Texas. 
Given the base of a triangle in position and length, the length of the median to the base, 
and the difference of the base angles; find a simple ruler and compasses construction for the triangle. 


Two SoLutions By NatHan ALTSHILLER-CourtT, University of Oklahoma. 


I. Anatysis. Let ABC be the required triangle with ~ B= 74C; let AM be the 
given median, and let AU and AV be the interior and exterior bisectors of the angle A. 
From the triangle ABU we have: 7 AUM = 4B+%3ZA=342B+232(ZA+ 28). But 
3(ZA+ 2B+ 2C) = 90°; hence » AUM = 90° + 3(2B— ZC) = 90° +d, where 2d 
is the given difference of the two base angles of the triangle. Thus the given median AM subtends 
at U an angle of known magnitude; therefore, the point U lies on a circle (P), which may readily 
be constructed. | 

From the triangle AUV we have: ~ AVU = 4 AUM — 7 VAU = 90° +d — 90° = d. 
Thus again the given median AM subtends 
at the point V an angle of known magnitude, 
and, therefore, V lies on a circle (Q), which 
may readily be constructed. 

Let R be the foot of the perpendicular 
dropped from the point V upon the diameter 
MPN of the circle (P). The two right tri- 
angles MRV and MNU, having the acute 
angle M in common, are similar; hence, 
MR-MN = MU-MV. Now the product of 
the last two segments is known. In fact, the 
points U,V divide the base BC harmonically, 
and since M is the mid-point of BC, we have:! 
MU-MV = MB? = a?, if 2a denotes the given 
length of the base BC of the triangle ABC. 
Thus MR-MN = a?. The diameter MN is 
known; hence this equality determines the 
segment MR and the point R, so that the perpendicular RV may be constructed. Thus the 
point V lies on the circle (Q) andonagivenline RV. (The reader who is familiar with the method 
of inversion will readily notice that the perpendicular RV is the inverse of the circle (P) with 
respect to the center of inversion M, the power of inversion being equal to a?.) 

Construction. Let 2a, m, 2d denote, respectively, the magnitudes of the given base, of 
the given median, and of the given difference of the base angles. 

Draw a right angle PMQ, and a line MA so that 7 AMP =d. Lay off MA =m, and 
let the perpendicular bisector of MA meet the lines MP, MQ in the points P, Q, respectively. 
Draw the two circles having P and Q for centers, and PA, QA for radii. On the diameter MPN 

‘lay off the segment MR such that MR-MN = a?. At the point R erect a perpendicular to MN, 
meeting the circle (Q) beyond A in the point V (see discussion below). On the line MV lay off 
MB = MC =a. The triangle ABC satisfies the conditions of the problem. 

Proor. The triangle ABC has the required base and the required median by construction. 
It remains to show that 7 B — 24 C = 2d. 

The line MN being drawn perpendicular to QM touches the circle (Q) at M. The inscribed 
angle AVM is equal to the angle formed by the chord AM and the tangent to (Q) at M. But 

Z AMN = d, by construction; hence, 7 AVM =d. Im a similar way, it may be shown that 
the angle 4UM, where JU is the second point of intersection of MV with circle (P), is equal to 
90° +d. Consequently,the ~ UAV = 4» AUM — y AVM is aright angle. 


1 John W. Russell, A Sequel to Elementary Geometry, Oxford, 1913, p. 54. 
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By construction MR-MN = a?, and from the similar right triangles MRV and MNU we 
have MU-NV = MN-MR; hence MU-MV = a?. Therefore, the four points B, C, U, V are 
harmonic.!. On the other hand UAV is a right angle, as shown above; consequently, the lines 
AU, AV are the bisectors of the angle BAC? 

From the triangle ABU we have: 


ZAUM = 7 UAB + z ABC. (1) 


Since “/ AUM = 90° +d =4(2A4+2B4+20C0)+4, and v UAB =; 7A, (1) becomes 
3 ZA4+ 2B4+ 20) +d =3 A+ 2B; whence, (2 B- ZC) =d. 

Discussion. The difference 2d of the two base angles must necessarily be smaller than 
180°. If this condition is fulfilled, the two circles (P), (Q) can always be constructed, and the 
solution of the problem depends upon the finding of the point V. 

In the case of the figure, the perpendicular VR meets the circle (Q) in another point W, 
and the two points V, W lie on opposite sides of the median AM. However, the line MW, lying 
between AM and MN, cannot be taken for the line of the base of the required triangle, because 
the triangle constructed on MW would have for the difference of its base angles not 2d, but its 
supplement. If S is the point of intersection of VR with (P), we have from the right triangle 
MNS, MS? = MN-MR = a?; hence, MS =a. Thus the two points of intersection of (Q) 
with VR will lie on opposite sides of AM, when a <_m. The problem will have one solution. 
The angle at,A will be acute. 

If a = m, the triangle ABC will have a right angle at A. 

If a > m, and MR is smaller than the radius of (Q), the perpendicular VR will meet (Q) 
in two points, which will lie on the same side of AM. The problem will have two solutions, 
ifd < 45°. Theangle at A will be obtuse. If MR is equal to the radius of (Q), the two solutions 
will coincide. If d = 45° the two points will lie between A and M and there will be no solution. 

If a > m, and MR is larger than the radius of (Q), the problem will have no solutions. 

If A’ is the symmetric of A with respect to the perpendicular bisector of the base BC, the 
triangle A’BC satisfies the conditions of the problem. 

If the base is given in position, the above construction determines the angle between the base 
and the median, and the construction of the required triangle is easily completed. 

If, in the analysis of the problem, instead of dropping from the point V of (Q) a perpendicular 
upon the diameter MN of (P), we had dropped from the point U of (P) a perpendicular upon 
MQ, the réle of the two circles (P), (Q) in the construction of the triangle ABC would have been 
interchanged. 

II. Let ABC be the required triangle, and EF the diameter of the circumcircle perpendicular 
to the base BC. The angles ABC, ACB, AEF have for their respective measures half the arcs 
AFC, AB, AF. But arc AFC — arc AB = 2 arc AF, hence “ AEF = 3(2 B— ZC) =d, 
if 2d is the given difference of the base angles of the triangle. 

From the right triangle AFF we have ~ AFE = 90° —d. Thus the given median AM 
subtends at the points E and F angles of given magnitude; hence, the points £, F lie on two circles 
(Q), (P), which may readily be constructed. Let G be the foot of the perpendicular EG from EF 
to the diameter MPN of the circle (P). From the similar right triangles MEG and MFN, we have: 
MG-MN = ME-MF. But from the circumcircle of ABC we have: ME-MF = MB-MC = a’; 
if 2a is the given length of the base BC, hence MG-MN = a?. Since MN is known, the length 
_ MG, and therefore also the point G, may be determined. Thus the point £ lies on the circle (Q) 
and on the perpendicular EG to a given line MN at a given pointG. The base BC of the required 
triangle is perpendicular to the known line ME. 

It is easy to see that the lines AE, AF are the bisectors of the angle A; that is, they are 
identical with the lines AU, AV considered in the first solution, and that the circles (P), (Q) are 
the same as considered above. 


III. Dzscussion By Orto DuNKEL, Washington University. 


In a triangle ABC with BC fixed and equal to 2a, let 6 be the angle at C and @ + 2d the angle 
at B. Then the rays BA and CA will describe equal pencils and the locus of A will be a conic 
passing through B and C, there being no self-corresponding ray. When ¢@ = 0, BA becomes 
tangent at B, making the angle 2d with BC; when 0 = — 2d,CAisa tangent at C. Since these 


1 Russell, loc. ctt., p. 55. 
2 Russell, loc. cit., p. 58. 
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two tangents are parallel, BC is a diameter and its mid-point M is the center. When 6 = 90° — d, 
CA and BA are parallel, and when @ = — d, they are parallel again. Hence the conic ts a 
rectangular hyperbola, its asymptotes making angles 90° — d and — d with MB. Since B is 
regarded as the larger of the two angles it is only necessary to consider that part of the branch 
through B which lies above MB, for this gives the extreme variations of B from 2d to 90° + d. 
If I is the vertex of the hyperbola on the branch through B, and if the x-axis is taken along MJ 
and the origin at M, the equation of the curve is x? — y? = MJ*. As MB is equal to a, the 
coérdinates of B are a cos (45° — d) and a'sin (45° — d), and therefore MI = vsin 2d. 

Now if m is the length of the median the circle with center at M and radius m will cut this 
part of the hyperbola in the desired point A. This leads to the following cases: 


m < aNsin 2d no solution 


_ oda oF fd < 45° one solution 
m = aNsin 2d and ld = 45° no solution 
a >m > aNvsin 2d and {4 Sin two solutions 
Mm =Zza _ one solution. 


The abscissa of the vertex is found to be v(m? + a? sin 2d)/2 and this may be used for a 
construction, but such a construction would not be nearly as elegant as the author’s. 

In the figure above MN = m/cos d, MR = (a? cos d)/m, and MQ = m/(2 sind). Therefore 
MR & MQ according as asin 2d 3 m. : 


Also solved by J. F. Howarp, ARTHUR PELLETIER, and F. L. Witmer. 


2917 [1921, 327]. 
A parabola is rolled upon a fixed right line. Find the locus of (a) its vertex and (6) its focus. 


SoLuTION BY J. B. Reynoups, Lehigh University. 


If the parabola with vertex V and focus F has contact at C with the fixed line and if FV cuts 
that line in S, then from well-known properties of the parabola the triangle SFC is isosceles and 
the tangent at the vertex V passes through M, the middle point of SC. Hence MF is perpen- 
dicular to SC. Since C is the instantaneous center of rotation, the tangent to the locus of F is 
perpendicular to FC. Let this tangent cut SC in T and set 7 = 7 MTF = 7 VFM, MF = y, 
VF =a. Then 

y = asecr, (1) 
which is characteristic of the catenary. 

To deduce from (1) the ordinary equation of the curve, we have dy = a sec 7 tan 7 dv and 
dy = tan 7 dx and hence dx = a sec 7 dr or 


x =a log (secr + tan 7) = — a log (sec 7 — tan 7). (2) 
By eliminating tan 7 from the two expressions for x and using (1) we find 
2y = a(erle + e-ale), (3) 


In order to obtain the parametric equations of the path of V, we have merely to subtract 
from the right hand sides of (2) and (1) a sin 7 and a cos 7, respectively, giving for the required 
locus 

x = allog (sec 7 + tan r) — sin 7], 
= a sin 7 tan 7. 


Also solved by Gtorce Aains, T. L. BennetT, T. M. BLAKSLEE and WILLIAM 
Hoover. 


2919 [1921, 327]. Proposed by V. M. SPUNAR, Chicago, Ill. 

An equilateral hyperbola which touches a conic and is concentric with it is called a hyperbolic 
tangent to the conic. Being given two hyperbolic tangents to a conic, the arc of any third hyper- 
bolic tangent which is intercepted by the first two subtends a constant angle at either focus of 
the given conic. 
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I. SoLtution By WILLIAM Hoover, Columbus, Ohio. 


This problem has added interest on account of its history. In Liouville’s Journal, volume 18, 
1848, p. 209, a letter of William Roberts to the journal dated Dublin, November 10, 1847, appears 
in which he obtains a large number of theorems by use of the transformation in polar coérdinates 


r= hr, wo = nQ, (1) 


where 7 is any number. This transformation is conformal, he points out, for rdw/dr = RdQ/dR 
If we apply (1) to the straight lines of tHe plane, 

r cos (w — a) = 2, (2) 
we obtain the set of curves, 

R" cos (nQ — a) = 2, (3) 
which, for a given a, is a family of curves having an axis inclined at the angle a/n to the initial 
line. If p = 0 the curves in (2) and (8) are straight lines through the pole. If p + Oandn = 2, 
(3) is a system of equilateral hyperbolas with centers at the pole; if n = 1/2, confocal parabolas. 
Since (1) is a conformal transformation, the curves of the two families given by a = a, and 
a = a, cut each other under the constant angle a, — a, which is n times the angle between their 
respective axes. 

The transformation (1) for n = 2 applied to the central conics 


r(1 —ecosw) =l (4) 


gives the central conics R?(1 — e cos 22) = 1, for which the focus of the former goes into the 
center of the latter. For convenience of statement Roberts introduces the term hyperbolic 
tangent defined in the problem. Now it is known that, if the two points in which two fixed 
tangents to a conic are cut by a third tangent be joined by straight lines to a focus, the latter 
two lines include a constant angle. If the conic is central, this theorem goes over by (1) and 
the facts above into the theorem of the problem. 

Another theorem given by Roberts is as follows: Being given a central conic and a concentric 
equilateral hyperbola, if from any point on the latter are drawn two hyperbolic tangents to the 
first conic, the concentric equilateral hyperbola passing through the two points of contact will 
pass through a fixed point. This results easily by passing from well known theorems regarding 
poles and polars of a conic by (1) for n = 2 to the corresponding theorems of the transformed 
figure. 

He also states that a system of homofocal conics transforms into a system of homofocal conics. 


II. Remarks sy Orto DunKeEL, Washington University. 


It should be observed that the real proof in the above consists in transforming the theorem 
to be proved into known theorems, or by showing that the reverse process covers all cases. Either 
procedure is easy here. 

The transformation used here is merely a special case of transformation in polar coérdinates 
which satisfy the condition of conformality: 


nL dw or 
RaQ aR’ OR aa 


2920 [1921, 392]. Proposed by N. P. PANDYA, Sojitra, India. 
Construct a triangle, having given the base, the angle between the base and the median on it, 
and the difference of the remaining two sides. 


I. SoLution By ARTHUR PELLETIER, Montreal, Canada. 


Let c = AB be the given base, d the difference between the remaining two sides, d < c, DF 
the position of the median making the acute angle a with DB. Describe a circle with center A 
and radius d, and construct the point B’ symmetrical to B with respect to DF. Pass a circle 
through B and B’ tangent to the above circle (a well-known problem). The center C of this circle 
is evidently the remaining vertex of the required triangle. 


1See Reye, Die Geometrie der Lage, 1909, part 1, p. 165, where the theorem is attributed to 
Poncelet. 
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II. Notes sy Orto DuNKEL, Washington University. 


Two circles can be passed through B and B’ tangent to the circle with center A, one tangent 
externally and the other tangent internally. In this particular problem the center C” of the 
second tangent circle gives a triangle BAC’ which may be easily shown to be congruent to the 
triangle ABC. 

The point B’ lies on a circle with AB as a diameter and 4 BAB’ = a. From this it follows 
at once that the construction is not possible if c cos @ Sd. 

The tangent circles C and C’ may be constructed as follows: Pass any circle through B and 
B’ cutting the circle A in two points and let their common chord cut BB’ in J. Then the circle 
constructed with IA as a diameter cuts the circle A in G and G’ which are the points of tangency 
of the required circles. 


Also solved by A. R. Naver, J. B. Reynoutps, Marcus SKARSTEDT, J. H. 
WEAVER and F. L. WILMER. 


2927 [1921, 393]. Proposed by PHILIP FRANKLIN, Harvard University. 

Prove that the only positive integral values greater than unity which satisfy the equation 
37 —2¥ = +larex = 2,y =3. (Cf. Carmichael, Diophantine Analysis, 1915, p. 116, exercise 
69.) 


SOLUTION BY THE PROPOSER. 
(a) The equation, 37 — 2¥ = 1, implies 
2uy+1 = (4 — 1). 
Since y is greater than one, the left and consequently the right member of this equation must be 
congruent to 1, modulo 4, and x must be even. We may therefore write 
2y +1 = (2m +1)? = 4m(m +1) +1. 
This shows that m must be unity, since otherwise m(m + 1) would contain an odd factor. Hence 
(2, y) = (2, 8) is the only pair of integers each greater than unity satisfying (a). 
(6) The equation, 3* — 2¥ = — 1, implies 
3° +1 = (8 — 1). 
By taking the remainders, modulo 3, we show that y is even. We may thus write 
3? +1 = (8m 41)? = 8m(38m +2) +1. 


The only value of m which makes m(3m =: 2) a power of 3 is unity, and we must take the minus 
sign. As this requires x to be unity, it does not lead to any further solutions of the kind specified. 


Also solved by F. L. WILMER. 


2929 [1921, 466]. Proposed by R. E. GAINES, University of Richmond. 

Denote by A, O andJB, respectively, the points (— 1, 0), (0, 0) and (1, 0) on the curve 
y? = x3 — x, and let P be a variable point on the curve. Let PA and PO meet the curve again 
in Q and R, respectively, and let BQ and BP meet AR in M and N, respectively. Prove that 
QN is perpendicular to PM. 


SOLUTION BY THE PROPOSER. 


The codrdinates of P and Q must satisfy the equation of the curve and Ay = x + 1 and 
hence also the equation y — \x(x — 1) = 0. If we take B as origin, the last two equations be- 
come y — Ax’ — \x” = 0 and Ay — 2’ = 2. Making the first equation homogeneous by aid of 
the second we have 

Ay? — 2”) — (2 + Ia’'y = 0 


as the equation of BQ and BP and it follows at once that they are perpendicular. 

In a similar manner, by finding the intersections of RP with the curve and taking A as the 
origin we show that AR and AP are perpendicular. In the triangle MNP the two altitudes 
MB and PA meet in Q and hence NQ must be the third altitude, t.e., perpendicular to MP. 
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Also solved by E. F. Atuen, T. M. Buaxster, R. M. Matuews, E. J. 
OGLEsBY, ARTHUR PELLETIER and J. B. REYNOLDS. 

2930 [1921, 467]. Proposed by R. E. GAINES, University of Richmond. 

If in reducing p/q (p and q integers, g > p) to a decimal the remainder q — p ever appears, 
then the fraction will give a repeating decimal the number of digits in whose repetend will be 
exactly twice the number of digits in the quotient already obtained, and the remaining digits may, 


without further division, be obtained by subtracting the quotient already found from a succession 
of 9’s. 


SOLUTION BY E. M. Berry, Purdue University. 


Suppose “ = +dided3 +++ dn + — 10-", where d; is the digit in the ith decimal place. 
Then 


q—-—?P p - P 49- 
——— = 1——=1 — -dided3 +--+ d, — 107" + —-10™ 
q q 14243 TG 


(9 — di)(9 — da)(9 ~ ds) +++ (9 — dy) +4 10™, 
since 1 — 10-" = .999 --- to m decimal places. Thus 
7 = +dideds --+ dx(9 — di)(9 — ds)(9 — ds) ++ (9 —'dn) + 4 10-2" 
where (9 — d;) is the digit in the (n + 7)th decimal place. Hence the theorem is proved. 


Also solved by MicHar, GotpsereG, R. M. Matuews, ARTHUR PELLETIER, 
and the PRoPOSER. 
2931 [1921, 467]. Proposed by R. C. ARCHIBALD, Brown University. 


From the equality sec (7/14) + sec (87/14) — sec (57/14) = 0 find a relation between the 
lengths of the side and diagonals of a regular inscribed heptagon. 


SoLutTion By J. B. Reynoxps, Lehigh University. 


Let z be the side of the regular heptagon inscribed in a circle of radius r, and let x and y be 
the longer and shorter diagonals. Then x = 2r sin 32/7 = 2r cos7/14 or sec 7/14 = 2r/z. 
Similarly, sec 37/14 = 2r/y, see 57/14 = 2r/z. Substituting these values in the given equality, 
we have 1141 , 


— _— 6 


2 ne y 


Hence the side is one half the harmonic mean of the two diagonals. If z and y are taken as two 
sides of a triangle including an angle of 120°, z is the length of the bisector of this angle. 


Also solved by ARTHUR PELLETIER and T. M. BLAKSLEE. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 

Assistant Professor C. E. Witprer, of Northwestern University, has been 
appointed assistant professor of mathematics at Dartmouth College. 

Assistant Professor C. E. MELVILLE, of Clark University, has been promoted 
to a full professorship. 

Miss Martua F. CHaDBouRNE has been appointed instructor of mathematics 
at Wheaton College, Norton, Mass. 

Dr. C. R. Apams, of Harvard University, has been appointed instructor of 
mathematics at Brown University for the year 1923-1924. 
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At Trinity College, Hartford, Conn., Mr. F. J. Burkert, of the University 
of Pittsburgh, has been appointed assistant professor of mathematics, and 
Assistant Professor H. M. Dapourtan has been promoted to an associate pro- 
fessorship of physics. 

Assistant Professor Mary E. WELLS, of Vassar College, has been promoted 
to an associate professorship of mathematics. 

At Princeton University, Assistant Professor J. H. M. WrppERBURN has 
been promoted to an associate professorship of mathematics, and Dr. ErNar 
Hite and Mr. G. B. Briaes have been appointed instructors. 

Assistant Professor C. C. Bramble, of the U. 8. Naval Academy, has been 
promoted to an associate professorship of mathematics. 

Mr. F. H. Murray (see 1921, 191) has been appointed instructor of mathe- 
matics at the University of West Virginia. 

Mr. F. L. Brown, of Northwestern University, has been appointed assistant 
professor of mathematics at the University of Virginia. 

At the University of North Carolina, Assistant Professor E. T. Browne, of 
Trinity College,“Hartford, Conn., has been appointed assistant professor of mathe- 
matics, and Assistant Professor J. W. LasLey, Jr. has been promoted to an 
associate professorship. 

Professor A. T. DeLury, of the University of Toronto, has been appointed 
Dean of the Faculty of Arts. 

At Queen’s University, Kingston, Ontario, Associate Professor C. F. GUMMER 
has been promoted to a full professorship, and Dr. Norman MILLER has been 
promoted to an associate professorship. 

Mr. WaLteR Denston, formerly of the Imperial Naval Engineering College, 
Kronstadt, Russia, has been appointed assistant professor of mathematics at 
Kenyon College. 

Associate Professor Louis BRAND, of the University of Cincinnati, has been 
promoted to a full professorship of mathematics. 

At Purdue University, Professor WiLLIAM MarsHau has been appointed 
head of the department of mathematics. Assistant Professor R. B. STONE, who 
is also Registrar, has been promoted to an associate professorship, and Dr. W. E. 
Epineton, Mr. W. H. Lyons and Mr. W. J. WaGNer have been appointed 
instructors. 

Dr. C. P. Soustery is professor and head of the department of mathematics 
at Rose Polytechnic Institute, Terre Haute (not associate professor, as listed 
in the Register). 

At Indiana University, Associate Professor U. S. Hanna has been promoted 
to a full professorship, and Assistant Professor Cora B. HENNEL to an associate 
professorship of mathematics. 

At Northwestern University, Professor F. E. Woop of the Michigan Agri- 
cultural College has been appointed assistant professor of mathematics, and Mr. 
R. L. Jackson and Mr. J. D. Vass have been appointed instructors. 

Assistant Professor W, L. Miser, of the Armour Institute of Technology, 
has been promoted to an associate professorship of mathematics. 
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Dr. Mayme I. Loaspon has been appointed instructor of mathematics at 
the University of Chicago. 

Dr. C. C. WYLIE is associate in astronomy and acting head of the department 
at the University of Illinois. 

At the University of Iowa, Dr. W. H. WiLson has been appointed assistant 
professor of mathematics, Dr.. Roscoz— Woops has been appointed associate, 
and Mr. R. E. KENNOoN has been appointed instructor. 

At Washington University, St. Louis, Assistant Professor P. R. Riper has 
been promoted to an associate professorship of mathematics, and Mr. THEODORE 
Do tL, of Northwestern University, has been appointed assistant professor. 

Mr. V. B. Hrnscu, of the Missouri School of Mines, has been promoted to an 
assistant professorship of mathematics. 

Professor E. B. Stourrer, of the University of Kansas, has been appointed 
acting dean of the Graduate School. 

Assistant Professor E. D. Mxracuem, of the University of Oklahoma, has 
been promoted to an associate professorship of mathematics. 

Professor J. E. Burnam, of Simmons College, Abilene, Texas, has leave of 
absence for the present college year and is studying as a fellow at the University 
of Texas. 

Mr. R. G. Lussen has been appointed instructor of mathematics at the 
University of Texas. 

Professor J. N. Donouvz, of Notre Dame University, has been appointed 
professor of mathematics at Columbia University, Portland, Oregon. 

Dr. Nina M. ALDERTON has been promoted to an assistant professorship of 
mathematics at Mills College (California). 

At the University of California, Dr. B. C. Wona, Dr. Evsre McFarxanp, 
and, at the Southern Branch, Mr. Pauut Daus, have been appointed instructors 
of mathematics. 

Professor A. SOMMERFELD delivered a course of lectures at the Bureau of 
Standards, Washington, early in March, 1923, on the quantum theory and 
related subjects. 

Professor C. Kostxka of Insterburg, died Dec. 28, 1921, at the age of seventy- 
five years. 

Professor Ernest Lzepon, of the Lycée Charlemagne, Paris, died February 
12, 1922, in his seventy-sixth year. 

Dr. A. R. Wiuis, of the department of mathematical physics at the Royal 
College of Science, died June 23, 1922, at the age of seventy-two years. 


The Fall Meeting of the New York Section of the Association of Teachers 
of Mathematics in the Middle States and Maryland was held at Hunter College, 
New York City, December 15, 1922. The program included “The great problem 
of algebra” by D. E. Smrru; a debate on the subject “Resolved, that the mathe- 
matics of the first year of the New York City standard high-school course should 
be confined and held to algebra,” in which E. H. Kocu and FLETcHER DURRELL 
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spoke for the affirmative; and “A proposed new course for senior high-school 
mathematics” by G. R. Mrrick. 


The following awards of Nobel prizes in physics have been announced: for 
1921, to Professor ALBERT EINSTEIN, for his theory of relativity and his general 
work in physics; for 1922, to Professor Nrets Bour, for his researches in the 
structure of the atom and in radiation. 


The Paris Academy of Sciences has awarded its Lalande Medal to Professor 
H. N. RusseEzz, of Princeton University, and its Janssen Medal to Dr. Car 
STORMER, professor of pure mathematics at the University of Christiania, for his 
work on the aurora borealis. 


The Royal Society of London has awarded its Sylvester Medal to Professor 
Tuto Levi Crvira, for his researches in geometry and mechanics. 


Hans BaTTERMANN, professor of astronomy at the University of Kénigsberg 
and director of the University Observatory, died June 15, 1922. He was born 
in 1860. “In addition to valuable work with the transit circle, Professor Batter- 
mann carried out valuable investigations on the heliometer, and made accurate 
determination of the solar parallax from a long series of lunar occultations.” 


EpmMonD HERBERT: Grove Hits, author of many papers on astronomical 
and allied subjects, died October 2, 1922. He was born at Winchester, England, 
August 1, 1864. After a course at the Royal Military Academy, Woolwich, 
he received a commission in the Royal Military Engineers in 1884. In 1893 he 
was elected a fellow of the Royal Astronomical Society (president, 1913-1915) 
and he took part in various eclipse expeditions, the last that of 1914 in Kieff, 
Russia, whence he was recalled for military service. He became a colonel in 
1914 and a brigadier-general in 1918. His notable work in the topographical 
section of the war office was recognized by the order Commander of St. Michael 
and St. George, conferred on him in 1902. He was elected a fellow of the Royal 
Society in 1911, and made a Commander of the Order of the British Empire in 
1919. 


CHARLES Micure SMITH, government astronomer at Madras, 1891-1911, 
and director of the Kadaika4nal and Madras observatories 1899-1911, died 
September 27,1922. He was born in Keig, Aberdeenshire, Scotland, July 13, 
1854, was educated at Aberdeen and Edinburgh Universities, and was appointed 
professor of physical science in Madras Christian College in 1877. Apart from 
publications of the observatories of which he was a director (these included, for 
example, New Madras General Catalogue of 5803 Stars, 1892, 314 pages) most of 
his papers appeared in the Proceedings and Transactions of the Royal Society of 
Edinburgh. We was made a companion of the Order of the Indian Empire 
in 1910. 
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Henry TRESAWNA GERRANS, fellow, vice-provost, and lecturer in mathe- 
matics at Worcester College, Oxford, died June 20, 1921. He was born at 
Plymouth, England, August 23, 1858. As a student at Christ Church, Oxford, 
he won first class In mathematics in the “mods.” and “greats.” He was ap- 
pointed a fellow of Worcester in 1882 and later occupied numerous executive 
positions in connection with the University including that of being a delegate of 
the Oxford University Press since 1896. He was a member of many mathe- 
matical and scientific societies. As editor of the fifth edition of the second volume 
of G. M. Minchin’s Treatise on Statics (Oxford, 1915) he made large additions to 
the work in connection with problems for solution. “He was a musician, and 
as much at home in German as in English. Thirty years ago his rooms on 
Sunday evening used to be crowded with foreigners, with all of whom, it was said, 
he could converse fluently.” At one time, “he considered that continental 
holiday ill-spent in which he did not master some unlearnt language.” A portrait 
and sketch of Mr. Gerrans appeared in The Periodical, Oxford, September, 1921, 
page 95. 


CaARGILL GiLston KNort, lecturer on applied mathematics at the University 
of Edinburgh since 1892, and general secretary of the Royal Society of Edin- 
burgh, died October 26, 1922. He was born at Penicuik, Scotland, June 30, 
1856, and became a graduate of the University of Edinburgh. During 1883- 
1891 he was professor of physics at the University of Tokyo, Japan, and was 
decorated with the Fourth Order of the Rising Sun in 1891. He was honorary 
secretary of the Napier Tercentenary Celebration, Edinburgh, 1914, and editor 
of its sumptuous Memorial Volume, London, 1915, which contained papers by 
more than a score of contributors including the American authors, F. Cajori, 
A. Martin, and D. E. Smith. He was the editor of Edinburgh’s Place in Scientific 
Progress, Edinburgh, 1921, and he wrote the chapter on “Mathematics and 
natural philosophy”? (compare 1921, 456). His third edition of Kelland and 
Tait’s Quaternions, London, 1904, and his elaborate Life and Scientific Work of 
Peter Guthrie Tait, Cambridge, 1911, are well known. 
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SEVENTH ANNUAL MEETING OF THE MATHEMATICAL 
ASSOCIATION OF AMERICA. 


By invitation of Harvard University, the seventh annual meeting of the 
Mathematical Association of America was held at Harvard on Thursday and 
Friday, December 28 and 29, 1922, in affiliation with The American Association 
for the Advancement of Science, and in conjunction with the annual meeting of 
the American Mathematical Society. There were 216 at the sessions, including 
the following 148 members of the Association: 


R. C. ARCHIBALD, Brown University. 

C. S. Arcuison, Washington and Jefferson 
College. 

F. H. Bartey, Massachusetts Institute of 
Technology. 

L. A. Bauvser, Dept. of Terrestrial Magnetism, 
Washington, D. C. 

Raupu Breatury, Harvard Graduate School of 
Education. 

W. J. Berry, Brooklyn Polytechnic Institute. 

O. F. H. Bert, Washington and Jefferson 
College. 

E. G. Bitz, Dartmouth College. 

G. D. Birxuorr, Harvard University. 

G. A. Buss, University of Chicago. 

S. L. BooruroypD, Cornell University. 

H. C. Brapuey, Massachusetts Institute of 
Technology. 

F. E. Brascu, Chicago, Illinois. 

B. H. Brown, Dartmouth College. 

ELEANOR Brown, Hanover, N. H. 

R. E. Bruce, Boston University. 

N. R. Bryan, University of Maine. 

Marcaret BucHsanan, West Virginia Uni- 
versity. 

W. G. Butzarp, Syracuse University. 

R. W. Burcsss, Brown University. 

W. R. Burwe.ut, Brown University. 

W. D. Carrns, Oberlin College. 

FrLorian Casort, University of California. 

B. H. Camp, Wesleyan University. 

Miwprep E. Caruen, Brown University. 

KF. E. Carr, Oberlin College. 

B. E. Carrer, Colby College. 

J. W. Cuawson, Ursinus College. 

J. L. CoouipGz, Harvard University. 

LENNIE P. CopELAND, Wellesley College. 

J. A. Cragwatu, Wabash College. 

W. L. Crum, Yale University. 

C. H. Currier, Brown University. 

W. W. Denton, University of Michigan. 

E. Dimicx, U. 8. Coast Guard Academy. 

L. Dopp, University of Texas. 

Downey, English High School, Boston. 


C. 
E. 
W.F. 

L. H. Duss, Ottawa University. 


L. P. E1isenHaART, Princeton University. 

L. C. Emmons, Michigan Agricultural College. 

T. C. Esry, Amherst College. 

G. C. Evans, Rice Institute. 

G. W. Evans, Charlestown High School. 

Froyp Fiexup, Georgia School of Technology. 

J. C. Fretps, University of Toronto. 

C. H. Forsyru, Dartmouth College. 

Tomuinson Fort, University of Alabama. 

Puiuie FRANKLIN, Harvard University. 

C. A. GARABEDIAN, Harvard University. 

R. W. GARDNER, Eastern Nazarene College. 

O. T. GECKELER, Carnegie Institute of Tech- 
nology. 

R. E. Gitman, Brown University. 

OQ. E. Grenn, University of Pennsylvania. 

J. W. Grover, University of Michigan. 

LICE B. GouxD, Boston. 

. C. Grausrein, Harvard University. 

¥’, GuMMER, Queen’s University. 

. E. Haicuer, Wentworth Institute, Boston. 

. M. Hamiuron, U. 8. Naval Observatory. 

. Hammonp, Bowdoin College. 

. G. Harpy, Williams College. 

. N. Hart, University of Maine. 

LIVE C. HazitEerr, Mt. Holyoke College. 

. C. Hicxs, Brown University. 

. L. Hopaxins, George Washington Uni- 

versity. 

. V. Huntineton, Harvard University. 

. A. Hurwirz, Cornell University. 

M. H. Inerauam, University of Chicago. 

OQ. D. Kextioee, Harvard University. 

A. E. Kennetuy, Harvard University. 

W. D. Lampert, U. 8S. Coast and Geodetic 
Survey. 

GituiE A. LaREw, Randolph-Macon Woman’s 
College. 

H. E. A. Lazorr, South High School, Wor- 
cester. 

D. D. Letp, Connecticut College for Women. 

JOSEPH LipKa, Massachusetts Institute of 
Technology. 

C. C. MacDurrez, Princeton University. 
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Marta P. McGavock, Wellesley College. 

H. P. Mannine, Brown University. 

T. E. MERGENDARL, Tufts College. 

G. A. Miniter, University of Illinois. 

E. B. Mops, Boston University. 

E. C. Monina, American Telephone and 
Telegraph Co., New York. 

C. L. E. Moore, Massachusetts Institute of 
Technology. 

C. N. Moors, University of Cincinnati. 

E. H. Moors, University of Chicago. 

F. C. Moors, Massachusetts Agricultural 
College. 

M. M.S. Moriarty, Holyoke High School. 

R. K. Mortey, Worcester Polytechnic In- 
stitute. 

C. C. Morris, Ohio State University. 

H. M. Morssz, Cornell! University. 

¥F. R. Movutron, University of Chicago. 

J. R. Mussetman, Johns Hopkins University. 

B. L. Newxirk, General Electric Company. 

G. D. Oups, Amherst College. 

W. F. Oscoop, Harvard University. 

MarGareETt C, Packer, Hood College. 

F. M. PEDERSEN, College of the City of New 
York. 

Anna J. Pety, Bryn Mawr College. 

L. R. Perkins, Middlebury College. 

EK. C. Puitiirs, Woodstock College. 

H. B. Puiuurps, Massachusetts Institute of 
Technology. 

A. D. PircHer, Western Reserve University. 

W. R. Ransom, Tufts College. 

R. G. D. RicHarpson, Brown University. 

L. H. Ricz, Massachusetts Institute of 
Technology. 

H. L. Rietz, University of Iowa. 

K. D. Rog, Jr., Syracuse University. 

W. H. Rorver, Washington University. 

GEORGE RutTLEDGE, Massachusetts Institute 
of Technology. 

¥’, H. Sarrorp, University of Pennsylvania. 

RALEIGH ScCHORLING, Lincoln School, New 
York. 

H. C. SHavus, Harvard University. 


[ March—April, 


W.G. Simon, Western Reserve University. 

Mary E. Sincuair, Oberlin College. 

H. E. Staucut, University of Chicago. 

H. L. Stopin, New Hampshire College. 

Cuara E. Smita, Wellesley College. 

D. E. Surru, Columbia University. 

SaraH E. Smita, Mt. Holyoke College. 

May J. Sperry, Syracuse University. 

J. M. Srerson, University of Illinois. 

K. D. Swartzeu, University of Pittsburgh. 

J. S. Tayror, Massachusetts Institute of 
Technology. 

TELESFORO TIENzO, University of the Philip- 
pines. 

Marian M. Torrey, University of West 
Virginia. 

J. I. Tracry, Yale University. 

A. B. Turner, College of the City of New 
York. 

H. S. Unter, Yale University. 

E.'B. Van Vueck, University of Wisconsin. 

OswaLD VEBLEN, Princeton University. 

Roxana H. Vivian, Wellesley College. 

J. L. Wausu, Harvard University. 

A. G. WEesstErR, Clark University. 

J. H. M. WeppERBURN, Princeton University. 

Mary E. Wetts, Vassar College. 

V. H. Wezus, Williams College. 

A. H. WuerEteR, North High School, Wor- 
cester. 

D. E. Wuitrorp, University of Rochester. 

J. K. WHITTEMORE, Yale University. 

C. E. WILDER, Dartmouth College. 

F. B. Winuiams, Clark University. 

Rusy Wits, Wellesley College. 

E. B. Witson, Harvard School of Public 
Health. 

Rursg G. Woop, Smith College. 

F. S. Woops, Massachusetts Institute of 
Technology. 

Jessica M. Youne, Washington University. 

J. W. Youne, Dartmouth College. 

S. D. Zxrupin, Massachusetts Institute of 
Technology. 


The various meetings of the American Association for the Advancement of 


Science were held throughout the week, mainly at the buildings of the Massa- 
chusetts Institute of Technology, beginning Tuesday evening with the address 
of the retiring President, Professor E. H. Moore, on the subject “What is a 
Number System?” The manifold programs in the meetings of the various 
Sections of the American Association and of the affiliated Societies furnished a 
wealth of opportunity for exercising one’s choice. The majority of mathema- 
ticlans stayed in comfortable rooms in the Harvard dormitories and were thus 
within easy reach of the places of meeting, and of the Harvard Union and other 
convenient dining halls. While the formal programs of both mathematical 
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organizations were held at Harvard University, a close codperation between the 
staff of Harvard and of the Massachusetts Institute of Technology gave the 
attending members a chance to enjoy the hospitality of both institutions. It 
was thus possible between the two morning sessions of the Society to enjoy the 
Symposium on Space and Time, under the auspices of the Society and Section A, 
Wednesday afternoon at the Technology buildings, at which time Professors 
G. D. Birxuorr, P. W. BripamMan, and Hartow SHAPLEY, all of Harvard Uni- 
versity, spoke respectively, on “The logic of Space and Time,” “The physical 
meaning of Space and Time,” and “The astronomical measures of Space and 
Time.” On Wednesday evening various groups attended the dinner for visiting 
women, the trip to the Harvard Astronomical Observatory, a private dinner for 
Harvard men, the Sigma Xi dinner, and a smoker in the Harvard Union. On 
Thursday which was “Harvard Day,” for the American Association and the 
affiliated societies, a complimentary luncheon was served by Harvard University 
at Memorial Hall. A pleasant occasion at the close of each afternoon session 
_ was the serving of tea at Phillips Brooks house by the ladies of the Harvard 
Faculty, under the chairmanship of Mrs. Graustein; this, with the other provi- 
sions made by the ladies for the entertainment of the visitors, was recognized in 
a resolution adopted at the closing session, on motion by Professor Clara Smith. 
At this same session Professor Floyd Field offered a motion, which was heartily 
adopted, recognizing the unusual interest aroused by the programs, and expressing 
the thanks of the Association to the departments at Harvard and “’Tech”’ for the 
hearty reception and careful arrangements; to Professors Coolidge, Kellogg and 
Lipka of the Committee on Arrangements for their efficiency, courtesy, and 
unfailing good humor in their busy task; to Professors Huntington, Copeland 
and Currier of the Program Committee for the presentation of the program of 
such a wide range of interest to all, and to the officers of the Association for their 
administration of the affairs of the Association for the past year. 

The joint dinner of the two organizations and Section A was held Thursday 
evening at the Walker Memorial Building of the Institute of Technology, with 
135 persons present, Professor David Eugene Smith being the genial toastmaster. 
Introducing four men, as he said, to give an account of the three periods of 
mathematical history in America, he called first upon Professor Cajori, who 
spoke on the early period of mathematics in America, describing what was 
probably the first controversy on a scientific subject, and describing the earliest 
permanent obsérvatory, established at Bogota in 1803. Professor Van Vleck 
spoke on the “middle ages” in American mathematics, telling how this central 
period began to make strong provision for the existence of suitable journals, of 
acceptable centers of influence and, most of all, of an atmosphere favorable for 
mathematical study; how these ends were provided through the American Journal, 
as the first able mathematical publication, Johns Hopkins University as the first 
strong center, followed by the establishment of those at Clark University and 
at Chicago, the establishment of the New York Mathematical Society in 1891 
and its extension in 1894 into the American Mathematical Society; he appealed 
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especially to the younger men in American mathematics to see to it that it shall 
be possible for us to say:—“ The best is yet to be.”’ Professor Eisenhart spoke 
of the large and influential work done by the American Mathematical Society 
and its journals, and of the difficult financial problem that is now being faced in 
conducting the Transactions. Professor Slaught, called upon as a representative 
of the Association, spoke of the founding of the Mathematical Association of 
America, as lying within the more recent period of American mathematics, of 
the widened opportunity on the one hand for edifying receptivity in matters of 
collegiate mathematics, and on the other hand for fruitful activity represented, 
for example, in the pages of the Monruty, in the summer and annual meetings, 
and in at least ten section meetings each year, stressing above all the opportunity 
to help larger and larger numbers of our teachers and students to begin to mount 
the ladder of research through the furnishing of the lower rounds of this ladder. 
Professor Smith expressed very happily the sentiments of those present toward 
“Old Harvard” and “Tech,” and this was reinforced by the visitors by a rising 
vote. 

Professor G. A. Miller presided at the joint session on Thursday afternoon. 
President Archibald presided for most of the Friday morning session, calling 
Professor Eisenhart, one of the newly elected vice-presidents, to the chair for 
the rest of the day. 

The following program was given, abstracts of part of these papers being 
given with numbers corresponding to the numbers in the list of titles. 


JOINT SESSION OF THE ASSOCIATION WITH THE AMERICAN MATHEMATICAL 
SOCIETY AND SECTION A OF THE AMERICAN ASSOCIATION. 


(1) “ Reduction of singularities of plane curves by birational transformation” 
by Professor G. A. Buiss, University of Chicago, retiring president of the Amer- 
ican Mathematical Society. 

(2) “The grafting of the theory of limits on the calculus of Leibniz” by 
Professor FLortan Casori, University of California, representing the Mathe- 
matical Association of America. 

(3) “Geometry and physics” by Professor OswaLD VEBLEN, Princeton 
University, retiring vice-president of Section A. 

1. President Bliss’s address is to be printed in the Bulletin of the American 
Mathematical Socvety. 

2. Professor Cajori’s address will appear shortly in this MonTHLY. 

3. Professor Veblen’s address appeared in Science for February 2, 1923. 


SESSION OF THE ASSOCIATION. 
(4) “Period of the bifilar pendulum for finite amplitudes”’ by Professor H. S. 
UunLer, Yale University. 
(5) “Skew squares’’ by Professor W. H. Ecuots, University of Virginia. 
(6) “On the averaging of grades” by Professor C. F. Gummer, Queen’s 
University. 
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(7) “Mathematics at Oxford and the Ph.D. degree” by Professor W. R. 
BURWELL, Brown University. 

(8) “Some unsolved problems in the theory of sampling’’ by Professor B. 
H. Camp, Wesleyan University. 

(9) “Some unsolved problems in solid geometry”’ by Professor J. L. COOLIDGE, 
Harvard University. 

4. The primary object of Professor Uhler’s investigation was to derive a 
convergent series for the period of the bifilar pendulum corresponding to any 
feasible finite amplitude of vibration. The material is conveniently divided in 
three parts. In part (a) attention is called to the unsatisfactory state of the 
literature of the problem. Then a set of rigorous equations are given which 
lead to a hyperelliptic integral as the formula for the period. In part (6) this 
integral is expanded into two related series which depend upon a fundamental 
series the law of development of which is evident. It is shown that the second 
and third approximation terms of the two final series may be either independently 
or simultaneously positive, or zero, or negative. Numerical illustrations are 
then presented. In part (c) the domain of convergence of the series is discussed 
and shown to depend upon points lying between certain straight and parabolic 
lines in a Cartesian diagram. 

This paper appeared in the Journal of the Optical Society of America for 
March, 1923. 

Professor Slaught stated that Professor W. D. MacMillan has treated a 
similar problem where the rod is suspended in the manner of a bifilar pendulum, 
but where the motion is not limited to mere twisting, the rod being put in motion 
from any position in which it may be drawn off from its vertical position of rest. 
The motion of the rod when released is of an amazing nature. 

Professor Huntington entered a plea for the construction of a table of elliptic 
integrals for all values of the parameter, saying that such a table would be of 
great usefulness in this and similar problems. 

5. In the absence of Professor Echols, due to illness in the family, Professor 
Graustein gave a very acceptable presentation of the paper. This will be printed 
in an early issue of the MonTHLY. 

In the discussion Professors Young and Clara Smith criticized the use of 
the term “skew square,” which usually suggests a quadrilateral not lying in one 
plane; and Professor Archibald stated that several French writers had used the 
term pseudo-square for this kind of figure. 

6. Examining boards often wish to arrange in some kind of order of merit 
candidates who have been examined in a number of different subjects; and in 
several other connections the idea of “average grade” is more or less directly 
present. Of the various functions f(a, 2, -++, 2%) that may be arbitrarily 
selected to represent such an average for grades a, 2, -°-, @n, of equal weight, 
it may reasonably be demanded that (a) f(a, a, ---) be symmetric, (b) f(a, 22, 

++, Un) = 2, (c) (kay, ka, ---) = kf(ai, x, ---) fer positive k, (d) continuous 
first partial derivatives exist and remain positive for all positive z’s. 
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The simplest solution meeting these requirements would seem to be that in 
which f is the quotient of a homogeneous quadratic by a homogeneous linear 
form, the formuia being f = a + cd/a, where a is the arithmetic mean, d the mean 
square of the deviation from a, and c a constant open to choice, which will be 
taken negative if it is desired to put a premium on equality of performance. To 
satisfy the latter part of (d) c must lie between — 1/(n — 1) and (n — 1)/(2n — 1). 

A formula in some ways more convenient is available if (d) is so far relaxed 
as to allow the derivatives to become discontinuous and non-existent at certain 
places, the discontinuity being preferably not too abrupt; namely, f= mm 
+ my, + +--+ + mayn, Where y; is the 7th greatest 2 and the m’s are constants. 
If we agree that a additional marks equally divided among the r best subjects 
shall be counterbalanced by the loss of 6 marks equally divided between the 
n — r lowest, whatever r may be, we are able to determine the m’s in terms of 
the arbitrary ratio a/b. The result may be written f = yn + Sa(Yna— Yn) 
+.---+s(y, — y%), where s; = m+ m+ --: + m; = ib/(na — ta + ib). 
This formula is very easy to use. ‘To favor equality a must be greater than b. 
Various modifications of the method suggest themselves. 

In the discussion of Professor Gummer’s paper, Professor Dodd referred to 
Schimmack’s axioms in the Mathematische Annalen, volume 68, 1910, pp. 125-182, 
pointing out that the assumption of the existence of the derivatives rules out 
the use of the median in making an average. He referred also to the treatment 
of a somewhat similar question in a paper by Daniell in the American Journal of 
Mathematics, volume 42, 1920, 222-236. 

7. Professor Burwell’s paper will appear in an early issue of the MonrTHLY. 

8. Professor Camp confined his attention to simple sampling from distribu- 
tions involving but one variate. The general question to be answered is: How 
good is a sample? The answers may be discussed under three heads, as follows. 
(a) Sampling for a mean value. What is the probability that the mean of the 
sample will lie within a prescribed amount of the mean of the parent distribution? 
The solution of this problem has been published only for the special case where 
the parent distribution is normal, or sufficiently near to normal to warrant the 
assumption that the “curve of means” is normal. It is, however, probable 
that the general case may be solved by a combination of some of the theory of 
Charlier with certain relations developed by the Pearsonian school. (b) Sampling 
for a standard deviation or other statistic. Here again only the special case 
where the parent distribution is normal has been adequately treated. (ce) 
Sampling for a frequency curve. What is the probability that the curve found 
by the sample will lie within a prescribed belt of the ideal? The classic answer 
to this question is ‘given by K. Pearson’s x test. Edgeworth’s criticism of the 
random use of this test is important and may be found in his article on “ Prob- 
ability” in the Encyclopedia Britannica. 

The relatively simple questions considered above suggest more difficult and 
more practical ones, for which, save in highly specialized instances, there exist 
no answers. If one starts with a sample, instead of with a parent distribution, 
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one has the problem of inverse probability, called by K. Pearson “the funda- 
mental problem of practical statistics,’’ with the various special cases (a), (0), (c), 
as above. Finally there is the broad field of generalization to functions of more 
than one variable, involving the properties of correlation surfaces rather than 
of frequency curves. 

Professor Rietz called attention to the fact that in the Journal of the Royal 
Statistecal Society for January, 1922, Yule and Fisher presented a modification of 
Pearson's criterion of goodness of fit of theory and observation by showing that 
the usual n with which to enter the tables of Elderton should be one more than 
the number of degrees of freedom of the frequency system. 

9. The paper by Professor Coolidge adds to the series of valuable papers 
which have already appeared on the programs of the Association as giving 
suggestions as to possible problems in research in familiar fields. This paper will 
appear in full in an early issue of the MonTHLy. 


SYMPOSIUM ON MATHEMATICAL STATISTICS. 


(10) “The subject matter of a course in mathematical statistics’? by Pro- 
fessor H. L. Rirerz, University of Iowa. 

(11) “Time series of economic statistics: Their fluctuation and correlation” 
by W. M. Persons, professor of economics, Harvard University, and editor of the 
Review of Economic Statrstrcs. 

(12) “Some fundamental concepts of the calculus of mass variation and their 
relation to practical problems” by ARNE FISHER, author of The Mathematical 
Theory of Probabilities and Its Application to Frequency. Curves and Statistical 
Methods. 

10. Professor Rietz’s outline of a course in mathematical statistics will be 
printed in a later issue of the MonrTHLy. 

11. Time series differ in important respects from other series of economic 
statistics. The items of a time series (1) must be defined for selected time units, 
(2) are ordered in time, and (8) during adjacent time-intervals are affected by 
the same or similar influences. These peculiarities give rise to characteristic 
types of fluctuations and to special correlation problems. 

Four types of variations are to be found in most time series. These are: 
the long-time movement or secular trend; the seasonal variation; the cyclical 
movement connected with the ebb and flow of business; and irregular fluctuations 
resulting from panics, strikes, etc. In order to isolate the cyclical movement, 
so far as may be, it is necessary to measure the secular trend and seasonal varia- 
tion. In Professor Persons’ paper attention was directed to the problems of 
measuring seasonal variation and of finding the significant relations between 
series corrected for secular trend and seasonal variation. Monthly rates on 
commercial paper, 1866-1922, are used to illustrate the methods of handling 
the problems. 

The obvious method of finding seasonal variation is to eliminate secular 
trend and then take arithmetic means of corresponding months (Januaries, 
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Februaries, etc.). This method works well for long series or parts of series 
which are not subject to large wregular fluctuations, but even in these cases it has 
the defect that the degree of regularity of the supposed seasonal movement is not 
set forth. The method works badly for the great majority of economic series, 
because such series contain many non-seasonal fluctuations, highly irregular both 
as to size and time of occurrence, which greatly distort the arithmetic means of 
the items. In other words, the actual data with which the economist has to deal 
do not follow the ideal functional relations, which would lead to the use of the 
arithmetic means of all the items for corresponding months for determining the 
seasonal variation. (The assumptions made by W. L. Hart, for instance, in his 
paper on “The method of monthly means for determination of a seasonal varia- 
tion,” Journal of the American Statistical Association, September, 1922, cannot 
be retained in the great majority of cases.) 

A method of measuring seasonal variation which has been found to work well 
in practice (see the Review of Economic Statistics, January 1919, pp. 18-31) is 
the following: find the link relatives of the original items; tabulate the link 
relatives for January, February, etc., as frequency distributions; find the medians 
(or, if preferred, the averages of the 3, 4 or more central items) of the link rela- 
tives; chain the medians (or selected average of central items) to secure a fixed 
base; distribute the discrepancy between the beginning and end of the chain 
relatives among all the members of the chain (the distribution may be either 
geometric or arithmetic). 

The chief advantages of the method just outlined are: (a) the use of frequency 
tables of link relatives enables one to ascertain the degree of regularity of seasonal 
changes; (b) the use of the median (or average of central items) minimizes the 
influence of non-seasonal, irregular fluctuations; (c) the entire procedure makes 
it possible to utilize series of items covering long intervals, not entirely homo- 
geneous, and subject to varying cyclical and irregular fluctuations. 

Comparison of the indices of seasonal variation computed by the link-relative- 
median method, and the arithmetic average method for rates on commercial 
paper for the intervals 1866-73, 1874-89, 1890-99, and 1900-13 shows: significant 
divergence for intervals with marked irregular disturbances, such as 1866-73 
and 1890-99; and practically identical results when the years of great disturbance, 
such as 1878, 1890, 1893, 1896, ] 898, 1907, and 1914 are excluded from the arithmetic 
averages. 

The frequent occurrence of large irregular fluctuations in economic data 
greatly affects the Pearsonian coefficients of correlation for pairs of series, even 
when the items are corrected for seasonal variation and secular trend. For 
instance, for Bradstreet’s prices and pig-iron production, bimonthly, 1903-1914, 
the coefficient of correlation for concurrent items (65 in number) is + .73, and 
omitting 4 items in 1908 is only + .66; for Bradstreet’s prices and New York 
clearings six months later the coefficient is + .60, and omitting 4 items is only 
+ .50. Coefficients of correlation possess different significance for economic 
data than for individual measurements and great caution must be used in the 
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interpretation of such coefficients. Comparison of the graphs of economic series, 
duly corrected for secular trend and seasonal variation and expressed in units of 
standard deviation, gives much more information concerning existing relation- 
ships than is given by coefficients of correlation. The irregular fluctuations of 
time series of economic statistics not only must be considered and allowed for in 
computing indices of seasonal variation and in interpreting coefficients of corre- 
lation but also in applying periodogram analysis to such series. 

A question by Professor Burgess brought the answer that the foregoing is a 
method of “red-handed empiricism,” used with the purpose of trying to separate 
the terms of the first three types and then to analyze the irregular fluctuations. 

12. Mr. Fisher in his address emphasized the fact that the dominant feature of 
our material world is that of variation. : The old religious philosophies of our 
Aryan ancestors emphasized the presence of inequality and variation in nature; 
without variation evolution would be impossible according to the gospel as 
preached by the great Buddha. Modern science and especially the far-reaching 
studies inaugurated by Charles Darwin have again brought the question of 
variation to the forefront. Darwin was the first to point out the definite presence 
of variation among a large group of similar objects (a species). While Darwin 
was content to establish the paramount feature of variation in animal and plant 
life and to outline its general philosophical contours, he did not attempt to subject 
it to purely quantitative measurement. 

This latter aspect of the problem of variation is primarily of a statistical, 
1.€., of a purely mathematical nature. Statistics, according to the speaker, 
might properly be defined as the calculus of mass variations. The question then 
arose how this particular calculus should be formulated and taught. Should it 
be presented as a purely empirical discipline, or should it be made subject to 
a more rigorous mathematical method of attack and like all mathematical 
epistemology be made to rest on a purely a proorz foundation? 

The empirical method of investigation is, however, very limited in scope and 
apparently rests upon the fallacious doctrine of John Stuart Mill that it was 
possible to derive the corpus of human knowledge by what Mill termed an 
“anductio per sumplicem enumerationem.” ‘This method has especially been used 
by the German school of statistics under von Mayr and his disciples. Until 
comparatively recent years this school has been the only one followed in statistical 
work here in America. Its chief exponents are found among such writers as 
Mayo-Smith, Willcox, Hoffman, Dublinsky and Secrist. Unfortunately, in 
the opinion of the speaker, most of such writings often degenerate into mere 
verbiage. One recent American writer in his text on statistics spends more 
than fifty pages in the discussion of such simple statistical characteristics as the 
mean and the dispersion. By the employment of elementary mathematical 
theorems from the calculus of probabilities the same amount of information- 
could be compressed into a few simple formulas, not occupying more than a 
single book page. All that such authors spent pages upon pages in telling to 
their readers could be seen in a mere glance at the empirical tables themselves. 
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The reason for this is chiefly to be found in the fact that the method of investiga- 
tion as employed by the authors referred to above is really no method at all. The 
fallacy of these authors is to be found in the fact that they mistake a mere collec- 
tion of observations (statistical data) for a statistical analysis. 

The keen mind of the great Greek scholars (Aryan scholars) always laid 
stress upon their doctrine that it was the relation between the facts which was the 
important thing to unearth. Modern astronomy offers a striking illustration of 
this statement. For centuries the Egyptians, the Babylonians, the Greeks, the 
Hindus, and the Arabs had made mass observations on the celestial objects. 
An immense mass of statistical data had been gathered and later on augmented 
and arranged in tabular form by the Danish astronomer Tycho Brahe. Yet the 
mechanical laws governing our universe were not discovered before Kepler. 
Newton and Laplace had subjected these statistical data to a mathematical 
investigation. It was then found that apparently complicated phenomena in 
reality were subject to simple mathematical laws. Our present day so-called 
sciences of economics and sociology are still waiting for their Newtons and 
Laplaces before they really are worthy of the name of science. 

What made astronomical science possible was the mathematical tools as 
furnished by the differential and the integral calculus, a mathematical discipline 
which rests upon a purely a priort foundation, and which made it possible to 
subject the collected astronomical statistics to a quantitative analysis. Have we 
now a similar calculus in the case of mass variation? While the speaker was of 
the opinion that we do not possess a complete set of tools and many new imple- 
ments have still to be forged, he would, on the other hand, emphasize that we 
have at least several good tools in the theory of probabilities. Statistical analysis 
and mathematical statistics must necessarily, in his opinion, be an application 
and an extension of the theory of probability. 

In this particular mathematical discipline the great work of Laplace remains 
still the greatest contribution. Laplace’s theory has become especially useful 
through the additional researches by the Scandinavian statisticians and mathe- 
maticians Gram, Thiele, Jorgensen, Charlier, Wicksell and Westergaard. The 
speaker contrasted these methods with those introduced by the English mathe- 
matician and biometrician Karl Pearson. 

Pearson’s theory of frequency distribution is derived from the differential 
equation 

dlogy _ a+ a 
dx 7 bo + bia + bea? 


This equation gives rise to a great variety of frequency curves. It is, however, 
more or less a graduation formula based upon rather empirical foundations, one 
disadvantage of Pearson’s formula being that it does not allow of more than four 
constants, which often is insufficient to represent frequency distributions. 

The Scandinavian authors who follow Laplace have based their theory of 
frequency curves on. the following integral equation: 
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If all semi-invariants above d» vanish, we have 
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or the usual normal probability curve of Laplace. 
As shown by Gram and Charlier any frequency function which, together 
with its derivatives, vanishes for 7 = — © and x = + © can be represented 
by the following expansion: 


F(a) = o(a) + esg""(a) + erg’ (a) + ++, 


where 


The speaker also mentioned the expansion of frequency series by means of 
the Poisson-Charlier’ series and the logarithmic transformation as discussed in 
his own works on probability. As a very general expansion the following func- 
tion introduced by Bachelier: 


_[r-¢@]e 
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was mentioned as being very powerful. 

Mr. Fisher claimed that this function was especially useful in economic 
statistics and afforded a far more useful tool of investigation than the somewhat 
looser mathematical methods employed by the Harvard Bureau of Economics. 
The Bachelier and Gram methods might, for instance, be used to solve the 
following problem: What is the probability that a certain stock or bond will be 
quoted at a price x at time ¢ on the stock exchange? The speaker showed an 
actual application he himself had made in the matter of forecasting three months 
in advance the weekly quotations of a certain gilt-edge stock on the Copenhagen 
Stock Exchange. During the year of 1922 the lowest value of this stock had 
been 196 and the highest value 248. The greatest difference between any weekly 
forecast and the prices actually quoted had been 4 per cent. for one of the first 
weeks of March. The total accumulated percentage differences from January 
to December 15, 1922, were less than one tenth of one per cent. 

The speaker criticized the investigations by various economists of the so- 
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called business cycles as being the work of mathematical dilettantes. He men- 
tioned an eminent economist as having said at a recent statistical meeting “that 
the economists would like to have the mathematicians express their formulas in 
such a manner that the man in the street could understand what they (the 
mathematicians) were talking about.”’ The danger of such a spurious argument 
was that it might equally well be applied to the economists themselves. The 
immortal answer of Euclid to the Ptolemzean emperor: “There is no royal road 
in mathematics”’ was in the opinion of the speaker as true today as it was in 
the days of antiquity and applied equally well to our present-day analysis in 
economics and sociology. 

Professor J. R. Musselman, of Johns Hopkins University, described the 
elementary and advanced course in mathematical statistics as: given at Johns 
Hopkins, the former being offered to those who have had the elements of calculus 
‘and analytic geometry, and including the topics of permutations and combina- 
tions, elementary probability, the use and Jimitations of the theory of the correla- 
tion coefficient, the theory of sampling and curve fitting; time is also available to 
include the theory of least squares. 

Professor Franz Boas, of the department of anthropology, Columbia Uni- 
versity, spoke of the great need of instruction in this field for students in various 
departments of biology. We try too often to treat the theory of averages, 
standard deviation, correlation and similar topics in a purely formal way; we 
need rather to give the student of biometry and analogous fields a clear under- 
standing of the subject, and the ability to come to a clear grasp of just what the 
problems under consideration actually are. This aspect of the subject is hardly 
recognized in the existing literature. 

Professor Theodore H. Brown, of the School of Business, Columbia Uni- 
versity, stated that he continually met with New York business men who claim 
on various grounds to be statisticians. Too frequently men are put to work on 
statistical matters without an adequate, or at least a ready, hold of the necessary 
mathematics. There is a large class of students who are hungry for training in 
this line, and who might be reached through properly prepared texts. 

Dr. Herbert A. Toops, of the Institute of Educational Research, Teachers 
College, Columbia University, pointed out the need that educators have for 
statistical work, and stated that they ordinarily depend in a groping way on 
difficult texts in statistics. ‘The Institute aims to develop new methods of 
research. Presuming a basis of college algebra and a high degree of intelligence, 
the Institute does, through shortened methods, enable their students to carry 
on tabulations and similar operations, and also carries out extended work with a 
few who by further study shall be able to go back to the original sources. It is 
quite important in this field of statistics to develop really practical statisticians, 
to give, for example, practice in computing a percentile from both ends in order 
to check the result, in the use of computing machines, etc. 

Professor Huntington called attention to the fact that the National Research 
Council has appointed a Committee on the mathematical analysis of statistics, 
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of which Professor Rietz is the chairman, and said that a handbook will be 
published by this committee within a year, through one of the well-known 
publishing houses, a book to which those present at this program, and others 
interested in the subject, will look forward with eagerness. 


MEETING OF THE BOARD OF TRUSTEES OF THE ASSOCIATION. 


Ten members of the Board were present at the meeting. 
The following thirty-one persons and one institution, on applications duly 
certified, were elected to membership: 


To individual membership. 


Outve Atwoop, A.B. (Carleton Coll.). Instr., Agricultural Coll., Agricultural College, N. Dak. 

ELEANOR Brown, (Mrs. B. H.), Ph.D. (Radcliffe). Hanover, N. H. 

R. D. Burpicx, A.M. (Columbia). Instr., Coll. of City of New York, New York, N. Y. 

H. W. Cuanpuer, M.S. (Iowa). Instr., Univ. of Minnesota, Minneapolis, Minn. 

E. E. Cotyrer, A.M. (Kansas). Prof., Fort Hays Kansas State Normal School, Hays, Kansas. 

W. H. Cramsiet, Ph.D. (Yale). Prof., Bethany Coll., Bethany, W. Va. 

L. A. V. DECLEENE, (Rev.), A.M. (Catholic Univ.). Graduate student, Catholic Univ., Wash- 
ington, D. C. 

Lauir Mouan Dry. Govt. official, Calcutta, Shambazar P.O., India. 

Laura DuErRNER, B.S. (Oregon). Instr., N. Dak. Agric. Coll., Fargo, N. Dak. 

J. T. Erwin, A.M. (Vanderbilt). Prof., George Washington Univ., Washington, D. C. 

H. W. Ficxen, B.S. (Coll. City of N. Y.). Mathematician, U. S. Coast and Geodetic Survey, 
Washington, D. C. 

S. E. Frenp, A.M. (Michigan). Instr., Univ. of Michigan, Ann Arbor, Mich. 

R. W. GARDNER, B.S. (Qlivet). Head of dept. of math., Eastern Nazarene College, Wollaston, 
Mass. . 

O. T. GeckEer, A.B. (Indiana). Asso. prof. and acting head of dept., Carnegie Inst. of Tech., 
Pittsburgh, Pa. 

MarrHa HILDEBRANDT, Ph.B. (Chicago). ‘Teacher, Proviso High School, Maywood, IIl. 

F. W. Jonn, M.E. (Cornell). Instr., Washington Square Coll., N. Y. Univ., New York, N. Y. 

H. E. A. Lazorr, A.B. (Boston Univ.). Instr., South High School, Worcester, Mass. 

E. A. LeLacuzur, A.B. (Valparaiso). Computer, U. 8. Coast and Geodetic Survey, Wash- 
ington, D. C. 

W. V. Lovirt, Ph.D. (Chicago). Prof., Colorado Coll., Colorado Springs, Colo. 

W. E. MacDonatp, A.M. (Harvard). Prof., Canton Christian Coll., Canton, China. 

WitiiAM Marsuatt, Ph.D. (Zurich). Prof., Purdue Univ., Lafayette, Ind. 

A. E. Mepetr, Jr., A.B. (Columbia). Asst., Columbia Univ., New York, N. Y. 

HetEeNn Moon, M.S. (Iowa). Graduate student, Univ. of Iowa, Iowa City, Ia. 

L. T. Moors, B.S. (Emory Univ.). Asst., Johns Hopkins Univ., Baltimore, Md. 

R. H. Mortmorg, A.B. (Iowa). Instr., Graceland Coll., Lamoni, Ia. 

P. H. Nygaarp, A.B. (St. Olaf). Teaching Asst., Univ. of Minn., Minneapolis, Minn. 

Maracaret C. Packer, A.M. (Brown). Instr., math. and physics, Hood College, Frederick, Md. 

N. A. Parritto, Ph.D. (Johns Hopkins). Dean and prof. of math., Randolph-Macon Woman’s 
Coll., Lynchburg, Va. 

J. E. Reppen, A.B. (Furman Univ.), B.S. in C.E. (Clemson Coll.). Asst. prof., John Tarleton 
Agric. Coll., Stephenville, Tex. 

Artuur Titty. Instr., Washington Square Coll., N. Y. Univ., New York, N. Y. 

Mary Ruts Waatey, A.B. (Smith). Instr., St. Agnes School, Albany, N. Y. 


To Institutional Membership. 


WESTERN CoLLEGE FOR WoMEn, Oxford, Ohio, Prof. Harriet E. Schoonmaker, Official repre- 
sentative. 


100 MATHEMATICAL ASSOCIATION OF AMERICA. [ March-April, 


The following have been appointed associate editors of the Montuty for 
the year 1923: 


N. H. ANNING B. F. FINKEL R. B. McCiLenon 
R. W. Burcesss TOMLINSON Fort C. N. MILs 
EK. L. Dopp D. C. GILLESPIE F. B. MurNAGHAN 
Otto DUNKEL C. F. GumMMER D. E. Suita 


Professor H. L. Rretz was appointed to be the representative of the Associa- 
tion in the Division of Physical Sciences, National Research Council, for the 
three-year term beginning June 11, 1923, in succession to Professor E. R. Hedrick. 

It was voted to hold the annual meeting next December at the University 
of Cincinnati in affiliation with the American Association. The incoming 
President was empowered to appoint the necessary committees for the summer 
meeting, and an announcement of the place and time will be made as early as 
possible. Professor A. D. Prrcuer and the Secretary were appointed as repre- 
sentatives of the Association on the Council of the American Association for the 
year 1923. 

Professor R. C. ARCHIBALD was appointed to the vacancy for the term ending 
January 1925, caused by the election of Professor Eisenhart as a vice-president. 

The Trustees appointed the following persons for the year 1923: 
Secretary-Treasurer: W. D. Cairns. 

Librarian: L. C. KARPINSKI. 

Members on Committee on Official Journal: J. L. Cootipaz, W. B. Forp, and 
H. E. SLAUGHT. 

Assistant Secretary: C. H. YEAToN. 

Assistant Librarian: Mary E. SINCLAIR. 


ANNUAL Business MEETING OF THE ASSOCIATION. 


The Secretary-Treasurer announced the names of those elected to membership 
by the Board. He reported also the death of the following members: 
FREDERICK ANDEREGG, Professor of mathematics, Emeritus, Oberlin College 

(October 9, 1922); 

W. W. Beman, Professor of mathematics, University of Michigan (January 

18, 1922); 

C. L. Bouton, Associate professor of mathematics, Harvard University (February 

20, 1922); 

C. A. Fiscuer, Professor of mathematics and astronomy, Trinity College, Hart- 

ford, Conn. (December 7, 1922); 

ANGELO HALL, Professor of mathematics, U.S. Naval Academy (April 14, 1922); 
JAMES McMaunon, Professor of mathematics, Emeritus, Cornell University 

(June 1, 1922); 

C. M. Notanp, Professor of mathematics, Howard Payne College, Brownwood, 

Texas (October 2, 1922); | 
B. F. Stmonson, Professor of mathematics, Upper Iowa University (February 

27, 1922). 
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The election of officers for the year 1923 was conducted by mail, and in person 
at this meeting, as provided in the By-Laws. The tellers reported the result 
of the balloting as follows: 

For President: R. D. Carmichael, 223 votes; H. L. Rietz, 179 votes. 

For Vice-Presidents: A. A. Bennett, 173 votes; A. B. Chace, 256 votes; L. P. 
Kisenhart, 186 votes; B. F. Finkel, 176 votes. 

For additional members of the Board of Trustees (to serve until January, 1926): 
C. F. Gummer, 223 votes; Dunham Jackson, 226 votes; N. J. Lennes, 116 
votes; E. H. Moore, 277 votes; R. E. Moritz, 180 votes; Clara E. Smith, 
217 votes; Oswald Veblen, 188 votes; J. W. Young, 215 votes. 

The following were accordingly declared elected: 

President: R. D. CarmicHaEL, University of Illinois. 

Vice-Presidents: A. B. Cuace, Brown University; L. P. Ezisenaart, Princeton 
University. 

Additional members of the Board of Trustees: C. F. GumMER, Queen’s University; 
DuNHAM JACKSON, University of Minnesota; E. H. Moors, University of 
Chicago; Ctara E. Smiru, Wellesley College. 

The Secretary-Treasurer made his financial report for the year, giving an 
account of all the business transacted for the Association, up to December 5th, 
1922. This report has been audited by a committee consisting of Professors 
A. D. Prrcner, C. E. Wiuper, and H. E. Staucur. The financial report is 
printed in full below: 


REPORT OF THE SECRETARY-LTREASURER AS TREASURER, Dec. 5, 1922. 


RECEIPTS. 

Balance Dec. 6, 1921............ $ 4,013.98 Sale copies of MonTHLY 53.00 
1920 indiv. dues........ $ 15.00 Sale of old typewriter... 15.00 
1920 instit. dues....... 5.00 Advertising............ 341.50 
1921 indiv. dues........ 234.89 Refund from Editor-in- 
1921 instit. dues........ 38.25 Chief’s office......... 25.00 
1921 subscriptions...... 10.50 Sale of Register........ 245.50 
1922 indiv. dues........ 4,822.45 Interest State Svgs. Bk.. 100.12 
1922 instit. dues....... 586.00 Interest Peoples Bk..... 90.39 
1922 subscriptions...... 734.41 Interest Liberty Bds.... 34.38 
Contribution to 1922 ex- —_—_____——- 

penses...........00. 413.00 Total 1922 receipts.............. $ 7,966.39 
Initiation fees.......... 202.00 

EXPENDITURES. 

Publisher’s bills (Oct.-Dec. ’21, Feb., Part expense Register..... 72.50 

Apr., May 722) .............00. $3,169.87 Printing..............06. 272.48 
Manager’s office....... 0.2.0.0 ce eee 26.53 Toronto meeting.......... 63.75 
Editor-in-Chief’s office............ 956.66 Rochester meeting........ 52.78 
Secretary-Treasurer’s office: Paid copies of Montaiy... 24.70 
Postage..... 0.2... ee eee $205.19 Refund on subscriptions... 238.05 
Bond...........ceceeeees 5.00 Library expense.......... 54.90 
Safety deposit (2 yrs.)..... 8.00 Paid to sections from initia- 
Office supplies............ 28.60 tion fee......... ce eee 38.91 
Typewriter............6. 87.64 
Express, tel., etc.......... 41.23 $1,333.98 
Clerical work............. 355.25 
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Total assets to the end of 1922 Annals subvention.............6. 100.00 
DUSINESS... 0.0.0... cee cee ee ees $11,980.37 ——__—_— 
Total expenditures.............. 5,587.04 Total expenditures............... $5,587.04 
Cash on hand.................06. 34.13 

Balance to the end of 1922 bus- Checking account. ............... 372.12 
INCSS... eee eee ees $ 6,393.33 State Savgs. Co. account.......... 2,796.06 
Peoples Bkg. Co. account......... 2,597.42 

Received on 1923 and later bus- Liberty Bond.................... 500.00 
MESS... eee ee eee ee eee ee 406.40 U.S. Treasury Note.............. 500.00 
Book balance Dec. 5, 1922........ $ 6,799.73 Bank balance Dec. 5, 1922........ $6,799.73 


As a separate fund, there was received on the Carus Fund $1,200.00, which, 
with the interest accruing at 4 per cent., compounded quarterly, amounts at 
present tO... cee eee eee nee een eens $1,236.36 

When the accounts were closed on December 5, 1922, in order to furnish the 
auditing committee a complete record, there remained on the total business for 
the year 1922 the following items: 


BILLS RECEIVABLE. BILuts PAYABLE. 
(Either paid or estimated.) 
1922 indiv. dues unpaid............. $ 90.00 

1922 instit. dues unpaid............ 42.00  Publisher’s bills (7 issues @ $500.00) $3,500.00 
Advertising. ... 0.0.0... cece eee 230.00 Register............. 0c cece eens 590.00 
Interest Liberty Bond.............. 10.00 Manager’s office................4. 30.00 
Interest U. 8. Treasury Note........ 11.00 Editor-in-Chief’s office............ 150.00 
———- Other editor’s postage............ 20.00 
$383.00 Committee on Membership........ 55.00 
Secretary-treasurer’s office......... 185.00 
Annals subvention for 1922........ 200.00 
Init. fees due to sections.......... 100.00 

Printing annual ballots, programs, 
CF a 150.00 
$4,980.00: 


If to the balance on 1922 business shown in this report, $6,393.33, there be 
added the amount of bills receivable, $383.00, and there be subtracted the 
estimated amount of bills payable, $4,980.00, there results an estimated final 
balance on 1922 business of approximately $1,800.00. ‘The corresponding 
estimated final balance one year ago on 1921 business was $1,530.00. That a 
surplus rather than deficit will evidently result from the year’s business is due to 
the generous gift of $400.00 made by Chancellor Chace of Brown University, a 
contribution much appreciated by the Board of Trustees and by all the members 
of the Association. Your officers are continually endeavoring to keep the ex- 
penses of the Association as low as possible consistent with effective work, and 
it is their hope that the members will support the Association by continuing their 
own membership and by urging others to become members. 
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ANNOUNCEMENT FOR THE ASSOCIATION. 


The summer meeting of the Association will be held by invitation at Vassar 
College on Wednesday afternoon and Thursday, September 5 and 6, 1923, in 
conjunction with the summer meeting of the American Mathematical Society. 

The following persons and institutions, on applications duly certified, have 
been elected to membership in the Association since the annual meeting: 


To wndindual membership. 


J. W. ALEXANDER, Ph.D. (Princeton). Asst. prof., Princeton Univ., Princeton, N. J. 

Sr. M. Ancrtica, Ph.D. (Fordham). Head of dept. of math., St. Joseph Coll., Brooklyn, N. Y. 

W.L. Ayres. Stud. Instr., Southwestern Univ., Georgetown, Tex. 

Guapys Banss, A.B. (Butler). Instr., Butler Coll., Indianapolis, Ind. 

ALLEN Bercer, A.M. (Peabody). Prof., Southeastern State Teachers Coll., Durant, Okla. 

HaroiD Buair, B.S. (Mich.). Western State Normal Coll., Kalamazoo, Mich. 

_E. C. Biuom, A.M. (Missouri). Prof., Des Moines Univ., Des Moines, Iowa. 

F, A. BRaNDNER, B.S. (Kan. State Teachers Coll.). Instr., la. State Coll., Ames, Iowa. 

Myrtie C. Brown, A.M. (Texas). N. Texas State Normal Coll., Denton, Tex. 

J. G. Burke, A.M. (Mt. St. Mary’s). Vice-pres., Mt. St. Mary’s Coll., Emmitsburg, Md. 

Sr. Mary B. Cuarxe, A.M. (Cath. Univ. of Amer.). Prof., Loretto Coll., Webster Groves, Mo. 

E. McC. Craytor, B.S. (Citadel). Instr., Univ. of the South, Sewanee, Tenn. 

R. L. CorneEtet, Instr., Boehm Academy, Westerville, Ohio. 

C. W. Dancer, A.M. (Ohio St. Univ.). Instr., Univ. of the City of Toledo, Toledo, Ohio. 

R. G. Demareg, M.S. (Chicago). Prof., Wesleyan Coll., Winchester, Ky. 

L. S. Demavup, A.B. (Missouri). High School, Oklahoma City, Okla. 

Water Denston, B.A. (Cambridge). Asst. prof., Kenyon Coll., Gambier, O. 

, H. E. Dicxey, A.B. (Cornell). Prin., High School, Fontanelle, Iowa. 

J. S. Donacuuo, A.M. (Marietta). Prof., Univ. of Hawaii, Honolulu, T. H. 

V. H. Dovsuxesss, A.M. (Lafayette). Instr., Lafayette Coll., Easton, Pa. 

W. H. Durres, M.C.E. (Harvard). Asst. prof., Hobart Coll., Geneva, N. Y. 

ANNIE D. Duruam, A.B. (Tex. Presby. Coll.). Instr., Texas Presbyterian College, Milford, Tex. 

J. M. Haru, A.B. (Carleton). Instr., Mich. Agri. Coll., E. Lansing, Mich. 

R. M. Exuiort, B.S. (Pacific Coll.). Instr., Univ. of Ore., Eugene, Ore. 

Hat Fox, B.S. (Miss. A. & M. Coll.). Asso. prof., Miss. A. & M. Coll., Agricultural College, Miss. 

O. A. Grorcs, A.M. (Minn.). Head of dept. of math., High School and Jr. Coll., Mason City, 
Towa. 

L. O. GHorRMLEY, Ph.B. (Wooster). Instr., Univ. of Tenn., Knoxville, Tenn. 

MILprRED A. GIESECKE, B.S. (Northwestern). Chicago, Il. 

A. E. Gant, M.S. (Chicago). Instr., Bradley Poly. Inst., Peoria, III. 

H. E. H. Green ear, B.S. (Boston). Depauw Univ., Greencastle, Ind. 

J. M. Gurtutisms, A.B. (Central Nor. Coll.). Teacher, Berea Normal School, Berea, Ky. 

I. J. Gwinn, A.B. (Morningside). Instr., Morningside Coll., Sioux City, Ia. 

Hitter Harrerin, A.M. (Columbia). Asso. prof., Texas A. & M. Coll., College Station, Texas. 

Emma E. Hanruorn, A.B. (Nebr.). Teacher, State Teachers Coll., Kearney, Nebr. 

Bertua I. Hart, A.B. (W. Md. Coll.). Instr., Western Md. Coll., Westminster, Maryland. 

R. N. Hasxetz, B.S. (Chicago). Instr., Mich. Agric. Coll., E. Lansing, Mich. 

D. A. Hatrcu, Eng. of Mines (Lafayette). Asst. prof., Lafayette Coll., Easton, Penn. 

Juuia L. Hawkins, B.S. (Chicago). Instr., Okla. Coll. for Women, Chickasha, Okla. 

JEANETTE Henna, A.B. (Westhampton). Teacher, Marion Coll., Marion, Va. 

C. E. Hitz, Ph.D. (Stockholm). Instr., Princeton Univ., Princeton, N. J. 

G. G. Hupparp, A.B. (Oberlin). Asst. prof., Colo. School of Mines, Golden, Colo. 

Daniexi Hut, M.S. (Notre Dame). Prof., Univ. of Notre Dame, Notre Dame, Ind. 

H. E. Hunrer, M.S. (Illinois). Asst. prof., State Man. Training School, Pittsburg, Kans. 

P. M. Inorr, A.M. (Mich.). Instr., State Teachers Coll., Chico, Calif. 

Frances H. Jacxson, A.M. (Columbia). Head of dept. of math., Salem Coll., Winston-Salem, 
N.C. 


104 ANNOUNCEMENT FOR THE ASSOCIATION. | March—April, 


W.C. Janes, A.M. (Nebr.). Instr., Kans. St. Agri. Coll., Manhattan, Kan. 

ABIGAIL Ee Jounson, B.S. (Columbia). Head of dept. of math., H.S., Morristown, N. J. 

F. E. Jounston, A.B. (George Washington). Asst., Univ. of Ill., Urbana, III. 

Katruryn M. Kennepy, A.B. (Ind. State Normal). Normal Training School, Terre Haute, Ind. 

C. D. Kittesrew, M.S. (Ala. Poly. Inst.). Prof., Ala. Poly. Inst., Auburn, Ala. 

D. O. Kimz, M.S. (Univ. of Ill.). Western Union Coll., Le Mars, Ia. 

KE. B. Kirk, B.S. (Louisville). Grad. stud., Harvard Univ., Cambridge, Mass. 

M. M. Levitra, A.M. (Univ. of Penn.). Instr., Temple Univ., Phila., Penn. 

W. F. Lone, A.B. (Franklin & Marshall). Prof., Franklin and Marshall Coll., Lancaster, Penn. 

C. A. Lovetu. Instr., Mississippi Coll., Clinton, Miss. 

G. A. Lyte, B.S. (Hampden-Sidney). Instr., Lehigh Univ., Bethlehem, Penn. 

A. C. Mappox, A.M. (Columbia). Prof., State Normal Coll., Natchitoches, La. 

Sr. B. M. Masxetu, A.B. (Coll. of St. Elizabeth). Teacher, Coll. of St. Elizabeth, Convent Sta- 
tion, N. J. 

T. B. Mason, Ph.D. (Indiana). Asso. prof., Purdue Univ., LaFayette, Ind. 

Exzen M. McMicuaszu, A.B. (Rockford). Head of dept. of math., Blackburn Coll., Carlinville, 
Ill. 

Sr. Mercepss, A.B. (St. John’s). Teacher, Central Catholic High School, Toledo, Ohio. 

J.S. Morrez, A.B. (Southwestern). Instr., Univ. of Tenn., Knoxville, Tenn. 

F. H. Murray, A.M. (Harvard). Instr., Univ. of W. Va., Morgantown, W. Va. 

Emma J. Otson, A.B. (S. Dak.). Asst. prof., Tex. State Coll. for Women, Denton, Tex. 

P. C. Overstreet, A.B. (Asbury). Central Holiness Univ., University Park, Ja. 

L. M. Passano, A.B. (Johns Hopkins). Asso. prof., Mass. Inst. Tech., Cambridge, Mass. 

Epita M. Perry, A.M. (Okla.). Asst., Extension Dept., Univ. of Okla., Norman, Okla. 

O. J. Pererson, A.M. (Michigan). Instr., Univ. of Mich., Ann Arbor, Mich. 

Jesse Prerce, B.S. (Idaho). Asso. prof., James Millikin Univ., Decatur, Il. 

Mary G. Porsg, L.I. (Winthrop). Instr., Winthrop Coll., Rock Hill, §. C. 

A. G. Rav, Ph.D. (Moravian). Prof., Moravian Coll., Bethlehem, Penn. 

Minna E. Resse, B.S. (Northwestern). Hubbard, Iowa. 

Lena E. Reynotps, A.M. (Calif.). Head of dept. of math., H. S. & Jr. Coll., Fullerton, Calif. 

L. V. Roptnson, A.M. (Texas). Head of dept. of math., Meridian Coll., Meridian, Tex. 

D. 8. Saunp, A.M. (Calif.). Berkeley, Calif. 

H. L. Surrtey, A.B. (Indiana). Instr., Univ. of Nevada, Reno, Nev. 

C. S. Suivety, Ph.D. (Denver). Prof. Juniata Coll., Huntingdon, Penn. 

JosEpH Spear, A.B. (Harvard). Prof., Northeastern Univ., Boston, Mass. 

D. V. Steep, Ph.D. (Calif.). Asst. prof., Univ. of South. Calif., Los Angeles, Calif. 

C. G. T. Sriez, A.B. (Michigan). Instr., Univ. of 8. Dak., Vermillion, 8. Dak. 

C. E. Strout, B.S. (Heidelberg). Instr., Heidelberg Univ., Tiffin, O. 

Epits M. Swanson, A.B. (Minn.). Instr., Univ. H. 8., Vermillion, 8. Dak. 

Carrie B. TauiaFrerRO, B.S. (Columbia). Asso., State Normal School, Farmville, Va. 

H. W. Tayuor, A.M. (Kansas). Dept. of phys., Coll. of Emporia, Emporia, Kan. 

Rev. Jonn THEOBALD, A.B. (Columbia Coll.). Columbia Coll., Dubuque, Ia. 

W. M. Tuornton, LL.D. (Hampden-Sidney). Dean of engg., Univ. of Va., University, Va. 

J.T. VALLANDINGHAM, A.B. (Georgetown). Prof., Cumberland Jr. Coll., Williamsburg, Ky. 

C. A. VaNVeEtzER, Ph.D. (Hillsdale). Prof., Carthage Coll., Carthage, III. 

Martaa W. Watt, A.M. (Columbia). Asst. prof., Wheaton Coll., Norton, Mass. 

E. A. Wurrman, A.M. (Pittsburgh). Instr., Carnegie Inst. Tech., Pittsburgh, Penn. 

C. 8. Warrney, A.B. (Okla.). Grad. stud., Univ. of Okla., Norman, Okla. 

W. E. Wizsur, M.S. (Maine). Instr., New Hampshire Coll., Durham, N. H. 

W. P. Yancey, A.M. (Woodstock). Prof., St. Ambrose Coll., Davenport, Ia. 

P. R. Yoprr, A.M. (Univ. of Kan.). Prof., Blue Ridge Coll., New Windsor, Md. 


To institutional membership. 


Caurrornia Instirute or TEcHNOLOGY, Pasadena, Calif. Prof. P. S. Epstein, Rep. 
CotumBia CoLuEGE, Dubuque, Ia. Rev. E. D. Howard, Rep. 

La. Stare Norma Couiece, Natchitoches, La. Prof. A. C. Maddox, Rep. 

Sr. Viator Coxttece, Bourbonnais, Ill. Prof. J. R. Plante, Rep. 


W. D. Carrns, Secretary-Treasurer. 
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NINTH REGULAR MEETING OF THE KANSAS SECTION. 


The ninth regular meeting of the Kansas Section was held at the Central 
High School, Topeka, Kansas, January 20, 1923, in connection with a meeting of 
the Kansas Association of Mathematics Teachers. Two sessions were held, 
the first of which was a joint session with the Kansas Association. Professor 
W. H. Garrett presided at the first session and Professor A. E. White at the second. 

The attendance was sixty-two, including the following twenty-three members 
of the Association: 

Florence Black, W. H. Garrett, W. A. Harshbarger, T. B. Henry, Emma 
Hyde, S. Lefschetz, C. F. Lewis, T. Lindquist, O. B. Loewen, Anna Marm, U. G. 
Mitchell, Thirza Mossman, P. Pretz (institutional representative), B. L. Remick, 
D. H. Richert, J. A. G. Shirk, G. W. Smith, E. B. Stouffer, W. T. Stratton, H. G. 
Titt, Eula Weeks, J. J. Wheeler, A. E. White. 

The following officers were elected for the coming year: Chairman, Professor 
Linpquist; Vice-Chairman, Professor Tirr; Secretary-Treasurer, Professor 
MITCHELL. 

The following papers were presented: 

(1) “The development of the junior high school movement in Kansas and its 
effect on the efficiency of mathematics instruction in the seventh, eighth and 
ninth grades” by Professor T. LINDQUIST. 

(2) “The National Committee’s report on the reorganization of secondary 
mathematics” by Dr. Euta A. WEEKS. 

(3) “Some peculiar limiting functions and their graphs’’ by Professor G. 
W. SMITH. 

(4) “The teaching of unified mathematics” by Professor P. PRETz. 

(5) “The area of a cone having an elliptical base’ by Miss TuHrrza Mossman. 

(6) “A new method of determining sufficient conditions for real roots of 
equations” by Miss Wreattuy Bascock, (by invitation). 

(7) “A'map of sinh z” by Professor T. B. Henry. 

At the joint session there was a general discussion of the topic “Should the 
State Board of Education recognize the existence of the junior high school 
system in the state?’’ and it was voted to appoint a committee of three to work 
for the standardization of junior high school mathematics in the state. 

After the presentation of each paper there was a general discussion. Ab- 
stracts of the papers are given below, the numbers corresponding to numbers in 
the list of titles: 

1. Professor Lindquist brought out the following facts: (a) the first junior 
high schools in Kansas were organized in 1911; (&) of 61 cities with population 
above 2000 which replied to a questionnaire in 1921, 22 reported using the 6-3-3 
plan, 21 the 6-2-4 plan and 18 no junior high school organization; (c) schools 
using the 6-3-3 plan reported 9200 junior high school pupils and those using the 
6-2-4 reported 5000; (d) this indicates that 64 per cent. of the junior high school 
pupils in Kansas are in schools which have a three-year junior high school course. 
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Since a number of cities known to have junior high schools failed to answer the 
questionnaire, 20,000 is a conservative estimate of the number of pupils attending 
junior high schools in Kansas in 1921; (e) nearly all of the teachers in the junior 
high schools of the state have had at least two years of college training and about 
one half hold bachelor’s degrees. 

2. Dr. Weeks gave a general résumé of the work of the National Committee 
and emphasized especially the need for reading, discussion and criticism by 
teachers of the work of the Committee, if its reports are to be most valuable. 

3. Professor Smith showed that expressions can be set up, the limit of which 
represents a certain function f(x) for 0 = a < a and another function g(x) for 
>a. By properly introducing Va? — 6? and Vc? — 2? he set up expressions 
which have real values only in the interval b= a= c. Many examples were 
given and for some of these several of the approximation curves were plotted. 

4. Professor Pretz stated that the teaching of unified mathematics is an issue 
in the field of education that must be met and judged on its merits by the teachers 
of mathematics themselves. On the basis of his own experience and the ex- 
perience and opinions of others he believed that unified courses can be taught 
successfully in both secondary schools and colleges. He advocated the teaching 
of unified mathematics, chiefly because he believed the unified scheme to be more 
broadly scientific than other plans. The proper preparation of teachers of unified 
courses was emphasized. 

5. The lateral area of a cone whose base is an ellipse can be expressed as an 
elliptic integral. Ifthe vertex of the cone is over the principal axis of the ellipse, 
the area is computable. This area is in general represented by an elliptic integral, 
but in the special cases of the right circular cone, the cone of zero altitude, and 
the cone whose vertex lies on a certain hyperbola in a plane vertical to the base, 
the area integral is non-elliptic. 

6. Miss Babcock outlined a method of determining conditions to be placed 
upon the coefficients of an equation such that the roots of the equation would be 
real. The general symmetric determinant of order equal to the degree of the 
equation was expressed in terms of its coaxial minors of the first and second 
orders, and these minors then expressed in terms of the coefficients of the equation, 
so that, as a result, the equation was expressed in the form of a symmetric de- 
terminant. Conditions to be placed upon the coefficients of the equation, 
sufficient to make the roots real, may be determined from this symmetrical 
determinant form of expression. These conditions were given for equations of 
the third and fourth degrees. 

7. Professor Henry presented a comprehensive discussion of the conformal 
representation of hyperbolic functions of a complex variable, with graphic repre- 
sentations of the results obtained. 


U. G. Mircue.ny, Secretary-Treasurer. 
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HISTORICAL-MATHEMATICAL PARIS. 
By DAVID EUGENE SMITH, Columbia University. 


I. Ive pE LA CITE AND THE VOLTAIRE-CHATELET PARIS. 


The World War has naturally turned the steps of many of our advanced 
students to the paths their intellectual ancestors trod soon after the American 
and French revolutions, namely, to Paris. There will still be large numbers who 
go to Germany and England, and many who go to Italy, but for some years to 
come it is probable that Paris will attract American students more than it ever 
has in the past and more than any other single city of Europe. For these students, 
and for the more casual visitor of mathematical tastes as well, this article has 
been prepared in the hope that new interest may be added to their sojourn in 
what is, all things considered, the most attractive city of the world. Having 
spent much time there during repeated visits spread over a period of more than 
forty years, I have naturally come to know a considerable number of the places 
of mathematical interest, and my collection of autograph letters of those who 
have made the science what it has become in the last three or four centuries has 
supplied considerable information as to where the various writers and their 
correspondents lived and labored and died. I have also been aided by such 
works as those of the learned M. Cain (for example, his Promenades dans Paris) 
and by the more detailed but less well-written work of the Marquis de Rochegude 
(Promenades dans toutes les Rues de Paris), but I have naturally selected only a 
few of the many spots of historic interest that anyone could readily find if he 
should attempt such a pretentious piece of work as a book upon the subject. 
In many cases the houses mentioned are still standing, as, for example, two on 
the Rue de Bac and one on the Rue de Lille, but in any event the mere location 
has enough interest to make some reference to it worth while. 

Beginning with the most ancient part of the city,—the Lutetia of Cesar’s 
time, now a part of the Ile de la Cité, upon which Notre-Dame stands,—we may 
turn to that little gem of Gothic architecture, the Sainte-Chapelle in the ancient 
Palais de Justice. It was constructed in 1245-1248 by Saint Louis as a fitting 
receptacle for the Crown of Thorns and a portion of the True Cross, and it seems 
to have had as one of its canons Rollandus, whose general treatise on mathematics, 
written c. 1425, has come down to us in manuscript copy.’ 

On the north side of the Palais de Justice, and entered from the Quai de 
l’Horloge, is the Conciergerie, the most ancient prison of the city. It was here 
that Jean Silvain Bailly? was confined before his execution in the Reign of Terror. 
While he was still in favor of the revolutionists he was mayor of Paris, although 
carrying on his studies in mathematical astronomy, and lived in the Hotel de la 
Mairie which stood where is now No. 14 of the Rue des Capucines, a street which 
runs from the Rue de la Paix to the Boulevard des Capucines. He also lived for 
a time at No. 21 (old numbering) of the Rue de Chaillot, once the principal street 


1 This copy is now in the library of Mr. George A. Plimpton, New York City. 
2 Born in Paris, Sept. 15, 1736; guillotined Nov. 12, 1793. 
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of the village of Chaillot, the Colloelum of the 11th century, but now a residential 
section southeast of the Arc de Triomphe de l’Etoile, so called to distinguish it 
from the Arc de Triomphe du Carrousel. It was on July 17, 1791, that he and 
Lafayette directed the charge on a mob which had demanded the surrender of 
the king. After his execution (1793) in the Place de la Concorde! his body was 
buried in the ancient cemetery (1659-1865) of the Madeleine, now (since 1865) 
the Square Louis-X VI, on the Rue Pasquier, a little south of the Gare Saint- 
Lazare. 

If we rank Voltaire? in our guild because of his work on the philosophy of 
Newton,* we shall naturally find many spots in Paris connected with his name, 
and portraits and statues in great number and often of much excellence. The 
present Rue Moliére, running from the Avenue de |’Opéra to the Rue Richelieu, 
for example, was once the Rue Traversiére, and at the old number 25 was a house 
which was rented to the Marquise du ChAtelet,* and there Voltaire lived for 
some time, setting up a little theatre for his plays. Around the corner, at No. 8 
of the Rue de Richelieu, the street on which the Bibliothéque Nationale fronts, 
was the café of Charlotte Bourette, who was known as the Muse Limonadiére, 
and whom Voltaire esteemed for her wit. Farther up the Rue de Richelieu, 
at No. 102, stood a house which Voltaire owned and in which his niece, Mme. 
Denis, lived after the death of the Marquise du Chatelet. Next door, at No. 100, 
stood the house of Voltaire’s friend, Mme. de St. Julien, whom he often visited. 
Voltaire also lived (1732 and 1733) at what is now, No. 20, Rue de Valois, in the 
same vicinity, east: of the Palais Royal. Not far from here, at No. 161, Rue 
Saint-Honoré, is the Café de la Régence, which I well recall as still prominent in 
the artistic life of Paris when I was a boy. Its predecessor stood a little to the 
east, at the Place du Palais Royal, and was frequented by Voltaire as well as by 
Benjamin Franklin, Diderot, Napoleon, and other makers of history. Over on 
the [le Saint-Louis, at No. 2, on the Rue Saint-Louis-en-!’[le, is the hétel (man- 
sion) of Nicolas Lambert de Thorigny, sometime president of the Cour des 
Comptes, built in 1680. The Marquise du Chatelet lived there for a time, and 
Voltaire was, as usual, a guest of the house. His sister, Mme. Mignot, mother 
of Mme. Denis (to whom Voltaire was greatly attached), lived at No. 133, Rue 
Saint-Antoine, a continuation of the Rue de Rivoli and leading into the Place 
de la Bastille. Although the Bastille has long since ceased to exist,?> when the 
wanderer stands upon its ancient site he may reflect that Voltaire was twice 
imprisoned there,® for his rash utterances on the rights of man. Voltaire was 
baptized (1694) in the church of Saint-André-des-Arcs, which was built in 1210. 

1 The guillotine was at the entrance to the Champs Elysées. 

2 Francois Marie Arouet, who took the name of Voltaire (anagram on Arouet le jeune = 
Arovet |. i.); born at Paris, November 21, 1694; died at Paris, May 30, 1778. 

3 Klémens de la philosophie de Neuton, Amsterdam, 1738. Compare this Monruty, 1921, 
oe : Gabrielle Emilie Le Tonnelier de Breteuil, born at Paris, December 17, 1706; died at 
Commercy, September 10, 1749. She spelled her married name in the full form,—Chastelet. 


5 The upper part of the Pont de la Concorde was built from the stones of the Bastille. 
6 In 1717 and 1726, more than sixty years before its destruction. 


1923. | HISTORICAL-MATHEMATICAL PARIS. 109 


It stood on the present Place Saint-André-des-Arts,! near the Point Saint- 
Michel, and was demolished about 1800. In 1793 it became the Temple de la 
Révolution. Voltaire once worked as a clerk in the office of Maitre Alain, No. 1, 
Rue des Grands-Degrés, so called from the steps leading down to the quai, and he 
became a mason in the lodge of the Neuf Soeurs which stood at No. 80 of the Rue 
Bonaparte; but the atmosphere of the Quartier Latin was perhaps not so well 
suited to his maturer years, although he lived for a time in Rue Mazarine and 
in 17438 was living at No. 23, Rue Fontaine Moliére. He died in the house of the 
Marquise de Villette, at No. 27, Quai Voltaire, as an inscription states. The 
present name of the quai, formerly the Quai des Théatins, was given in memory 
of this event, as was that of the Rue Voltaire which branches off at No. 211. 
His final resting-place is appropriately in the Panthéon, the Valhalla of France. 

As to busts, bas-reliefs, and statues of Voltaire, Paris has been over-generous. 
Houdon’s bust in the Comédie Francaise is the best known, but the statue by 
Caillé (1885) on the Quai Malaquais is also familiar to every visitor to the book- 
stalls on the Rive Gauche. 

As to the Marquise du Chatelet * and her family, Tonnelier de Breteuil, there 
are various interesting spots connected with each. The family owned a hétel at 
No. 14, Rue Portefoin, a little to the southeast of the Conservatoire des Arts et 
Métiers. They also owned (1760) a place at No. 56, Rue des Francs-Bourgeois, 
near the Palais des Archives Nationales, and somewhat earlier (1728) one at 
No. 4, Place des Vosges, on the same street. In 1752 the marquise was living 
at No. 18 of the same Place. 


Il. THe Quartier LATIN. 


Returning in our wanderings to the Quartier Latin, and to names more 
mathematical, at No. 1, Rue de la Sorbonne, Hermite? died in 1901, and on the 
walls of the Eglise de la Sorbonne is his médaillon. At No. 2 of the Rue Rollin, 
which opens on the west side of Rue Monge, Pascal + died, as an inscription 
states, at the house of his sister, Marguerite Périer, who afterward wrote his 
biography. Descartes lived at No. 14 of the same street. A little to the south, 
parallel to and east of Rue Monge, is the Rue de la Clef where, at No. 38, Monge® 
lived for a time. He also lived in Rue de Dragon, a little to the west of Saint- 
Germain-des-Prés and to the south of Boulevard Saint-Germain. One of the 
letters ® written from Linz, when he was with Napoleon on the Austrian campaign, 
is addressed to Madame Monge at “Rue neuve Belle chasse No. 3,” the Rue de 
Bellechasse (formerly Belle Chasse). The part between the Rue Saint-Domi- 

1 The change from arcs to arts is relatively recent. 

2 Compare this MonTuiy, 1921, 368-369. 

3 Charles Hermite (1822—1901), who proved the transcendence of e. 

4 Blaise Pascal, born at Clermont-Ferrand in 1623; died at Paris in 1662. 

5 Gaspard Monge, born. at Beaune in 1746; died at Paris in 1818. He is known chiefly ‘or 
his work in descriptive geometry. 


6 Whenever such letters are mentioned it is to be understood that they are at present in t 
author’s collection. 
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nique and the Rue de Grenelle was formerly called Rue Neuve Belle Chasse. It 
seems, from the old maps, that this house stood at the corner of the present Rue 
Saint-Dominique. Monge also lived for a time at Nos. 7-9, Rue Bonaparte, 
as stated later. 

To the west of Rue Monge, and nearly parallel with it, is the Rue d’Ulm 
which runs from the Panthéon south to Rue Claude Bernard. At No. 43, Rue 
d’Ulm, is the Ecole Normale Supérieure, founded in 1795 and occupying the 
present building since 1847,—an institution with which have been connected 
many mathematicians of prominence, Jules Tannery being one of the last of those 
who have now passed away. At the next corner to the north and east of this 
school the Rue Lhomond continues the line of the Rue des Fosses Saint-Jacques. 
It was formerly called the Rue des Postes, and a letter was written from this 
street by Pierre Bouguer! on October 31, 1750. The first street to the north is 
now known as the Rue de |’Estrapade, known a century ago as the Rue de la 
Vieule-Estrapade, so called from the estrapado or strappado punishment there 
inflicted upon soldiers in early times. At No. 11, in a mansion still standing, 
there lodged Georges Marie Raymond,’ professor of mathematics in Geneva, 
whose contributions to algebra appeared frequently in Gergonne’s Annales. 

At No. 9 of the Quai Malaquais, which extends westward from the Palais de 
l'Institut, Legendre? lived for four years (1809-1813). The building stands next 
to the Ecole des Beaux Arts, on what was formerly part of the grounds of the 
ancient Abbey of Saint-Germain-des-Prés. Before this he lived at No. 12, Rue 
Condé, a street running north from the Palais du Luxembourg, one of his letters 
having been written from there in 1804. 

Near the Pont Saint-Michel, and west ‘of the Boulevard, is the Rue Saint- 
André-des-Arts, dating from 1179,—formerly Saint-André-des-Ares. At No. 52 
of this street, a fine old mansion at the corner of Rue des Grands Augustins, 
Joseph-Louis-Francois Bertrand ‘* was born in 1822. The next parallel street 
to the north is Rue Christine where, in a dignified old mansion at No. 2, Laplace ® 
lived in 1802. It leads to the east into the narrow Rue de Savoie, with numerous 
old houses, where, at No. 13 as an inscription states, Sophie Germain ° died on 
June 27, 1831. 

The Rue Mazarine runs southward from the Institut, and leads into the Rue 
de l’Ancienne Comédie where, at the oldest café in Paris, the Procope (No. 13), 
founded in 1689, d’Alembert, Voltaire, and many others among the intellectuals 
gathered. The café still stands, shorn of its ancient prestige, as is also the case 
with the old Comédie Francaise across the street, at No. 14. 

1 Born in 1698; died at Paris in 1758. He was engaged with Condamine and others on the 
figure of the earth. He contributed to the geometry of curvilinear figures. 

2 Born in 1769; died in 1839. Delambre wrote a letter to him at this address in January, 1822. 

3 Adrien-Marie Legendre, born at Toulouse in 1752; died at Paris in 1833. 

4 He was professor of mathematical physics in the Collége de France and died in 1900. 


5 Pierre Simon Laplace, born in 1749; died in 1827. Known primarily for his work in 
celestial mechanics. 


6 She was born in 1776. She is known for her work on the theory of elastic surfaces. 
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Puissant ! lived in the Rue Mazarine in 1826, as is shown by a letter written 
by Bouvard ? to him in 1826, and Gaston Darboux? lived at No. 3 of the same 
street,—his official residence as secrétaire perpétuel de l’Académie des Sciences. 
Where the Rue Mazarine becomes the Rue de |’Ancienne Comédie the Rue de 
Buci runs to the west, and at No. 19 Mme. Denis, niece of Voltaire, was joint 
proprietor of a residence. In the Rue de Seine, nearly parallel to the Rue 
Mazarine and the best place in Paris for the collector of early mathematical 
portraits, Legendre lived at one time and the widow of the unfortunate Con- 
dorcet * died in 1822. She had lived before that (1812) in the Rue de Penthiére, 
north of the Champs Elysées. At No. 4 of the southern part of Rue Mazarine, 
there called the Rue de Tournon, J. L. F. Bertrand died in 1900, and at No. 12, 
in an elaborate old mansion near the entrance to the Palais du Luxembourg, 
Cauchy ® and Leverrier ® both lived. 

Not far to the east of the Rue de Tournon is the Place de l’Odéon where the 
Café Voltaire was much frequented by Voltaire and his friends. From here to 
the Boulevard Saint-Michel there runs the Rue Racine in which, at No. 30 as an 
inscription states, there died Auguste Comte (1798-1857), the founder of posi- 
tivism, a writer on the philosophy of mathematics, and the editor of some of 
Pascal’s works. 

In Rue Bonaparte, the next street to the west of the Rue de Seine, Monge’ 
lived in the hétel of the Marquis de Parsen (Nos. 7-9),—a building now given 
over to commercial uses. ‘To the west of this street, and extending to the south 
from the church of Saint Sulpice, at No. 15 of the narrow Rue Servandoni with 
its ancient structures, the widow of Francois Vernet, the sculptor,® concealed 
Condorcet while he was writing his Esquisse du progrés de l’esprit humain (1793), 
the last work undertaken by him before he poisoned himself to escape the guillo- 
tine. The old house still stands, bearing a proud inscription of the incident, but 
looking dilapidated enough to conceal with perfect safety any unfortunate seeker 
after oblivion. Just before this, Condorcet lived a short distance away, at No. 71, 
Rue de Lille,»—from 1640 to 1792 known as the Rue de Bourbon, and again by 
the same name from 1814 to 1830. Twenty years before this time Monge wrote 
a letter to Condorcet, addressing it to him “Chez M* le M* d’Essé, Rue de 
Bourbon, St. germain,” but no number was given. It was then one of the most 
fashionable parts of Paris and, being near the Quai d’Orsay, is still a diplomatic 
center. The well-known Rue du Bac crosses this street, and at No. 26 Baron 

‘Louis Puissant, born in 1769; died at Paris in 1843. He wrote extensively on algebra, 
geometry, and geodesy. 

2 Alexis Bouvard (1767-1848) the astronomer. 

3 Born at Nimes, 1842; died at Paris, February 23, 1917. 

* Marie-Jean-Antoine-Nicolas Caritat, Marquis de Condorcet, born at Nemours in 1730; 
died near Paris in 1798. He poisoned himself to escape the guillotine. 

6 Augustin-Louis Cauchy, born at Metz in 1788; died at Paris in 1867. 

6 Urbain-Jean-Joseph Leverrier (Le Verrier, 1811-1877) lived there in 1853. 

7 See page 109. 

8 He died in 1784. 

® The fine mansion may be seen by entering the court. 
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Charles Dupin! died in 1873. The house still stands, and at No. 108, as an in- 
scription states, Laplace died in 1827. It also crosses, farther south, the Rue de 
Sévres where, in a mansion formerly standing at No. 16, Madame de Récamier 
spent the last thirty years of her life and held a notable salon at which all the 
academicians were received. Among those who frequented her house were 
Arago and Ampére, and it is of some interest to know that Victor Hugo was 
baptized there. The building was the ancient Abbaye aux Bois and was de- 
molished in 1908. A few minutes’ walk to the southwest of this locality, and 
near the Gare Montparnasse, is the modern Rue Littré where, at No. 5, Emile 
Lemoine? (1840-1912) lived. 

Few who visit this scholastic and artistic part of Paris fail to enter the Musée 
de Cluny, but probably not many of these recall the fact that the old palace which 
houses it has a mathematical as well as an archeological interest. Lalande 
(1732-1807),* however, lived there for a time, and Charles Messier (1730-1817), 
the astronomer, followed him and died there in 1817, the tower serving at that 
time as the Marine Observatory. It was not until 1833 that M. Du Sommerard 
(1779-1842) installed his great collection there, the government acquiring it ten 
years later. 

The Panthéon, too, is not usually connected in thought with mathematics, 
for the inscription, “Aux grands hommes, la Patrie reconnaissante,” 1s not 
ordinarily associated in the public mind with the mathematicians of the country. 
Nevertheless there is an indirect interest in recalling that it was here, in February 
1851, that Foucault made his experiments relating to the pendulum and the 
rotation of the earth.’ He is not buried here, however, but in the cemetery of 
Montmartre. 

Coming out from the Panthéon we face the Rue Soufflot. At No. 14 there 
stood, from 1217 to 1790, the convent of the Dominicans, or Jacobins, where 
Albertus Magnus‘ taught in the Middle Ages. Around to the right, as one leaves 
the Panthéon, stands the Eglise Saint-Etienne-du-Mont, dating from the 16th 
and 17th centuries, and it is here that Pascal was buried, as is recorded by an 
inscription on a pillar back of the chancel.> Descartes® was also buried here, 
but his remains were later (1819) transferred to Saint-Germain-des-Prés. In the 
Bibliothéque Saint-Geneviéve nearby is the oldest known French algorism, a 
parchment manuscript of c. 1275, but of course the great collection of mathe- 
matical manuscripts is in the Bibliothéque Nationale. 

The Sorbonne lies a little to the northeast of the library of Saint-Geneviéve,— 
not the ancient building which I remember as a boy, and where generations of 


1 Born in 1784; died in 1873. Prominent because of his works on mechanics and differential 
geometry. See this Montaty, 1921, 121. 

2 One of his letters is dated there October 13, 1894. 

3 See this Monrutry, 1921, 207. 

4Count of Bollstadt and bishop of Regensburg. His works include a certain amount of 
astronomy and some mention of Pythagorean arithmetic.” Saint Thomas Aquinas also taught 
there. 

5 See this Montutuy, 1921, 64. 

6 Born at La Haye, March 31, 1596; died at Stockholm, February 11, 1650. 
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mathematicians had taught since the Middle Ages, but the new and imposing 
edifice which has gradually replaced its ancestor during the last forty years. 
Across the Rue Saint-Jacques, to the east, is the Collége de France, where many 
of the greatest of the French mathematicians have taught. The present building 
was completed about 150 years ago. The square in front was formerly called 
the Place Cambray, and a letter of Lalande was written there on October 14, 
1800, the year after the death of Montucla whose history of mathematics he 
edited in its second edition, the letter having probably been written at the collége. 

Three letters of Jean-Nicolas-Pierre Hachette! were written from “Rue 
d’Enfer St Michel n° 31.” The Boulevard Saint-Michel was opened during the 
Second Empire, and its present name dates only from 1867. It was formed by 
straightening and enlarging the ancient Rue de la Harpe, Rue d’Enfer, and other 
minor streets. ‘The Rue d’Enfer was the portion lying south of the present corner 
of the Rue Soufflot. In late Roman times it was the Via Infera (voie inférieure, 
the lower route), a name corrupted as early as the 13th century to Rue d’Enfer 
(hell’s street). The next street to the south of Rue, Soufflot is Rue Royer- 
Collard, known before 1846 as Rue Saint-Dominique-d’Enfer. At No. 15 is 
found the Impasse Royer-Collard (opened in 1590), formerly called the Impasse 
Saint-Dominique. It was here that Hachette probably lived, for another of the 
letters bears the address “Impasse st. dominique d’enfer.’’ Poisson? dates a 
letter from No. 20 of the same street, where he seems to have been living in 1814. 

When Rue Soufflot was completed, in the middle of the 19th century, Rue 
Hiacinte (Hyacinthe) was closed. It ran from the eastern entrance of the 
Luxembourg gardens to the present Rue Saint-Jacques, and Hachette also lived 
here,—at No. 20 in 1814 and at No. 8 in 1830, as is shown by two other letters 
of his. 

Down by the river the Palais de I’Institut, built in 1663, is of course closely 
connected with the history of mathematics, especially in the class of the Académie 
devoted to this subject and physics. D’Alembert,* for example, was the secrétaire 
perpétuel during the latter part of his life. 


(To be concluded in the neat rssue.) 


CYCLIC OPERATIONS ON DETERMINANTS. 
By A. L. CANDY, University of Nebraska. 


“A determinant is not altered in value by adding to all the elements of any 
column (or row) the same multiples of the corresponding elements of any number 
of other columns (or rows).”’ 

This is a well-known theorem that is stated in substantially the same form in 


1 Jean-Nicolas-Hachette (1769-1834), well known for his works on algebra and geometry. 

2 Siméon-Denis, Baron Poisson (1781-1840). He wrote on probability, equations, and the 
calculus. 

’ Jean-Baptiste-le-Rond d’Alembert, born at Paris in 1717; died at Paris in 1783. 
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all textbooks on determinants. Furthermore, the determinant is not altered in 
value if more than one column (or row) be operated upon in this manner. 

As far as I have examined the textbooks no author has given an explicit 
statement of this extension, although all make use of it in their illustrative 
examples. But what is of more importance, I believe no one has hitherto pointed 
out any exception to this general extension of the above theorem. There is, 
however, a very important exception,! some of the results of which I shall try to 
show. This exception may be stated as follows: 

A cyclic operation upon the rows (or columns) of a determinant will change the 
value of the determinant, af the cycle 1s complete. 

Let A, represent the determinant formed by adding the rows of A cyclically s 
inaset. When necessary to distinguish the order n of A we may write ,A and As. 

For example, let 


at bi Ci 
A= ae bo Co}. 
dz bs Cs 


Then by definition 
itd, bb +b, ate 
d2 + ds, bo + 63, + 63 
ag + a, bs + bi, C3 fb Cy 
Taking the sum of all the rows for a new first row, and taking out the factor 2, 
gives a determinant which can be easily reduced to A itself. Therefore, 3As 
= 2-,A. When n = 4 we have the determinant 4A, equal to zero, since the sum 
of its first and third rows is the same as the sum of its second and fourth rows. 
In like manner it can be shown that for any value of n, ,As = 0 or 2,A according 
as n is even or odd. 
A determinant of the form 


Ao = 


1 hy ky keg 
kg fy ke ks 
ks kta ky hep 
ke ky ha hy 


is called a circulant. The elements of the first row may have any values whatso- 
ever, and a particular circulant will be completely known when the elements of 
the first row are given. 

Let C, represent a circulant in which the first s elements of the first row are 1, 
and the others all 0; when it is necessary to distinguish the order n of the circulant 
we shall write ,C%. 

TuErorEM [. For all values of n and s,n > 8, nAs = nCsinA. 

This appears at once if we form the product by taking ,C, by rows, and ,A by 
columns. 

For example, when n = 3, we have 


1 1 O | at bi C1 
PM OperyA\ =|0 1 1)|- AD) be Co |= glo. 
1 O01] | a3 bs C3 


1 This ‘exception’ covers an error that is frequently made by students. 
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Hence, in order to determine the effect of adding the rows of ,A cyclically s 
in a set, it will be sufficient to evaluate ,C;. For this purpose we shall prove the 
next three theorems. 

TuroreM II. If n and s have a common factor, ,C; = 0. 

Let n = km and s = kr, where m and r are prime to each other. In any 
column (as well as in any row) the elements can be grouped into m sets, k in a set. 
Of these there are r consecutive sets in which the elements are all 1’s, and (m — r) 
consecutive sets in which they are all zeros. Now any series of m rows, whose 
numbers are i, 7 + k, 1+ 2k, ---,7-+ (m — 1)k, where zi > k, includes in every 
column one element, and only one, from each of these sets, that is, r l’s and 
m— yr zeros. Hence, if we replace any row of such a series by their sum, we 
shall get a new row in which each element is r. Since in this way we can make k 
rows alike, the determinant must be zero. 


nCn—s _ nUs _ 


nm—s 8 


THEOREM ITI. 


In,C, take the sum of all the rows for a new first row, and take out the factor s. 
Then subtract the first row from each of the others, and change the signs in all 
these n — l rows. ‘Then permute the rows cyclically until the last s rows become 
the first s rows. These operations will change the sign of the determinant 
n—1+s(n— 1) = (n— 1)(s+ 1) times. We now have 


nls = (— 1)¢*—) (st). 9A), 


where A; is precisely the same determinant as that obtained from ,C,,_, by adding 
to the row whose number is s + 1 all the other rows, and taking out the factor 
n—s. Therefore we can write 


n Cr—s 


= (— 1) DGD, nls, 
nm—-s s 


Now the exponent (n — 1)(s + 1) is an even number except when n and s 
are both even. But, by Theorem II, when n and s are both even the circulants 
are both zero. Hence we can drop the sign factor and write the formula as in 
the statement of the theorem. 

TueoreM IV. Whens < én, 2Cs = n—sCs. 

If we add to the last s — 1 rows, respectively, the rows obtained by sub- 
tracting the first row from the next s — 1 rows, we shall have a determinant in 
which all the elements below the principal diagonal in the first s columns are 
zeros. Hence the first s columns and the first s rows may be dropped, and the 
circulant ,C; is thus reduced to the circulant »_;C%. 

By repeating this process, if necessary, we can get 


als = n—sU's = n—2sU's = strUs, 


where r is the remainder when n is divided by s. 
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TuEroremM V.! When n and s are prime to each other, ,C, = 8. 

By Theorems IV and III we can reduce the subscripts n and s alternately 
until we have 1 for s, and a circulant equal to 1. When by Theorem III we 
reduce the second subscript, say from s to s’, we introduce the factor s/s’. The 
next factor so introduced has s’ in the numerator, and so each numerator cancels 
the preceding denominator until we come to the last factor, which has 1 for 
denominator. Thus we have finally only the factor s, and ,C, = s. 

TuroreM VI. ,A, = 0 or s-,A, according as n and s have or do not have a 
common factor. 

This follows at once from Theorems I, II, and V. 

CoroLuary. If m rows of a determinant A be added cyclically, s rn a set, the 
determinant thus obtained will be equal to 0, or sA, according as mand s have or do not 
have a common factor. 

Other interesting results can be found in a similar manner by taking other 
circulants. 

The formula A, = sA furnishes a simple solution for the following geometrical 
exercises: 

Let K represent the area of the triangle whose vertices are the points (%1, y1), 
(12, y2), (%3, y3), and K’ the area of the triangle whose vertices are the middle 
points of its sides. 

If we take the determinant 


| My Yi ] 
gA = |X Yo 1 
vz 3 1 


which is equal to 2K, 34> with its elements all divided by 2 will be the determinant 
form of 2K’. Therefore, since 3A, = 2-;A, we have K = 4K’. 

Similarly, if V represents the volume of a tetrahedron expressed in terms of 
the codrdinates of its vertices, and V’ the volume of the tetrahedron whose 
vertices are the centroids of its faces, we have V = 27V’, by using the formula 
for ,A3. Furthermore, the fact that ,A, = 0 shows that the middle points of 
four consecutive edges, say P,P2, P:P3, P3P:, PsP, lie in a plane. But if we add 
the first three rows of ,A in sets of two and then divide these rows by 2, we get 
V = AV, (Corollary under Theorem VI), where V; represents the volume of the 
tetrahedron formed by joining one vertex to the middle points of the edges of the 
opposite face. 

The determinant ,,A> is one in which each element is a binomial. Hence it can 
be expressed as the sum of 2” determinants in which each element is a monomial. 
That one in which all the columns are made up from the first terms of these 
binomials is equal to A, and that one in which all the columns are from second 
terms is equal to + A, according as nis odd oreven. But ,A, = 2A, or 0, accord- 
ing as n is odd or even. Therefore the sum of all the other determinants must 
vanish. We wish now to determine in what manner they vanish. 


1 Muir says (Theorie of Determinants, vol. 2, London, 1911, p. 403.) this theorem was proved 
by Catalan in 1846, but Muir himsetf does not give the proof. 
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To study this phase of the subject we will multiply A by the general circulant 
whose first row is ki ky ks -++ kn, and in the product determinant we will write 
the terms in all the polynomial elements in the order of the subscripts of the k’s. 
Then in the first row the subscripts of the letters which come from the respective 
columns of A will be in the same order, but the subscripts of these letters in the 
other rows will be those obtained from the first row by a cyclic permutation. 

For example, when n = 3, we have 


ky ko ke ay by C1 
ks ky ko ° | M& bo C2 
ko kg ky 3 bs C3 | 


kya, + koa, + keds, kyby + habe + ksbs, kycey + koe, + keges 
kid2 + keas + ka, kbp + kebs + ksbi, kyeg + kees + hse, |. 
kyag + koa, + ke, kybs + keby + ksbe, kye3 + keer + keseo 


This product determinant can be expressed as the sum of n” determinants 
with monomial elements. In all of these determinants the subscripts of the k’s, 
and also those of the other letters in the first rows, form the n” permutations that 
can be made with the first n consecutive integers, allowing all possible repetitions, 
and assuming that these other letters are always written in the same alphabetic 
order as in A. Since in each case all the elements in any one column are multi- 
plied by the same &k, these k’s may be factored out leaving a determinant in which 
the columns are always in the order a bc ---, while the subscripts in any column 
are in direct cyclic order. 

Those determinants, the subscripts of whose first rows include all the permuta- 
tions that can be made from a given combination of subscripts, are multiplied 
by a product of k’s having the same combination of subscripts. Their sum may 
therefore be taken as the coefficient of this product of k’s. ‘To represent this sum 
let us write the subscripts of the first row of one of these determinants in a 
parenthesis, preceded by the number of permutations that can be made with 
the numbers within the parenthesis. The sum of the numbers within the paren- 
thesis is the same as the sum of the numbers formed by multiplying together the 
subscript of each & and its exponent. This number I shall call the weight of the 
symbol, or of the determinants, and also the wezght of the term in the k’s.. With 
this notation the above product determinant can be written 


(111) ky? + (222)hy? + (333) hg? + 3(112)kr2hy + 3(223)ko2hg + 3(331) hs2h 
+ 3(122) kiko? + 3(233)koks? + 3(311) kghi? + 6(123)kikoks. 


If, now, in any one of these symbols we change n to 1, and add 1 to each of 
the other numbers, we get another symbol, equal to the first when n is odd, and 
differing only in sign when nis even. For by this operation we merely permute 
cyclically the rows in each of the determinants represented by the symbol, that 
is, we carry the top row to the bottom. By repeating this process we can always 


1Jn the circulant, however, the subscripts in any column are in reverse cyclic order. 
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get n equal symbols if n is odd and prime. If 7 is composite there may be fewer 
than n symbols in the group. For example, there are only two symbols in the 
group 90(113355), 90(224466). If n is even the symbols in any group will be 
alternately positive and negative. Hence the expansion can be collected into 
groups, the number of terms in each group being n or some factor of n, and each 
group can be written as a polynomial in the k’s alone, multiplied by the sum of 
determinants represented by one of these symbols, that is, by one of these 
symbols itself. 
When the above expansion, for example, is thus written it becomes 


(111) (Iq? + he? + he?) + 3(112) (kx2k + he2hg ++ hes2hy) 
+ 3(122) (Heke? ++ Kokts? + eg?) + 6(123)kikoks. 


If, however, we expand the circulant itself, collect its terms into groups, and 
multiply each group by A, we get another form of expansion for identically the 
same product, since the k’s are arbitrary. Hence the coefficients of the corre- 
sponding groups in these two expansions must be equal, and thus we get the 
value of any sum of determinants represented by one of our symbols. Such a 
sum must, therefore, be equal to a multiple of A, or to zero, according as the 
corresponding group of terms is present in, or absent from, the expansion of the 
circulant. 

In the case of the above example, n = 3, this second method of expansion gives 
(ky? + ho? + kg2)A — 38kikek3A. Therefore we have (111) = A, [(111) is of course 
A as given.| 

3(112) = 3(122) = 0, and 6(123) = — 3A. 


TuroreM VII. The sum of the determinants represented by one of these 
symbols is equal to zero when the weight 1s not a multiple of n. 

To prove this it will be sufficient to show that the weight of every term in 
the expansion of a circulant of order n is a multiple of n.' 

If any minor, whose principal diagonal coincides with that of the circulant, 
be expanded in terms of the elements of its first column and their cofactors, it 
can readily be seen that the weights of its terms are either 1 or n-+ 1 greater 
than the weights of the terms in such a minor of the next lower order. ‘Then, 
beginning with f; in the lower right-hand corner, and ending with the circulant 
itself, we find that the weight of every term is indeed a multiple of n. 

CoROLLARY. When nis even the sum of the determinants denoted by n\(123 - - - n) 
ws equal to zero. 

THrorEM VIII. When the weight of one of these symbols 1s a multiple of n, 
the sum of the determinants rt represents 1s of the form +dnA, where d 1s some integer, 
encluding zero, when n is prime; when n rs composite d 18 either an integer, including 
zero, a fraction whose denominator 1s a divisor of n, or the sum of two or more such 
numbers. In the special cases 


(11---1) = + (22-- +2) = (83-+°3) ma eee me He (nn: +n) = A,X = 1/n. 
1 This was proved by R. Baltzer about 1870. (Muir, vol. 3, p. 376.) 
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To prove this it will be sufficient to show that the coefficients in the expansion 
of the circulant are numbers like \n as defined above. 

The value of these coefficients is determined by the fact that the elements 
in the principal diagonal, and also in any diagonal parallel to it, are all alike. 
Hence if we start from each element in any term and take the next element in 
the same cyclic order in the same diagonal, we shall obtain the same term. 
If n is prime, we can repeat this operation n times before reaching the term from 
which we started. That is, there will be n terms in suchacycle. Butifn = pq, 
say, such a cycle may consist of n terms, or of only p terms, or of only q terms. 
Moreover, all the terms in any cycle have the same sign, for at each step the 
column and row numbers of each element are both increased by 1, except that 
in passing from the last row to the first row, and from the last column to the first 
column, two of these numbers are changed from nto 1. ‘The first of these opera- 
tions makes no change in the number of inversions. The second makes.an even 
number of such changes. Therefore the sign is not changed. The coefficients 
of the terms ky"---k,”, given by the principal diagonal and those parallel to it, 
are evidently either 1, or — 1. 

The same terms in different cycles may not have the same sign, and so may 
wholly or in part cancel one another. 

CoroLuary I. When nis odd the sum of the determinants denoted by n!(123- - +n) 
ws equal to \nA, where d 1s an integer. For when there is no letter repeated in a 
term of the circulant there are always n terms in each cycle. 

When n is 3, 5, 7, 9, I have found these values to be, respectively, 


(0-1)3A=—3A, (1—-2)5A=—5A, (2—17)7A = — 105A, 
(113 — 98)9A = 135A, 


where the first number in the parenthesis is the number of positive cycles, and the 
second is the number of negative cycles, in which the term kykek3 --- ky, occurs in 
the expansion of the circulant. 

Coro.tuaRY IT. If all possible cyclic permutations be made of the elements in 
each column of a given determinant, and the n” determinants thus formed be col- 
lected unto groups such that each determinant in the group shall have the same werght, 
and the same subscripts in the first row, these groups will be the same as those repre- 
sented by the above symbols. Hence the sum of any group will be given by Theorem 
VIII, or Theorem VII, according as its weight rs, or is not, diisible by n. 

Groups that can be obtained from each other by making the same cyclic 
permutations of whole rows in each determinant of the group are equal, or differ 
only in sign, according as n is odd or even. 

THEOREM IX. When ns odd the sum of the (n — 1)! determinants of the sum 
denoted by n! (123 --- n) which have one column in common is equal to \A, where X 
1s an integer. 

Take the (n — 1)! determinants in which the first columns are the same as the 
first column of A. Permute cyclically the rows in each determinant of this group 
and we have a second group of determinants all having the same first column and 
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each equal to the corresponding determinant of the first group, n being odd. 
Repeating this operation we get n equal groups of this kind, all together com- 
prising the n! determinants of the sum n!(123 --+ n). As the entire sum is 
equal to AnA, the sum of the determinants in any one group is equal to AA. 

We could start with any other column and proceed in the same way. 

Thus when n = 3 the six determinants of 6(123) can be written 


la, by 63 ldg bs G4 dz by, oe 
a, bs Gi)=ja3 by Cl=ia b& og 
dz 6b, & ai be a 6b; C1 
a, bs  b, oe ds bo C1 
OD) by C3| = | Ag be Cy) = 1h bs Co]. 
3 bo Cl ay bs Co | G2 by C3 


Since the total sum of the six determinants is — 3A, the sum of the de- 
terminants in each column must be — A. 

When n is even we can form n groups in the same way and the sum of the 
determinants in one group will be numerically equal to the sum in any other 
group, but the groups in which this sum is positive will cancel the groups in which 
this sum is negative and the total sum will be zero. Therefore we cannot find 
the sum of those in any one group in this way. 

When n = 4, for example, I have found the sum of the six determinants, in 
each of which the first column is the first column of A, to be 


3 bi C1 d, 


— 9 ds by & a 
ay bs C3 ds ? 
ad, by Cy dy 


which is not a multiple of A. 


SOME PROPERTIES OF A SKEWSQUARE:.' 
By W. H. ECHOLS, University of Virginia. 


A plane quadrilateral in which two diagonals are perpendicular and equal to 
each other has a number of rather interesting properties. Such a figure for 
convenience of reference in the present paper will be called a skewsquare, although 
I am given to understand it has at some time been called a pseudo-square.’ 
The writer has seen no reference to it in print and it is possible that some or all 
of the properties enunciated below are not new. A number of the properties 
admit of easy demonstration by elementary geometry and also as easy exercises 
in interpreting complex number relations. Furthermore the figures involved in 
the geometrical constructions furnish excellent exercises in mechanical drawing 
inasmuch as the constructions check themselves as to accuracy in various ways. 


1 Presented at the Cambridge meeting of the Association, December, 1922. 
2 For example Mathesis, 1894, p. 268.—Ep1Tors. 
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The writer was led to the consideration of this type of quadrilateral in trying 
to place the complex number 


vi = : f “fla)dz, 


Qj — By 


with reference to f(z) in such a manner as to locate ¢ that f(¢) = wi;, wherein 
f(z) is an analytic function. To any pair of points in the z-plane corresponds a 
point in the w-plane, the mean value of f(z). 

To the quadrilateral points 21, 22, 23, 24 correspond the quadrilateral points 
W12, We3, W34, Wai, and in this figure it can be easily shown (by the properties of 
the integral) that the triangles wi2we3W31 and wi3W34W41 are, respectively, similar 
to 212%2%3 and 232421. Also triangles wesw3ew34 and wWy2W24W41 are, respectively,. 
similar to 222324 and 2129%4. In particular, if the four z-points are the corners of a 
square, then the corresponding four w-points are the corners of a skewsquare. 
In like manner, with n 2-points taken around a polygon can be constructed a 
skew-polygon of n w-points, and in addition the w-points corresponding to the 
diagonals of the z-polygon give a figure with more complicated but interesting 
relations. 

The following are some properties of skewsquares: 

(1) In a skewsquare the two squares constructed on two opposite sides as 
diagonals have a common vertex. ‘The two points thus determined will be called 
the foci of the skewsquare. 

(2) Conversely, if the squares constructed on two opposite sides of a quadri- 
lateral as diagonals have a common vertex, then will the squares on the other 
two sides as diagonals also have a common vertex, and the figure is a skewsquare. 
Otherwise, if any two isosceles right triangles have the vertex common, their 
bases are opposite sides of a skewsquare. 

(3) The foci and the mid-points of the diagonals of a skewsquare are the cor- 
ners of a square (called the focal square). The center of this square will be called 
the center of the skewsquare. The mid-points of the diagonals of a skewsquare 
will be called the conjugate foci of the skewsquare. 

(4) The foci lie on the bisectors of the angles between the diagonals of the 
skewsquare, respectively. 

(5) The center of a skewsquare is the centroid of its corners, and also the 
centroid of the corners of the four squares having for diagonals the sides of the 
skewsquare. 

(6) The segment joining a focus to the midpoint of a side of a skewsquare is 
perpendicular to and equal to half a side. 

(7) The sum of the squares of the opposite sides of a skewsquare are equal. 

(8) The four triangles (not right angled) whose bases are the sides of a skew- 
square and whose vertices are the foci are equal in area. 

(9) Segments joining any vertex of a skewsquare to the two foci make equal 
angles with the sides at that vertex. 

(10) The foci of a skewsquare are the foci of a conic tangent to the sides of the 
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skewsquare. The points of contact are points in which the bisectors of the 
angles between the diagonals cut the sides. A point of contact divides the side 
in the ratio of the adjacent segments of the diagonals determined by their inter- 
section. 

(11) The midpoints of the sides of a skewsquare form a square (called the 
midsquare), its side is equal to half the diagonal of the skewsquare. The circle 
circumscribing the midsquare (called the midcircle) is the auxiliary circle on the 
transverse axis of the tangent conic. The square of the transverse diameter of 
the conic is equal to half the square of the diagonal of the skewsquare. 

(12) The area of each of the four triangles in (8) is equal to the square of the 
semi-conjugate diameter of the tangent conic. The foci are both inside, on, or 
outside the boundary of the skewsquare, the tangent conic is respectively an 
ellipse, a line-segment, or a hyperbola. Also the product of two opposite sides 
of a skewsquare and the cosine of the angle between them is equal to the square 
of the conjugate diameter of the conic. 

(13) The sides of all skewsquares, whose diagonals are perpendicular diameters 
of two fixed equal circles, are tangent to a fixed conic. The power of the center 
with respect to either circle is equal to the sum of the squares of the semiaxes of 
the conic. | 

Otherwise, the locus of the vertices of skewsquares circumscribing a given 
central conic is two equal circles whose centers are the other corners of a square 
on the segment joining the foci as diagonal, the radius of the circles is equal to 
the side of a square inscribed in the auxiliary circle of the conic. 

(14) When one side of a skewsquare is fixed and the diagonals become infinite 
in given directions the conic becomes a parabola tangent to two right-angled 
sides at the ends of the latus rectum. 

(15) The four corners of the four squares having as diagonals the sides of a 
skewsquare (and which are not foci) are the corners of a second skewsquare, 
called the conjugate skewsquare (the first being called the primitive skewsquare). 
The square of the diagonal of the conjugate is twice that of the primitive skew- 
square. ‘The vertices of the conjugate lie on the bisectors of the angles between 
the diagonals of the primitive, the foci and the conjugate foci of the primitive are 
respectively the conjugate foci and the foci of the conjugate skewsquare. 

Otherwise, the construction of the primitive from the conjugate skewsquare 
follows. ‘The vertices of four squares whose diagonals are the four segments 
joining each vertex of a skewsquare to the midpoint of the diagonal not containing 
that vertex determine only four points which are the corners of another skew- 
square (called the primitive skewsquare). Its vertices lie on the bisectors of 
the angles between the diagonals of the conjugate, the foci and the conjugate 
foci of the conjugate skewsquare are respectively the conjugate foci and the foci 
of the primitive. 

Thus, associated with any given skewsquare there is a conjugate and a primi- 
tive skewsquare which are confocal, their diagonals are collinear and their 
midpoints coincide, the diagonal of the first being twice that of the second. 


1923. | SOME PROPERTIES OF A SKEWSQUARE. 123 


Associated with any skewsquare there is a series of derived skewsquares, alternate 
members are confocal and their tangent conics are members of a confocal system. 

(16) Segments joining the center to the vertices of a primitive skewsquare are 
perpendicular to and equal to half the corresponding sides of its conjugate skew- 
square. 

(17) The diagonals of a skewsquare are parallel and equal to the diagonals 
of the midsquare of the conjugate skewsquare. 

(18) Lines through the midpoints of the sides of a skewsquare parallel to the 
transverse axis of the tangent conic pass through the corners of its primitive 
skewsquare. The segments between these midpoints and the corners of the 
primitive skewsquare are equal to each other and to half the distance between 
the foci of this conic. 

(19) The center of a skewsquare is the radical center of the four circles whose 
centers are the corners of the skewsquare, the radius of each circle is equal to 
the segment joining its center to either of the two adjacent corners of the primitive 
skewsquare. 

(20) If Z is any point in the plane of a skewsquare ABCD and ZA, ZB, 
ZC, ZD be rotated about Z, in the same direction, through one, two, three, four 
right angles, respectively, to ZA’, ZB’, ZC’, ZD’, then will the last four segments 
be in equilibrium. 

(21) The four points which divide the four sides of a skewsquare in the same 
given ratio (m : n) are the corners of a skewsquare (m and n may be real or com- 
plex numbers). 

(22) If ABCD and A’B’C’D’ are any two skewsquares, then the four points 
dividing the segments AA’, BB’, CC’, DD’ in given ratio (m : n real or complex) 
are the corners of a skewsquare. 

(23) If the corners of any one of a system of confocal skewsquares are the 
roots of a polynomial, the roots of its second derivative and the foci are the 
corners of a lozenge composed of two equilateral triangles. 

(24) If s1, so, $3, 4 are the lengths of the segments into which the intersection 
of diagonals of a skewsquare divides those diagonals, then the two foci and the 
intersection of diagonals of the skewsquare (whose corners are 21, 22, 23, 24) are 
the roots of the derivative of the function 


(2 — 21)*(2 — 22)82(2 — 23)*8(2 — 24)*4. 


(25) If ri, re, 73, 74 are the segments joining any point Z to the corners of a 
skewsquare, and $1, So, $3, 84 are defined as in (24), then forces acting at Z whose 
directions pass through the corners and whose magnitudes are proportional to 


Si 82 83, 84 
rr Te 3 14 


are in equilibrium when Z is at either focus of the skewsquare. 
The following abbreviated proofs are offered to establish the properties 
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enunciated above. In the accompanying diagram, ABCD is a skewsquare, the 
diagonals intersect at J, the foci are E and F, M and N are the midpoints of 
diagonals and K, L, P, Q the midpoints of sides. The figure is drawn for a convex 
skewsquare, it may however be either reén- 
trant or two opposite sides may cut inter- 
nally. A’B’C’D’ is the conjugate, and 
A,B,C,D, the primitive of ABCD. 

(1) The diagonal AC can be brought to 
BD by a rotation through a right angle, first 
A to Band C'to D by rotation about E, second 
A to D and C to B by rotation about F. 

(2) In the two right isosceles triangles 
AEB, CED the rotation AEC about E through 
a right angle brings A to B and C to D and 
AC to BD at right angles. There is a second 
center of rotation F accomplishing the same 
result, as in (1). 

(3) The triangles AEC and BED are congruent, EM turns through a right 
angle to EN, in like manner FM turns through a nght angle to FN. Hence 
EMFN is a square. 

(4) The altitudes of the congruent triangles AEC, BED are equal, hence E 
(and in like manner F) is equidistant from the diagonals. 

(5) The mid-points of the sides of a skewsquare are the corners of a square 
called the mid-square. Its sides are obviously parallel and equal to half the 
diagonals of the skewsquare. The centroid of the corners of the skewsquare is 
obviously the center of the mid-square, and the centroid of the foci is O the mid- 
point of MN which is also the centroid of the corners of the skewsquare. The 
centroid of the corners of the four squares on the sides of the skewsquare as 
diagonals is the centroid of the corners of the mid-square. 

(6) This is obvious when the focus is the vertex of the right isosceles triangle 
having a side as the base. In any other case such as EQ, since QL and EF bisect 
each other at O, then QE is parallel and equal to FL which is perpendicular and 
equal to half BC. 

(7) AB? + CD? = AP+ BP+ CP 4+ DP = CB? + AD’. 

(8) The triangles AED and BEC have equal area, for AE is equal and per- 
pendicular to EB, ED is equal and perpendicular to EC. The included angles 
are therefore equal or supplementary. 

(9) ¢ DAB is half a right angle plus either 7 EAD or 7 FAB (Gf HE and F 
are outside use minus). 

(10) The property in (9) is a well-known fundamental property of a conic 
having foci E, F and tangent to the sides of the skewsquare. The circumcircle 
of the square AE BA’ passes through J, therefore 1A’ makes with [A half a right 
angle and contains F, by (4). FA’ cuts AB in T such that 


{KTA' = 2 ETK = 7 FITB. 
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Since the focal radii to the point of contact make equal angles with the tangent, 
I’ is the point of contact. Since IT bisects AJB, T divides AB in ratio Al: BI. 

(11) The sum (difference) of the focal radii to the point of contact is equal to 
FA’. Also PF is parallel and equal to EK = KA’, (6), each being perpendicular 
and equal to$AB. Therefore FA’ is parallel and equal to KP. Hence the mid- 
circle is the auxiliary circle of the tangent conic. Also KP? = 2KQ? = $DB?. 

(12) The product of the perpendicular from F on AB and EK = KB is 
equal to the square on the semi-minor axis, and to the area of AFB which is 
equal to 

4 AF-FB sin AFB = 4AD-BC sin AFB. 


Z AFB+ vz LFQ = 22 — $0 = 32, 7 LFQ = 7 — z (AD, BC). Therefore 
Z AFB = 2 (AD, BC) +42. Therefore sin AFB = cos z (AD, BC). This 
establishes the statement. Obviously the eccentricity of the conic is equal to 
the ratio of the radius of the focal circle to that of the midcircle. In virtue of 
the triangles in (8) the foci E and F must be inside, on, or outside the boundary 
of the skewsquare, the areas of the triangles being counted positive for inside foci 
and negative for outside foci. 

(13) The midpoints M and N are fixed and therefore the foci are also. ‘The 
diagonal being of constant length, the transverse axis is fixed in length and 
position, and therefore the conic which the sides touch is fixed. The power of O 
with respect to the circle on AC as diameter.is equal to 


AM? — 0M? = QP? — OM? = 20P? — OM’ = OP? + (OF? — OF’). 


We note by holding the midsquare and the focal circle fixed we derive the forms 
of skewsquares touching congruent concentric conics. If only the midsquare 
be fixed the skewsquares touch concentric conics having equal transverse axes. 
When the foci are on the boundary the skewsquare degenerates into an isosceles 
right triangle, one focus is the midpoint of the hypothenuse and the other is at 
the vertex of the right angle and the conic degenerates into the segment joining 
them. When two opposite sides of the skewsquare cut internally the conic is an 
hyperbola, since the foci lie on opposite sides of a tangent. 

(14) If AB is fixed and the diagonals extend indefinitely intersecting in J, 
the other two sides whose ends are A and B become parallel to the diagonals and 
cut at right angles, in say Z. The single focus is FE and the bisector [EK makes 
equal angles, +7, with the right-angled sides, and ZE makes this same angle with 
these sides. This establishes the statement from the known properties of the 
parabola. 

(15) In the figure, the circle on AB as diameter passes through A’ and I, 
therefore AIA’ is half the right angle AKA’ and A’ is on bisector JF’, and so for 
each corner. By (16) FP is parallel and equal to EK, hence KF is parallel and 
equal to EP or 3EC’. Therefore from similar triangles A’KF and A’EC", we 
have A’F = FC’. Also A’F is parallel and equal to KP. 


A'C” = 4KP? = 8KQ?:= 2BD*. 
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In like manner B’D’? = 2AC’, and E is the midpoint of B’D’. Hence M, N are 
the foci of A’B’C’D’. 

(16) A,O is parallel and equal to $A’, therefore A,O is perpendicular and 
equal to AB. 

(17) A,C, is parallel and equal to $KP, by (18). 

(18) A’F = BNV2 and BN = A,FV2. Therefore A’F = 2Ai\F. A’A, = 
= Ai\F, A’K = KE. Therefore AiK is parallel and equal to $FE, and so for 
the other points. 

(19) AA, = AD,, BA, = BB,. The circles, centers A and B having radi 
AA, BB, respectively, have their radical axis passing through A; L AB and 
therefore passing through O, by (16). 

(20) The characteristic property defining a quadrilateral ABCD whose 
corners are the complex numbers 21, 22, 23, 24, aS a skewsquare is 


; 637 21 = a(Ze — 24), 
which can be written 
Z1 + wee + wz3 + ws, (1) 


where w is the principal fourth root of unity, 2. Any four numbers which satisfy 
this equation are the corners of a skewsquare, this then is the equation of a skew- 
square and it establishes at once the truth of (20) on multiplying (1) through by 1. 

(21) If the corners of a skewsquare satisfy equation (1) in (20), then the same 
points satisfy the equation 


29 +- W233 +- w°e4 +- ws, = (0. (2) 


On multiplying (1) by m/(m + n) and (2) by n/(m + n) and adding, the resulting 
equation proves the statement in (21). If m, n are real numbers, division of a 
segment in ratio m:n is conventional and familiar. When m, n are complex 
numbers then the point w “dividing the segment”’ z; to 2 in ratio m : nis deter- 
mined, as before, from w = (m2, + nze)/(m-+ n), or what is the same thing 


The point w is therefore the vertex of a triangle constructed on segment 2; to 22 
as base similar to the triangle whose sides are m and n. Therefore, if similar 
triangles be similarly constructed (all outwards or all inwards) on the sides of a 
skewsquare as bases, then the vertices are the corners of a skewsquare. 

(22) Let equation (1) in (20) be any skewsquare and 21’ + we’ + wz3/ + wz,’ 
= 0 be any other skewsquare. Then on multiplying the first equation by 
m/(m -+- n) and the second by n/(m-+ n) and adding, the statement is verified. 

(23) Take the origin at the center. Let ¢ and y represent the midpoint of 
and half of a diagonal respectively. Then the corners are the roots of 


(2—-F—ne—-CtHeto—mets—m) =89, 
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or 
(2? — §?)? — 40n’2 — n° = 0. 


The roots of the second derivative are z = + ¢/V 3. 
(24) Let f(z) be the function. Take the logarithm and differentiate. Then 


fie) = fe) (84+ 4 4 


Z2—2, 2-2 2-2 S-B 


The roots of f’(z), not common to f(z), are gotten by the vanishing of the paren- 
thesis. Also 
Si + 83 = 5 + 84 = d, 


the length of the diagonal. Also 


$123 + 8321 _ 8924 + S422 —] 
Si + 83 So + 8 , 


the intersection of the diagonals. Clearing the equation of fractions and dividing 
by d, there results (z — I)[(z — 21)(z — 23) + (2 — 20)(2 — 24)] = 0. The quad- 
ratic in the square bracket is 22 — $(21 + 22 + 23 + 24)2 + $(218s + 2024) = 0. 
Transfer the origin to the centroid (center). Then 23 = ¢+ 7, 23 = 6 — 0, 
Z= —C— in, 22= —C tin, €=OM, n= MA. Then 2123 + 20%, = 27’. 
The equation then becomes (z — J)(z + 2£)(2 — if) = 0, as required. 

(25) In the parenthesis in (24) put z — 21 = ri(cos 6; + 2 sin 6;), etc. Equat- 
ing to zero the real and imaginary components shows that the sum of the com- 
ponents along two right-angled axes vanishes, and so also must their resultant, 
and the segments are in equilibrium, when Z is at either focus. 


THE MINIMAL PROPERTIES OF THE ISOGONAL CENTERS OF A 
TRIANGLE. 


By H. M. LUFKIN, Dunkirk, N. Y. 


An isogonal center! of a triangle may be defined as a point such that if 
lines are drawn through this point to the vertices of the triangle, the angular space 
around this point is divided into six equal angles of 60° each. There are two 
types of isogonal centers, one of which we shall call an J, point and the other an 
I_ point; the distinction being as follows: Let Pi, P:, and P3 be the vertices of 
the triangle taken in counter-clockwise order and draw the lines l, 1, and 1; 
through the isogonal center to the respective vertices; then if, as we go around 
the isogonal center in counter-clockwise order, we meet these lines in the order 
l,, ls, lo, the center is an J, point; if in the order ky, ls, Js, it is an J— point. 

The isogonal centers of a triangle may be constructed by drawing equilateral 
triangles on the sides of the given triangle and drawing the circumcircles of these 


1 Neuberg, Mémoires Couronnés, L’ Académie Royale de Belgique, vol. 44, 1891, p. 12ff. 
M’Cay, Mathesis, vol. 7, 1887, p. 211ff. 
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equilateral triangles. ‘These circumcircles will intersect in a point which is an 
isogonal center of the triangle. If the equilateral triangles are drawn outwardly, 
the point will be an J, point; if inwardly, an J_ point. From this method of 
construction the following facts may readily be seen: 

Every triangle has a unique J, and a unique J_ point; except the equilateral 
triangle which has a unique J, point, but whose I_ point is anywhere on the cir- 
cumcircle of the triangle. 

Where one angle of the triangle is 120°, it is convenient to define the J, 
point as the vertex of this angle; and where only one angle of the triangle is 60°, 
it is convenient to define the J_ point as the vertex of this angle. 

Where no angle of the triangle is greater than or equal to 120°, the I, point 
is inside the triangle, and the half lines from this point to the vertices divide the 
angular space about the point into angles of 120°, 120°, and 120°; where one 
angle of the triangle is greater than 120°, the I, point is outside the triangle 
_ and the half lines from the point to the vertices of the triangle divide the angular 
space about the point into angles of 60°, 60°, and 240°. 

The /_ point is always outside the triangle, except in the 60° case noted 
above, and the half lines from this point to the vertices make angles of 60°, 60° 
and 240°. 

A problem which has been discussed by various writers! is that of deter- 
mining a point Py such that the sum of the distances 1, p2, p3 from this point to 
the vertices of a triangle P1, Ps, P3, respectively, shall be a minimum. It has 
been shown that if no angle of the triangle is greater than 120°, the point Po is 
the I, point; and when one angle is greater than 120°, the point Pp is at the 
vertex of the obtuse angle. 

In this paper a further investigation of this problem will be made to deter- 
mine whether the I, and J_ points possess any further minimum properties when 
we consider the functions Fi4_ = pi+ po — ps3, Fy_4 = pi — po + ps, and 
F_44 = — pit p2+ 3.2 The functions where all the signs are negative or 
where two are negative need not be considered since it is evident that they have 
no absolute minimum. 

Since the I, and J_ points have peculiar properties for triangles having 
angles of 60° and 120°, we shall divide all triangles into the following classes: 


Class I II II’ | ITI IV V 
Number of angles............... | 
6) 0 ea 1 1 | 2 2 2 
el 0) | 1 3 
> 60° and < 120°.............. 2 1 1 
= 120°... ee eee 1 
> 120°... 2 ee eee. 1 


1 Cavalieri, Ezercitationes Geometrica, 1647, pp. 504-519. D. Jackson, this Monruty, 
1917, 42-44. R. A. Johnson, this Monruiy, 1917, 243-244. Goursat-Hedrick, Mathematical 
Analysis, vol. 1, Boston, 1904, pp. 130-131. De la Vallée Poussin, Cours d’ Analyse, vol. 1, third 
edition, Louvain, 1914, pp. 165-166. 

2 The cases of several of these functions are mentioned by Jacob Steiner, Gesammelte Werke, 
vol. 2, p. 729, but his results are erroneous. 
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The functions F,,_, Fi—+4, and F_++ are continuous all over the plane, and 
OF /dx and OF /dy exist everywhere except at the vertices of the triangle. If we 
enclose a portion of the plane around the triangle, then there is for each of these 
functions at least one point within this region or on its boundary where this 
function takes on its minimum value for the region. It is evident that if we 
enclose the triangle with a large boundary, say a circle with its center at the 
circumcenter of the triangle and a radius a hundred times the radius of the 
circumcircle, that as we move in from the boundary the value of the function is 
less than on or outside the boundary; so that the minimum does not occur on 
the boundary, and must therefore occur at some point within the region. Since 
this is the case, the minimum occurs at a point where the first derivatives are 
zero, or where they do not exist. 

Let the vertices of the triangle be P; = (a1, y1), Po = (2, yo), P3 = (a3, Ys). 
The function F_ +4 is then 


F(a, y) = — V@@— a)? + Yy— y)? 
+ V(a — 29)? + (y — yo)? + V(x — 23)? + (y — ys)? 
and denoting the three distances by 1, ps2, 3, the first partial derivatives are 
OF _ F144 BT Me | oH By OF LY TW YA ey YA Ys 
Ox p1 p2 p3 Oy pi p2 p3 


From the point (2, y) we shall draw a half-line in the direction of the positive 
end of the X-axis, and denote the angles which the half-lines to the three vertices 
make with this half-line, by ¢1, go, and 3, respectively. We may then write 
OF/dx = — cos 91 + cos $2 + COS ¢3, OF/dy = — sin ¢1 + sin g2 + sin ¢s. 
From the equations 


— COS ¢1 + COS G2 + cos v3 = 0 and — sin gi + sin ¢g + sin gs = 0, 
we obtain 
3 — 2 >= + 120°, = 240°, (1) 
go - ¢1= + 60°, + 300°, (2) 
1 —- ¢ = + 60°, + 300°. (3) 


There are sixteen possible combinations of these values obtainable from (1) and 
(2), but of these, only the following six combinations satisfy the conditions of (3): 


I IT Il IV V VI 
P38 G2 Fee eee cee ee eens 240° 240° 120° —240° | —240° | —120° 


P2 PL eee eee c eee eee e eee —300° 60° — 60° 300° | — 60° 60° 


For each of these six combinations it is seen that the half-line from (2, y) to the 
vertex P, bisects an angle of 120° made by the half-lines to the other two vertices. 


1 Cf. Steiner, op. cit. 
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We may express this by saying that the point (2, y) must satisfy condition C\. 
A similar argument holds for the function F;_—¥+, and the first derivatives can 
exist and vanish only at a point which would fulfill condition C2, namely, that the 
half-line from the point (a, y) to the vertex P, must bisect an angle of 120° 
made by the half-lines to the other two vertices. <A similar condition C3; must 
be fulfilled for the vanishing of the derivatives of the function F, 4 —.1 

We have then shown that for each of the functions Fy ,_, Fy_+, and F_44 
the absolute minimum exists and that it occurs at an J_ point or at a vertex of 
the triangle, except for triangles of Class V where it occurs at an J, point, an 
I_ point, or at a vertex of the triangle. 

It will be seen from the table classifying triangles that in all classes except 
II and II’ there is one odd angle differing from the other two. From an examina- 
tion of the various classes of triangles it is seen that the half-line from the J_ 
point which bisects the angle formed by the other two half-lines is the one to 
the vertex of this odd angle. If we specify that 63 shall be this odd angle; then 
for triangles of Classes I, III, IV, and V, there is no point which fulfills conditions 
C, or Cy, and hence for the functions F_44 and F,_¥+ the only points at which 
an absolute minimum can occur are the vertices of the triangle. For triangles 
of Classes I, I{I, and IV, condition C3 is fulfilled at just one point, namely, 
the J_ point; and therefore the absolute minimum for the function F,4~— can 
occur at the /_ point or at one of the vertices of the triangle. For triangles of 
Class V, condition C3 is fulfilled at two points, namely, the I, point and the J_ 
point; and therefore the absolute minimum for the function F;4~— can occur 
at either of the isogonal centers or at one of the vertices of the triangle. For 
triangles of Class II, since, strictly speaking, none of the conditions C1, Co, or C3 
are fulfilled anywhere in the plane, the absolute minimum for all of the functions 
must occur at one of the vertices of the triangle. For triangles of Class IT’, 
any point on the arc of the circumceircle from P, to P3 fulfills condition C\; 
and therefore the absolute minimum for the function F_ 44 can occur at points of 
this arc or at the vertex P;. Similarly, the absolute minimum for the function 
F,_— 4 occurs at points of the arc of the circumcircle from P,; to Ps or at the 
vertex P., and for the function F', .— at points of the arc from P; to P, or at the 
vertex P3. 

In cases where the absolute minimum must occur at one of the vertices, this 
vertex can be determined from an examination of the relative lengths of the sides 
of the triangle. In cases where the absolute minimum can occur at an J point 
or one of the vertices, it remains only to investigate the relative values of the 
function fF, ,— at the J_ point and at the vertices of the triangle for triangles of 
Classes I, III, and IV; and for triangles of Class V at the 1, point, the [_ point, 
and the vertices. ‘These results are shown in the appended tables. 

Since the first derivatives of the function F..,— vanish at the J_ point for all 

1 Steiner (op. cit.) has shown that the condition for the vanishing of the first derivatives of 


the function F,,, is that the half-lines from the point (2, y) to the vertices of the triangle make 
three angles of 120° with each other. 
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triangles except those of Class II, and at the J, point for triangles of Class V, 
the question arises as to whether these points yield a relative maximum or 
minimum where they do not give the absolute minimum. An examination of 
the discriminant of the second derivatives shows, however, that these points are 
saddle-points. 

For triangles of Class II, the first derivatives do not exist at the J_ point, 
which is the vertex of the 60° angle. In this case, the surface represented by 
the equation z = F,.4-—(a, y) has a conical point corresponding to the J_ point. 
If we pass a plane through this conical point parallel to the Z-plane, the surface 
lies entirely above this plane, so that the J_ point is an absolute minimum as 
we have previously stated; but as we go out from this point in one and only one 
direction the surface starts tangent to the plane and then rises above it. In the 
case of the surface represented by the equation z = F_44+(2, y) there is a conical 
point corresponding to the J_ point, and if we pass a plane through this conical 
point parallel to the Z-plane, the surface rises above this plane as we move away 
from the conical point in every direction except one; but as we move in this 
direction the surface starts tangent to the plane and then drops below it, giving 
a peculiar sort of saddle-point. 


SUMMARY. 


Character of the Isogonal Centers. 


Angles of triangle. I... I_. 
63 < 60° < 62S 6; < 120°..... Minimum F,,, Minimum F’,,_ 
63 < 60° = 02. < 6, < 120°..... Minimum F,.. Minimum F,,_ 
6, = 02 = 03 = 60°........... Minimum F444 See next table. 
6, = 0. < 60° < 63 < 120°..... Minimum F444 Saddle-point F..— 
6, = 0. < 60°, 63 = 120°...... Minimum F444 Saddle-point F4._ 
6; =O < 60°, 0; > 120°...... Saddle-point F,,— Saddle-point F,._ 


Positions of the Absolute Minimum for the Various Functions and Classes of 


Triangles. 
Angles of triangle. | rarer Fy. Fy. F_i4. 
63 < 60° < 6. =6, < 120° I, I. P; P3 
9, < 60° = 0. < 0, < 120° I, I_ = (P2) P3 P3 
6, = 02 = 03 = 60°....... I, Arce of circumcircle| Arc of circumcircle| Arc of circumcircle 
from P; to P» from P, to P3 from P», to P3 
6, = 62 < 60° < 63; < 120° I, P, P, P, 
6; = 602 < 60°, 63 = 120° . I, P, P, P» 


6, = 92. < 60°, 63 > 120° . P3 P, P, ; P2 
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THE MATHEMATICAL PUZZLE AS A STIMULUS TO INVESTIGATION.? 
By WALTER B. CARVER, Cornell University. 


The word investigation may be interpreted broadly enough to include all 
search for, and discovery of, truth which is new to the discoverer, regardless of 
whether it is or is not new to others. In this sense, a good high school student 
may be an investigator. Every teacher of mathematics has some scholars who 
have sufficient intellectual curiosity to ask themselves questions, and sufficient 
mathematical technique to discover the answers to some of these questions. All 
that is needed is something to arouse their interest and get them started. But the 
teacher, too, must be an investigator if he is to retain his enthusiasm and any 
freshness in his point of view. And making all due allowance for long teaching 
hours and heavy burdens of administrative work, the thing that primarily pre- 
vents most teachers from doing work of investigation is a certain inertia and lack 
of interest. As a pleasant and effective stimulus for student and teacher alike, 
the writer recommends the mathematical puzzle. If there is any merit in this 
recommendation, the best argument in its favor will be the presentation of a 
few examples. 

From an excellent collection of mathematical puzzles by H. E. Dudeney? I 
quote the following: 

Five ladies, accompanied by their daughters, bought cloth at the same shop. 
Each of the ten paid as many farthings per foot as she bought feet, and each 
mother spent 8s. 54d, more than her daughter. Mrs. Robinson spent 6s. more 
than Mrs. Evans, who spent about a quarter as much as Mrs. Jones. Mrs. 
Smith spent most of all. Mrs. Brown bought 21 yards more than Bessie, one of 
the girls. Annie bought 16 yards more than Mary and spent £3 8d. more than 
Emily. The Christian name of the other girl was Ada. Now, what was her 
surname? | 

Of course the point of the problem lies in the fact that the total number of 
farthings spent by each of the ten persons is a perfect square; and that we have 


the relation . 
a? — y? = 405, 


where x” and y” represent respectively the number of farthings spent by any one 
of the mothers and her daughter. Since the farthing is the smallest English coin, 
we may assume that the values of z and y are to be integers, 12.¢., that this is a 
Diophantine equation. We can find its solutions by expressing the right-hand 
member as the product of two factors, and equating these factors to x + y and 
x — y respectively. We thus find just five pairs of values, 


x = 21, 27, 43, 69, 203, 
y = 6, 18, 38, 66, 202, 


1 Read at the meeting of the Association, University of Rochester, Sept. 6, 1922. 

2 Amusements in Mathematics, London, 1917. The puzzle here quoted is number 140 in this 
collection. Dudeney conducts a puzzle page in the Strand Magazine. His first book Canterbury 
Puzzles is now in its second edition. 
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and the numerous statements in the puzzle enable us to identify these different 
solutions with the different mothers and daughters. 

But any one with even a little mathematical curiosity will surely go further 
and ask himself questions. How many solutions can be found for the Diophantine 
equation 

a — y? =n, 


where n is any given integer? Can the same methods be applied to the equation 
a? — Say + by? = n; 

or to any equation of the form 

ax* + bey + cy? = n, 


where a, b, c, and n are any positive or negative integers? A whole field of 
mathematics is thus opened up, in which one may either investigate for himself 
or read the results of the investigations of others—or both. 

The problem of finding right triangles whose sides are integers is a very old 
one; and it is well known that all positive integral solutions of the Diophantine 
equation 

a? + y2 = 2? 
can be obtained from 
x= (r? — 8°), y = 2rst, z= (r?+ 8), 


r, s, and ¢ being arbitrary positive integers. But less familiar is the problem of 
finding triangles whose sides are integers and one of whose angles is 120° or 60°, 
leading to the Diophantine equations 


a+ ay ty? = 2? and a — sy ty? = 2? 
It is not difficult to show that 
x= (r? — 8*)t, y = (2rs — r*)e, 2= (r?—rs+ st 


furnishes all solutions for the 120° case. ‘The equation for the 60° case is rather 
more difficult.. But one may see quite readily from a figure that if x, y, 2 are 
integral sides of a 120° triangle, then x, x + y, z and z+ y, y, z are sides of two 
different 60° triangles; and that all solutions of the 60° triangle may be obtained 
in this way from the solutions of the 120° case. The smallest solutions are 5, 3, 7 
for the 120° case, and 5, 8, 7 and 8, 3, 7 for the two corresponding 60° triangles. 

A similar problem is that of finding a right circular cylinder and the frustum 
of a right circular cone of equal altitude and volume, the radii of the cylinder and 
of the upper and lower bases of the frustum being integers. If z is the radius of 
the cylinder, and x and y those of the bases of the frustum, we have 


a? + ay + y? = 327. 


The simplest non-trivial solution of this Diophantine equation is 2, 11, 7. One 
can look for further particular solutions, or for some form that will give an 
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infinite number of solutions; or, most desirable of all, some form or forms which 
will give all solutions. 

Consider another example.1 Thirteen mice, one of which is white, are ar- 
ranged in a circle. A cat, beginning with the white mouse as number one, 
counts around this circle up to a certain number n, and eats this nth mouse. 
Beginning with the next mouse beyond the victim as number one, and counting 
in the same direction, the cat again eats the nth mouse; and then repeats the 
process once more. What is the smallest value for n in order that the third 
mouse eaten may be the white mouse? 

It is not difficult to see that we will have a value for n (not necessarily the 
smallest value) if we can find integral values for n, a, b, x, y, t, satisfying the 
following conditions: 

n— 13x = a, n> 0, 
n— (138 — a) — 12y = 8, O<a< 14, 
n— (12 — 6) — 1lt = 1, 0<b< 138. 


Eliminating a and b from the three equations, we have 


3n = 13a + 12y + 11t+ 26, or n= 4e+ dy + 4+ 9422. 
Putting 
Boi tay, or t=ax— 32-1], 
we have 
n= 8e+4y —1lz+5, a= —5et 4y— lle +5, b = 32 — 4y — 222 — 3, 


and we thus obtain integral values satisfying the three equations by giving any 
arbitrary integral values to x, y, and z. It only remains to choose these values 
of x, y, and z in such a way as to satisfy the inequality conditions, namely 


8a + 4y—I1lze+5> 0, 
O< — 54+ 4y — Ilz+ 5 < 14, 
O< 384 — 4y — 222 — 3 < 13. 


Regarding 2, y, and z as the rectangular codrdinates of a point in space, one sees 
that the points satisfying these five inequalities lie within a portion of space 
below the plane 82 + 4y — 1lz-+ 5 = 0 and bounded by a prismatic surface 
whose cross-sections are parallelograms. Considering now only the lattice of 
points whose coérdinates are integers, we wish to find the point of this lattice 
lying inside the prismatic surface and at the least distance below the plane 
8a + 4y — 1llz+5=0. One easily deduces that zg must be less than 1. For 
z = 0, the inequalities in x and y can not be satisfied with integers; but for 
z = — 1 we have a number of solutions. In particular, r = 7, y = 7,2 = — 1 
gives n = 100; the smallest value for n. Some other values for n are 104, 112, 
116, 124, 128, 136, 140, 144, 148, 152, etc. If one finds thus all values of n up to 


1 This is the third part of Dudeney’s puzzle number 232. 
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1716 (= 11 X 12 X 18), all further values can be obtained by adding multiples 
of 1716 to these. 

For a final example, I once more quote Dudeney.! 

Eight men had been dining not wisely but too well at a certain London res- 
taurant. They were the last to leave, but not one man was in a condition to 
identify his own hat. Now, considering that they took their hats at random, 
what are the chances that every man took a hat that did not belong to him?? 

Let K, represent the number of permutations of n letters such that no letter 
goes into itself. One sees readily that Ky = 0, Ke = 1, K3 = 2. If one defines, 
for convenience, Ky = 1, the formula 


Kn =ni— (CBr + C1? Kn-2 + ses + CK + C,." Ko) 


follows from the fact that the successive terms in the parentheses give respectively 
the number of permutations sending just one letter, just two letters, . . . just 
(n — 1) letters, all n letters, into themselves. By means of this formula we 
readily deduce 


Kag=9, Ks = 44, Ke = 265, K, = 1854, Ks = 14838. 


Hence the chance that each of eight men should get the wrong hat is 14833/8! 
Two recursion formulas, simpler than the one above but rather more difficult 
to establish, are 


Kn = (n — 1)( Baa + Kn-2) and Kn = nKy-a+ (— 1)”. 


The following interesting relations were pointed out to the writer by Professor 


W. A. Hurwitz: 
Kk, = t (¢ — 1)"e~‘dt, 


= = Bo + Bae + 5 Seat + eet. fp Stam poe, 
_ it (— 1)” 
rewn(h Bad $2), 


This last relation shows that as n increases, the chance that each of n men should 
get the wrong hat approaches 1/e. 

These examples are perhaps sufficient to indicate the rather serious sort of 
mathematics into which one may be led by following up apparently trivial or 
foolish puzzles. 


1 Number 267 in his Amusements. 
2 This problem is discussed by Lucas in his Théorie des Nombres, chapter XIII; and references 
are there given to other treatments by Euler and Neuberg. 
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QUESTIONS AND DISCUSSIONS. 
Epitep By C. F. GumMmeEr, Queen’s University, Kingston, Ont., Canada. 


QUESTIONS. 


The following questions are proposed by Professor Harris Hancock, the first 
being suggested by the replies to Question 36, 1 (1922, 255-7). 


48. In what quadratic realms of rationality and for what values of p (which is a prime integer) 


. . oP—i) 
is the function | factorable? 
For example, 
5 _— 
Bota (#4 te 41) (e+ 5% e 41) 


_ 7 
is evidently factorable in the realm R(¥5); while = = has the factors (2? — ax? + ba — 1) 


X (v3 — be? + ax — 1), where a = (—1+ ¥— 7)/2, b = (—1 — V—7)/2, and is therefore 
factorable in the realm R(¥ — 7). 
49. What is the most general value of the constant 7 for which the differential equation 


PY ay +T 
dat (by? + cy + dx? + ex +f)? 


admits solution in the form of elliptic functions, a, b, c, d, e, and f being constants? 
A special case is given by Euler, Institutiones Calculi Integralis, p. 153. 


=0 


DISCUSSIONS. 


Professor R. M. Mathews quotes a construction for a certain type of circular 
cubic, and discusses ‘an exceptional curve for which the construction fails. 

Mr. Philip Fitch makes the suggestion that less emphasis be placed on the 
problem of orthogonal trajectories, and that the more general problem be studied 
in which two families of curves cut one another, not at right angles, but in such 
a way that the slopes at points of intersection are related according to any given 
law. ‘Teachers of differential equations are probably glad enough so to vary a 
standard problem, provided that a sufficient supply of interesting examples is 
available to illustrate what they are doing. 

We are from time to time reminded of some inconsistency or inexactitude of 
expression that pervades some special branch of mathematics; but we probably 
agree that the general aim of mathematical writers is to exhibit extreme pre- 
cision and carefulness in the use of language. The note contributed by Pro- 
fessor A. A. Bennett shows how easily the writer of an elementary text fails to 
reach this ideal. No doubt a number of the flaws to which allusion is made are 
the result, not so much of inexact thinking as of a desire to use the simplest 
possible language. Certainly this would account for the frequent use by some 
authors of “greater than’ where the meaning is “greater than or equal to” or 
“numerically greater than”; though the simplicity so attained is never anything 
but illusory. Professor Bennett does not select his authors for the multitude of 
their errors. Had he chosen one of the real offenders, he might still be asking 
“Why?” However, let us not overlook the fact that the bad usages are fast 
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becoming obsolete, and that there is a strong movement today, of which the 
present paper is a sign, towards exactitude in mathematical phraseology. 


I. AN EXcEPTiONAL CIRCULAR CUBIC. 
By R. M. Maruews, Wesleyan University. 


It is well known that the locus of the intersection of any member of a pencil 
of coaxial circles with its diameter through a fixed point F is a circular cubic. 
The point F lies on the curve and is the singular focus, that is, the intersection of 
the tangents at the circular points at infinity. The line of centers of the circles 
is called the median of the curve. These curves have been studied synthetically 
by Schroeter, Durége and Lagrange.! 

The converse theorem may be stated: any circular cubic which contains its 
singular focus F may be considered as the locus of 
the intersection of any member of a coaxial pencil 
of circles with its diameter through F. This theo- 
rem has been given by the authors named and by 
Loria and Hilton.2 The object of this note is to 
examine a special cubic for which the diameter be- 
comes indeterminate, and to arrive at a definite 
construction for this case. 

The equation 


(a? + y?)x — 2gx — 2fy = 0 (1) 


defines a proper circular cubic which is symmetric 
with respect to the origin 0. The asymptotes are 
the y axis and the isotropic lines at O; so O is at 
once singular focus and principal point—uintersect- 
ion of the curve with the real asymptote. The 
circles of the pencil are concentric at O and so form 
a coaxial pencil bitangent at the circular points at 
infinity. The theorem is true but the simple corre- 
lation of circle and diameter is lost. 

The correlation may be effected as follows. The equation (1) may be replaced 
by the system parametric in r 


ary =r, (2) 


2 
_? 29 .. 
2f 


Plot the point C = (2f, — 2g) and through it draw m parallel to the y axis. On 
Oz take OU = +1. A circle of radius r cuts Ox at R and Oy at Q. Draw RP 

1H. Schroeter, Mathematische Annalen, vol. 5, 1872, pp. 50-82; H. Durége, ibid.; A. Lagrange, 
Nowvelles Annales de Mathématiques, series 3, vol. 19, 1900, pp. 66-74. 


2G. Loria, Spezielle algebraische und transzendente ebene Kurven, vol. 1, Leipzig, 1910, p. 35, 
H. Hilton, Plane algebraic curves, Oxford, 1920, p. 226, Ex. 28. 


(3) 
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parallel to UQ to cut Oy at P. On m take CK = OP and in the same direction. 
Then OK is the required line. 


II. On TRaAsectorres IN GENERAL. 
By Puiur Fircu, Denver, Colo. 


The treatment of trajectories in the better known works on differential equa- 
tions is confined principally to those involving a given angle and more particularly 
to orthogonal trajectories. There are, however, numerous others of a different 
type, and having a practical value, that receive no mention. 

Because of the common property of most of them, namely—that they always 
cut all the curves of the original family—the term “transversals’”’ might be more 
appropriate. 

If we let f(z, y, a) = 0 represent the equation of a certain family of curves, 
we may have ¢(z, y, dy/dx) = 0 represent the differential equation of the same 
family. And in the expression ¢(z, y, dy/dx) we may substitute a function of 
dy/dx, say ¥(dy/dx), and obtain a differential equation of a new family of curves 
that will have some relation to the original family. Now the nature of the 
trajectory or transversal depends wholly upon the y(dy/dz) and its relation and 
usefulness are determined by this function. 

For example, take the case of bodies or groups of bodies moving in paths 
that are curves belonging to the same family, it might be necessary to obtain 
the locus of points where these bodies would possess a common property. ‘This 
property could be equal momenta, equal kinetic energies, velocities in the same 
direction, and others, all of which may be represented as functions of dy/dzx. 

The value of these problems from a practical as well as an educational and 
purely mathematical standpoint cannot be over-emphasized. 

Among the problems of this type that have been found useful is that of de- 
termining the transversals for velocity in the same direction of a series of streams 
of water shot out horizontally from the same level under different pressures or 
heads. Since the paths of these streams are parabolas with vertices and axes in 
common, we find the transversals to be a family of straight lines, concurrent at 
the point of efflux of the streams. 

Another illustration is the determination of the transversals for equal kinetic 
energies for the streams mentioned above. In this case the transversals are a 
certain family of transcendental curves. 


III. Wuy? 
By AuBert A. Bennett, University of Texas. 


Attention has been called in this Monruty? to the loose attempts made to 
define “complex,” “imaginary,” “pure imaginary,” as applied to numbers, in 


most American text-books in elementary algebra. There are certain other wide- 
4 HK. 8. Allen, “ Definitions of imaginary and complex numbers” (1922, 301-303). 
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spread practices to which attention might also be called. For the sake of being 
specific, the excellent and widely-used text by Rietz and Crathorne will be 
mentioned, and page references will be to the “Revised Edition,” 1919, of their 
College Algebra. The use of references of this sort will condense the discussion, 
but the writer realizes that this book may be more than usually free from lapses 
of the form cited, if these be indeed lapses. 

P. 30, 8th line. “The square root of a negative number.” One is at a loss 
to know whether even for a positive number, the authors would have one speak of 
“the square root,” since the question of signs remains somewhat ambiguous, 
but surely no convention has been adopted which will justify the use of the 
definite article in the case of square roots of negative numbers. Why not agree 
that +n is defined for non-negative real numbers only, and that the two square 
roots of — n, where n is positive, will be denoted by 7 12and — 71, respectively? 

P. 48, Exercise 4. Why should the illustrative example, at the bottom of 
page 46, be made an exercise for the student, two pages later? Is this merely to 
determine whether the student has read the text, or is it an accident due to the 
authors’ not having read the exercise? 

P. 58, Exercise 24. Why should a problem asking for positive integers be 
recorded as having an answer equal to zero? 

P. 67, II. Why should the authors remark “since r ¥ 0,” when this was not 
given in the hypothesis, and since in the first application of the theorem, namely 
in III at the foot of the page, the case r = 0 is required? 

P. 67, II. Why state the theorem, “a quadratic equation has two roots 
arithmetically equal but opposite in sign when and only when the term in x 
vanishes,” as though a quadratic equation could not be in y or z instead of x? 
Why speak of the “known term,” for a quadratic in 2, meaning the term inde- 
pendent of x, when in the first application this “known term” contains an un- 
known, k, which is to be determined subject to certain conditions? Many books 
use the phrase “constant term”’ in an equation in which the unknown is at least 
constant, or “unknown” for a function in which the 2 although a variable is 
assuredly “known.” | 

P. 71, Exercises. In plotting the graphs of quadratic functions, why are 
the exercises given in the form of quadratic functions equated to zero? Being 
given equations only, why cannot the student multiply by an arbitrary non- 
vanishing constant at will, and so obtain other graphs? If this is desired, why 
is it not explained? 

P. 86, 1st line. Why are inequalities defined at this late stage after use has 
been made of them, P. 3, line 8; P. 13, line 1; P. 23, line 7; P. 25, next to bottom 
line; P. 68, 7th line from bottom; etc.? 

P. 90, 4th line from bottom. Why must the “and so on” be made to reappear 
in each proof by mathematical induction, instead of being included in the notion 
of positive integers, where it belongs? Why not conduct the discussion somewhat 
as follows?—From the character of positive integers, we shall assume (and it 
may be proved) that if a theorem is true of a positive integer there must be a 
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first positive integer for which the theorem holds. Suppose if possible that the 
given proposition which we have established in the particular case n = 1 should 
fail for some positive integer. Then it must fail to be valid for a certain first one 
which we shall call r+ 1. Here r-+ 1 1s a positive integer at least as great as 2. 
Hence r is a positive integer, and one for which the proposition is valid. The 
argument is then carried out to show that the truth for r implies the truth for 
r+ 1. Our hypothesis that the proposition fails to be valid is therefore seen to 
lead to an inconsistency and, unless other logical errors have been introduced, 
the proposition is therefore proved to be valid for all positive integers. 

In this connection why not distinguish boldly between psychological induction 
which gains plausibility by the mere multiplicity of valid cases, and logical 
induction? ‘To establish the theorem directly for n = 2, and n = 3, after the 
case n = 1 is proved, merely delays the argument. If the student finds it worth 
while even to attempt to prove the theorem, the stage at which psychological 
induction has value has been already passed, and the case n = 1 affords an 
ample start. If the proposition has a meaning for n = 0, this case is usually 
even simpler to demonstrate, and although 0 is not a positive integer, it suffices to 
start the induction. 

Perhaps geometry is too elusive to permit of rigorous elementary text-books, 
but why must algebra books abound in opportunities for queries of this sort? 


RECENT PUBLICATIONS. 


REVIEWS. 


Space—Time—Matter. By Hermann Weyt. Translated from the German by 
Henry L. Brose. New York, E. P. Dutton and Co., 1922. 330-+ xi pages. 
Price $7.50. 

Professor Weyl’s book was first published in 1918 and immediately achieved 

a remarkable success, the fourth edition being published in 1920. It is this 

latest edition which Mr. Brose, who has already successfully translated Einstein’s 

own popular account of the theory of relativity, presents to the English-speaking 
scientific public. There is no indication of any collaboration with the author and 
indeed it is not clear whether the translation was “authorized”’ or not. This may 
account for many faults, some of which are indicated in detail below. It is 
claimed that “great care has been taken to render the mathematical text as 
perfect as possible.”” The number of misprints is, however, lamentably great 
and their occurrence makes the book very difficult reading for those to whom 
the translation can be of any possible use. The printing involved is obviously 
difficult, but the price asked for the book should certainly warrant better success. 

In a symbolism where the position of a label (above or below a symbol) is all 

important it is fatal for the printer to exhibit a certain carelessness in this respect. 
Professor Weyl’s book has been favorably reviewed by many competent 
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authorities.1 It is by no means adapted for a cursory reading but demands 
leisurely study. And it will be of inestimable value to those who “think it out”’ 
for themselves. For the mathematician especially, the first chapter with its 
account of affine geometry will be very interesting. This subject is receiving 
considerable attention Just now and Weyl deserves the credit of focussing this 
attention.2, An account of Riemann’s concept of a metrical space and of Weyl’s 
own extension is given in Chapter 2. The contrast between the “action at a 
distance’ character of Euclidean space and the “action through a medium”’ 
character of Riemann space is emphasized. The final chapters of the book deal 
with Einstein’s idea of the relativity of space and time. In the discussion of the 
fundamental problem of the single statical gravitating center (p. 252) it is not 


clear what is meant by “the distance r = Vez? + ao? + 2x52 from the centre.” 
Some appeal from Riemann to the ideas of Pythagoras is surely being made here. 
But it was on reading § 35 on “The metrical structure of the world as the origin 
of electromagnetic phenomena” that we were finally convinced that the author 
belongs to that school of teachers which deprecates the lucid, orderly lecture on 
the ground that it is too easy and does not exercise sufficiently the mind of the 
reader. When we were dejected by our failure to understand a particular passage 
the ill-natured remark of Voltaire was recalled; to the effect that when two 
Germans are discussing a subject in such a manner that neither understands the 
other, they are talking metaphysics; but when they rise to such heights that 
neither understands himself, they are talking higher metaphysics. We may 
well be consoled, however, by the fact that the great German mathematicians— 
Hilbert, for example—are always clear and understandable. In making these 
remarks it will be clear that our strictures are meant not for what Weyl has to 
say but for his manner of saying it. He is, next to Einstein, the most serious 
contributor to the theory of relativity. 
We add a list of errata and remarks for the non-expert reader of the book. 


P. 21, equation (4) e* should read ex. It is unfortunate that upper (contravariant) labels were 
not used throughout for the coérdinates and their differentials instead of the lower (co- 
variant) labels. If this were done, the elegant property of the symbolism by which a 
summation (dummy) label occurs once above and once below in a term would be preserved. 
Equation (4) would read e’* = Zaz‘e*. 


P. 22, line 3 from top; A’B’ = a’ — b’ should read A’B’ = a’. 
P. 23, lines 4 and 2 from bottom; “quantum”’ should read “quantity.” 
P. 36, formula (23)’; for ¢! read ¢1. _ 
P. 52, line 13 from top; for é (at end of line) read é,. 
P. 60, formula 41; for out read Cus 
OX’ OXk 
P. 87, at bottom; the remark that “the equation 
Ox Ox 
da = 3, 4 + 3, due 


1 See Bulletin of the American Mathematical Society, vol. 28, 1922, p. 215, for a review by G. D. 
Birkhoff, and Nature, vol. 109, 1922, p. 634, for a review by A. 8. Eddington. 

2 An interesting paper on the same subject is that of W. Blaschke in Mathematische Zeitschrift, 
vol. 12, 1922, p. 262. 
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will hold more exactly the smaller du; and due are taken”’ will grate on the ears of those 
accustomed to the Leibniz treatment of differentials. 

. 90, line 4 from top; for “total” read ‘“‘exact.”’ 

. 96, The ‘remark, line 3 from top, is somewhat misleading. Riemann’s definition of curvature 
is not an extension of Gauss’ but a different definition altogether. One cannot be too 
careful in using the word ‘“‘curvature”’ in these days when non-mathematicians talk so 
glibly about the curvature of space. 

. 96, at middle; for (2x;dx)? read (Za;:dz:)?. 

. 107, line 8 from bottom; One must pillory the remark that ‘an infinitesimal element of surface 
is only a part (or more correctly, the limiting value of the part) of an arbitrarily small but 
finitely extended surface.”’ 

. 108, line 2 from bottom; for 0 read 6. 

. 112, line 5 from top; for wi,f; read w**f;, The justification for the formula immediately follow- 
ing is not clear. 

. 115, line 2 from top: The sneer in the words ‘This will relieve the minds of those who dis- 
approve of operations with differentials’? is not justifiable after the remark on page 
107 (see above). 

. 186, line 12 from top; for e read e. 

. 141, last line; for dy‘ read dyz'. 

. 161, line 12 from bottom; for “statistical’’ read “statical.” 

. 187, line 10 from bottom; Voltaire would undoubtedly dignify by the term high metaphysics 
the statement ‘‘Suppose we have two twin brothers who take leave from one another at 
a world point A and suppose one remains at home . .. whilst the other sets out on 
voyages. . . . When the wanderer returns home in later years he will appear appreciably 
younger than the one who stayed at home.” : 

. 196, line 14 from top; for ‘“Eichwald”’ read “Eichenwald.” 

. 202, lines 4 and 5 from top; for 7 read 4 . 

. 211, line 4 from bottom; for ‘‘deducted’’ read ‘‘deduced.”’ 

. 231, in right hand side of equation of line 2; for uz read u*. 

. 258, lines 5 and 7; replace the minus by equality signs. 

. 262, last line; for u* read uy. 


mm Ooh Mr acme) 
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In conclusion we may explain why we have directed attention to the faults 
rather than to the merits of this translation. The widespread interest in the 
theory of relativity is a rare phenomenon. Not often is such an interest in the 
methods and results of mathematical analysis displayed by men cultured in other 
departments of learning. To those who believe in the importance of these 
methods for the progress of civilization it must seem particularly unfortunate if 
this curiosity is stifled and distrust aroused by difficulties due to the mode of 
presentation of the theory; those inherent to it are, we all know, sufficient. 

Francis D. MuRNAGHAN. 


Cours Complet de Mathématiques Spéciales, Volume 3, Mécanique. By J. Haaa. 

Paris, Gauthier- Villars et Cie. 1922. S8vo. viti + 188 pages. 

This brief volume, although on the whole rather elementary, has enough 
individuality to make it interesting reading. In the opening chapters, which 
deal with kinematics, the motion is frequently defined by giving the relationship 
between displacement and time, rather than by giving the differential equation 
which defines such a relationship. This has certain advantages, since the 
differential equation naturally arises in dynamics and its solution can be taken 
up at that time. Considering the general scope of the book, it is surprising to 
encounter a Fourier series in connection with the discussion of vibratory motion. 
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The section on dynamics deals mainly with the dynamics of a particle. There 
is a chapter of fourteen pages entitled “Notions on the Dynamics of Systems”’ 
and a final chapter on “The Units of Mechanics.”’ As there are no numerical 
exercises, there is no objection to this arrangement. The last two chapters deal 
with statics. Rolling friction, sliding friction, pivot friction and journal friction 
are discussed and a table of coefficients of friction for a number of different sub- 
stances is also given. 

Anyone using the book with a class would probably supplement it with a 
number of exercises. 

PETER FIELD. 


Lecons sur le Probléme de Pfaff. By Epouarp GoursaT. Paris, J. Hermann. 

1922. Price 30 francs. 

In this book Goursat has produced what is probably the most scholarly 
work on the subject. The treatment is thoroughly up to date and exact references 
to original sources are more abundant that.is usual in such treatises. In order 
to understand the book one must have freshly in mind the fundamental theorems 
relative to partial differential equations. (Goursat makes frequent reference to 
his own work, Lecgons sur Vintegration des équations aux dérivées partelles du 
premier ordre, and seems to regard the present book as a sort of continuation 
of it. 

The first two chapters deal with the “Problem of Pfaff’’ properly so called, 
particular emphasis being put on the properties of bilinear covariants. In the 
next two chapters a study is made of symbolic differential forms and of their 
application to the “Problem of Pfaff.” In the fifth chapter there follows a 
study of integral invariants. The last three chapters are devoted to the most 
recent progress in the subject, particularly to that due to Cartan to whose work 
frequent reference is made. 

The typography, etc., are good although a few misprints were noticed. The 
lack of binding and the uncut pages common in French books as they come from 
the press always annoy an American reader. 

TOMLINSON Fort. 


Elementary Calculus. By F. S. Woops and F. H. Barttey. Boston, Ginn and 

Company, 1922. 8+ 318 pages. Price $3.00. 

As the preface states, this book is intended for first-year college students. 
In the light of this fact, it is not surprising that the treatment of the subject is 
occasionally simplified at the expense of rigor; for example, Taylor’s and Mac- 
laurin’s series are discussed without mention of convergence or the remainder 
term. The explanations are, with few exceptions, very clear and easy to under- 
stand, and the abundance of problems which has come to be associated with the 
names of Woods and Bailey will add much to the usefulness of the book. In 
view of the fact that the book is primarily intendéd for engineering students, 
the introduction of the derivative through the concepts of velocity and accelera- 
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tion is a welcome departure from the geometrical presentation in terms of slope 
and curvature, which in this text is taken up later. 

The following criticisms of a specific character may be made: 

In the definition of a limit on page 2 the authors state that the difference 
between the variable and its limit “becomes and remains less than any small 
quantity which may be assigned,” evidently meaning “any small positive 
quantity.” 

In connection with integration it might well have been proved that any two 
indefinite integrals of a function differ by a constant. 

On page 5 appears the logical error of dividing $ mile by 3, hour. 

The discussion of pressure on page 68 calls attention to the confusion which 
appears in many books between the two meanings which are attached to the 
word “pressure,” namely, total force and force per unit area. 

In the proof, on page 120, that 


it will probably not be clear to the student that BD + DB’ > BAB’. 

The definitions of the inverse trigonometric functions, on page 130, as multiple- 
valued functions lead to much unnecessary complication in the formule. for 
their derivatives. | 

The use of the term “linear acceleration,” on page 135, to denote the tangential 
component, d’s/d#?, of the acceleration in plane curvilinear motion conflicts 
with the customary usage and, in particular, with the common expression of 
Newton’s second law of motion, namely, f = ma, where f, m, and a are the meas- 
ures of force, mass, and acceleration respectively, in terms of suitably chosen units. 

It is difficult to understand the reason for introducing, as is done on p. 181, 
the notation (df/dx), for df/dx, and other analogous notations, and making 
practically no use of them later. 

On the whole, many of the subjects treated seem a bit beyond the compre- 
hension of the average freshman, but the book would probably be very satisfactory 
with sufficiently mature students. 

Horace L. OLson. 


UNDERGRADUATE MATHEMATICS CLUBS. 
All reports of club activities should be seni to E. L. DODD, Williams College, Williamstown, Mass. 


CLUB ACTIVITIES. 


THE NEWTONIAN CLUB OF THE UNIVERSITY OF ALABAMA, University, Ala. 


Seventeen students, with the codperation of Professor Fort, Professor Lewis, and Mr. 
Dahlene, organized the Newtonian Club on September 13, 1921, to ‘‘add to the interest in mathe- 
matics, subtract from its apprehensive terror, multiply its benefits, and divide its snares.”” They 
elected as president, F. L. Davis, student-assistant in mathematics; vice-president, Reese Malette; 
secretary-treasurer, Louise Sandifer. Membership is limited to twenty including both active and 
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honorary members. Active members are elected by a two-thirds vote from students who have 

shown proficiency in analytical geometry and differential calculus; honorary members are the 

faculty members. The club meets on the first and third Tuesday nights in each month, generally 

at the family or fraternity homes of its members. In 1921-1922 the lives of Newton, Leibnitz, 

Napier, Einstein, and women mathematicians were studied; also such topics as the invention of 

the calculus and of logarithms, and the Einstein Theory. At one meeting a concert given in 

Philadelphia was heard by radio. For the year 1922-1923 the following officers were elected: 

President, Ramsey Reed ’23; secretary-treasurer, Jesse Williams ’23; program committee, the 

officers and Professor Fort. 

September 12, 1922: Organization and election of new members. 

October 10: ‘A type of algebraic correspondence”’ by Professor I. A. Lewis. 

November 14: ‘Reasons for studying mathematics’? by Professor Tomlinson Fort; “Circles 
connected with a triangle’? by Harold Friedman ’23. 

December 12: “Determinants” by Esther Frank ’25, John Steiner ’23, and 8. Rubrai ’23. 

(Reported by Miss Sandifer and Professor Fort.) 


THe Marnematics Cius oF Iowa StTaTE CoLLEGE OF AGRICULTURE AND 
Mecuanic Arts, Ames, Ia. 


The Mathematics Club of Iowa State College was organized in October 1920 with a member- 
ship of fifteen including junior, senior, and graduate students majoring in mathematics. The 
purpose of the club is to stimulate interest in mathematics outside the usual text books and to 
promote sociability between students and faculty. The following officers were elected for the 
year 1920-1921: President, Ruth Dewey, Gr.; secretary-treasurer, Lillian Willson 22; faculty 
adviser, Professor Marian Daniells. 

The program for the first year included papers on ‘‘ Mathematical fallacies,” ‘‘ Mathematics 
of life insurance,’”’ “Mathematicians past and present’’ and a discussion of the Newton-Leibniz 
controversy. The final meeting of the year was a dinner at which were served non-isotropic 
ellipsoids, stuffed paraboloids, permutations and combinations and similar dainties. The program 
which followed the dinner included the play ‘‘The Flatlanders”’ and vaudeville by the Mathe- 
matics Department quartet. The first meeting of the year 1921-1922 was a picnic. At the 
October meeting the following officers were elected: President, Mary Battell ’22; secretary- 
treasurer, Gilbert Witmer,—who was succeeded in the winter quarter by Alberta Wolfe, Gr.; 
faculty adviser, Professor Daniells. 

November 2, 1921: ‘‘Why study mathematics”’ by Professor E. R. Smith. 
December 7: “Mathematics and chemistry’”’ by Professor E. I. Fulmer, of the Department of 

Chemistry. 

January 4, 1922: ‘History of the development of logarithms’’ by Thelma Tollefson ’23; ‘Life 

of Edward Wright’”’ by O. A. Bock 723. 

February 1: ‘Teaching of high-school mathematics” by Professor Gertrude Heer. 

March 1: “The game of Nim” by A. L. Young, Gr. 

April 5: “The planimeter and integration by mechanical means’”’ by Mary Battell ’22; “The 
abacus and other forms of counting machines”’ by Alberta Wolfe, Gr. 

May 3: “Mathematics and music” by Florence Catlin, Gr. 

In May the faculty of the department entertained at dinner the members and prospective 
members of the club. The dinner was followed by a program of music and toasts on the following 
subjects: “The integrating factor,” “Essential singularities,” ‘Harmonic progressions,” ‘‘ Abso- 
lute values,” ‘A plane talk,” and “Reductio ad absurdum”’ consisting of episodes from Alice in 
Wonderland and Through the Looking Glass. 

(Reported by Professor Daniells.) 
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PROBLEMS AND SOLUTIONS. 


EpiTep By B. F. Finxet, OTrto DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuty. In so far as possible, 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems. ] 


3011. Proposed by E. T. BELL, University of Washington. 

In a certain paper it is stated that ‘‘it is easy to prove that, if p > 0 is an integer, the relation 
20 ._ (p-—l1)r 

2p + + Qp—1 SIN op 

= dy = 0, the a’s being integers.” Prove it. 


. Tv . . 
a, sin Xp + a2 sin +d, =O necessitates a1 = G2 = -*+ = Gp-1 


3012. Proposed by R. A. JOHNSON, St. Paul, Minn. 

It is well known that, of all polygons with given sides, that one which can be inscribed in a 
circle has maximum area. Show how to construct a polygon with its vertices concyclic and with 
its sides in order equal to the sides of a given polygon. 


3013. Proposed by S. A. COREY, Des Moines, Iowa. 


: r=m—1 4m Tv 
Prove that im 2, tn Or ED =F" 


3014. Proposed by the late T. M. BLAKSLEE, Ames, Iowa. 

If 1, p, d are the radius and sides of the regular inscribed pentagon and decagon, and if a 
triangle be formed from these three lengths, determine the angle opposite p without the use of 
trigonometric tables. 


3015. Proposed by J. G. COFFIN, New York City. 

A heavy particle at the end of a weightless, flexible, inextensible string is set in motion. The 
string is attached to the side of a cylindrical post of radius 7 and the initial motion is such that, 
when the string is tangent to the post, the particle is moving as a conical pendulum. What is the 
curve made by the string on the post? What is the curve in space described by the particle? 
What time is required to wind up completely? As an interesting variation assume that the string 
is extensible. ; 


3016. Proposed by R. B. ROBBINS, University of Michigan. 
Solve the following recurrence relations, expressing the solution in terms of initial values U; 
and M, and the variable n which is always a positive integer: 


2M, = 2K,U, = M,-1 + U ,-1, K,, = M,-1 + UO n-1 —_ Mr1U0 n-1. 


SOLUTIONS. 


2932 [1921, 467]. Proposed by R. C. ARCHIBALD, Brown University. 

De Ville gave in 1629 the following construction for an approximation to the side of a regular 
_ polygon of n sides inscribed in a given circle: On a diameter AB construct an equilateral triangle 
ABC; divide AB into n equal parts, join C' to D, the first point of division of AB, and let CD 
produced intersect the circumference in EL; then the chord of the arc AF’, the double of AZ, will 
be approximately equal to the required side of the polygon. Construct a table of values for 
n = 5 ton = 20 exhibiting the extent, in minutes and seconds, to which the above construction 
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is in error in connection with the central angle subtended by the constructed side of the polygon. 
[Somewhat similar tables have been made for constructions by Bosse and Bernard.] 


SoLtution By H. S. UnuEr, Yale University. 


Take a system of rectangular axes in such a position as to make the codrdinates of A, B, C 


respectively (a, 0), (— a, 0), and (0, — av3). Then DA = 2a/n and the codrdinates of D are 
(a — 2a/n, 0). 
The equation of the line CDE is _ 
y +av3 = 3». 
1—= 
n 


Making the last equation simultaneous with that of the circle 


e+ y = @ 
the ratio of the ordinate to the abscissa of EF is found at once to be 
ny > Tr) 
e203) 
tan 0 n= A 
2(1- 7) 
n 
where 6, = £ AOE = one half of the central angle subtended by the chord AF. 
Using Barlow’s tables for the roots, and Bauschinger and Peters’ eight place logarithmic 


tables I calculated the data tabulated below. All the numbers in the middle columns were verified 
by independent computation involving the corresponding formula for sin 6,. 


’ 


n 6, — 360°/n = (error)”’ 
5 0° 42’ 4178 2561.8 
6 0 56 48.7 3408.7 
7 1 5 53.7 3953.7 
8 1 11 25.8 4285.8 
9 1 14 33.4 4473.4 

10 1 16 3.8 4563.8 

11 1 16 29-1 4589.1 

12 1 16 10-7 4570.7 

13 1 15 23-1 4523.1 

14 1 14 16-3 4456.3 

15 1 12 57.1 4377.1 

16 1 11 30.2 4290.2 

17 1 9 59.0 4199.0 

18 1 8 25.7 4105.7 

19 1 6 52.1 4012.1 

20 1 5 19-1 3919.1 


Also solved by W. C. EELLs. 


2933 [1921, 467]. 
Dudeney’s! Problem, 1902: With ruler and compasses only, divide an equilateral triangle 
into four rectilinear pieces which may be put together so as to form a square. 


SoLuTion By H. C. BrapLEy, Massachusetts Institute of Technology. 


Let ABC be the given triangle, D and E the middle points of the sides AB and BC. Con- 
struct S, the side of a square equal in area to the given triangle. This may be found by ruler 
and compasses since it is the geometric mean between AD and the perpendicular from C' on AB. 
Describe a circle with center D and radius S cutting AC in F; draw the straight line DF and take 


1Dudeney gave without proof in Canterbury Puzzles a solution which he presented to the 
Royal Society. EDITOR. 
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Gon FA so that FG is one half CA. If FG is not greater than FA, or what is the same thing, 
if F falls on the segment CM where M is the middle point of C/A, the construction is possible. 
Drop perpendiculars from # and G upon FD with feet at J and H, respectively. The figure will 
then be divided into four pieces, DBE J, HGAD,, CFJiki, GiiF:, where Di = D, Ji = J, ete. 
The first three may be reassembled by putting DiA and DB, EB and £,C together. Then 
FC and AG will lie in a straight line, since the angles at A, B and C form 180°. Then the fourth 
piece may be placed with FG, in coincidence with FCG, since FC + AG = FG by construction. 
The resulting figure is a rectangle for the adjacent angles at HZ, H, are supplementary; similarly 
for the angles at F, Fi, D, Di and G, G:. Also the angles at H, Hi, Ji, J areright. It maybe shown 
that JD + DiH = S and this suffices to show that the rectangle is a square. 

Since no use has been made of the fact that the triangle is equilateral, the above process of 
dissection applies to any triangle in which certain conditions, seen from the above, are satisfied. 

If a triangle is such that its altitude is equal to its base and neither of the two base angles 
exceeds 90°, the four pieces may be cut out by two straight cuts only. Let AC be the base, 
the altitude BD = AC, and E, F the middle points of AB and BC, respectively. Project # and 
F upon AC in J and K, respectively; then EJKF is a square and it may be easily shown that 
the two cuts along the diagonals HK and JF give the required four pieces. 


Note sy Orto DuNKEL, Washington University. 


Proof that the rectangle is a square. Since in an equilateral triangle CD > AD, the geometric 
mean S must satisfy the inequality CD > S > AD. Now DM = AD and hence M lies within 
the circle of radius S and center D and C lies without. Hence F lies within the segment CM and 
G within MA. 

Project C, A, B upon FD in the points C’, A’, B’. Then C’F + HA’ = FH from the con- 
struction for G; C’J = JB’; and A’D = DB’. Subtracting the first equation from the second 
there results FJ — HA’ = JB’ — FH or FJ + FH = JB'+4HA' =JD+ DB'+HD — A'D 
= JD + HD. On the other hand we have (FJ + FH) + (JD + HD) = 28 and, since it has 
been shown that the two parentheses are equal, it follows that (FJ + FH) = JD+ HD) =S. 


Also solved by ARTHUR PELLETIER. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will codperate in contributing to the general 
interest of this department by sending items to R. W. BURGESS, Brown University, Providence, 
R. I. 


Miss ConsTANCE WIENER, formerly a graduate student at the University of 
Chicago, has been appointed instructor of mathematics at Smith College. 

At Wesleyan University, Middletown, Conn., Mr. H. E. ARNoxLD and Mr. 
G. W. Bain have been appointed instructors of mathematics. Professor B. H. 
Camp has been granted leave of absence for the year 1923-1924. 

Dr. V. E. Pounp, of Toronto University, has been appointed instructor of 
mathematics at the University of Buffalo. 

At Union College, Mr. W. L. Warner has resigned his instructorship of 
mathematics, and Mr. A. P. J. Boupreavu has been appointed instructor. 

At Lafayette College, Mr. R. J. W. TEmMpiin has resigned his instructorship, 
and Mr. J. A. BENNER, of Pennsylvania State College, has been appointed 
instructor of mathematics. 

Mr. P. R. Yopsr, of the University of Kansas, has been appointed professor 
of mathematics and physics at Blue Ridge College, New Windsor, Md. 
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Miss Harriet L. Haskins, a graduate of Vassar College, has been appointed 
to teach mathematics and science at Eastern College, Manassas, Va. 

Mrs. ANNETTE HiGHsMITH, of Peabody College, has been appointed instructor 
of mathematics at Meredith College for the year 1922-1923. 

At Hampden-Sidney College, Professor J. S. MILLER has resigned to accept 
a position at Emory and Henry College. Mr. Macon Reep, of Columbia 
University, has been appointed head of the department of mathematics, and Mr. 
C. D. Laws, of the University of Georgia, an instructor. 

At Greenville (S. C.) Woman’s College, Miss IsaneL Harris, of Columbia 
University, served as professor for the academic year 1921-1922. Miss Rosr 
B. Woop, of Barnard College, is professor of mathematics at present, and Miss 
Mary L. GAMBRELL has been instructor since the fall of 1921. 

At the University of South Carolina, Mr. M. A. Hitt and Mr. C. C. Epwarps 
have been appointed instructors of mathematics. 

At the Georgia School of Technology, Professor FLoyp Freip has been 
elected Dean of Men. Mr. R. M. Munporrr has been appointed assistant 
professor and Mr. H. K. Fu.mer and Mr. E. R. C. Miss have been appointed 
instructors of mathematics. Mr. W. H. BorrckeEt resigned his instructorship 
in June, 1922, to accept a position in the high schools of Philadelphia. 

Mr. R. G. DemareE, of the University of Chicago, has been appointed head 
of the department of mathematics at Kentucky Wesleyan College, Winchester, 
Ky. 
At Maryville College, Maryville, Tenn., Professor J. A. Hyprn has been 
granted a year’s leave of absence and is studying at Vanderbilt University. 
Mr. Put SHerrey, of Maryville College, is taking his place for the year. 

At Mississippi College, Clinton, Miss., Mr. J. R. Hrrr has been promoted to 
a full professorship, and Mr. C. A. LovEtu has been appointed instructor of 
mathematics. 

At St. Ignatius College, Cleveland, Ohio, Professor E. J. O’LEary has been 
transferred to St. Louis University, and Mr. H. P. Hecxen has been appointed 
professor of mathematics. 

Miss Emma L. Konantz, associate professor of mathematics at Ohio Wesleyan 
University, has accepted a permanent appointment at Peking University, eftec- 
tive the second semester of this year. Professor Konantz, while on leave of 
absence 1919-1921, taught in Peking University, and collaborated with Pro- 
fessor CHEN in his work on “ History of Chinese Mathematics.” (See 1922, 276.) 

Dr. M. A. NorpGaarD, of Columbia University, has been appointed professor 
of mathematics and head of the department at Antioch College, Yellow Springs, 
Ohio. 

Mr. Wayne Dancer, formerly a teaching fellow, has been appointed in- 
structor of mathematics at Toledo University. 

At the University of Notre Dame, Mr. Danret Hutt has been promoted to 
an assistant professorship, and Mr. W. L. Suits, of Notre Dame, has been 
appointed instructor of mathematics. 
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At Hanover College, Hanover, Ind., Professor C. A. REAGAN has resigned 
to accept a position as field agent of Missouri Valley College, Marshall, Mo., 
and Miss Lena R. Couz, of the University of Missouri, has been appointed to 
fill the vacancy. 

Mr. A. O. Boatman, recently a graduate student at De Pauw University 
and the University of Indiana, has been appointed professor of physics at Carthage 
College, Carthage, II]. His duties include assisting in the department of mathe- 
matics. 

Mr. Burgoyne GRIFFING, of the University of Kansas, has been added to 
the staff of the mathematics department of Des Moines University. 

At Beloit College, Beloit, Wis., Professor W. A. Hamitton has been appointed 
chairman of the Administrative Committee, which is in charge of the college 
during the interim while a new president is being sought to replace President 
M. A. Brannon, recently appointed Chancellor of the University of Montana. 
As this work requires all of Professor Haminton’s time, Professor H. H. CoONWELL 
has been appointed acting head of the department of mathematics. 

Mr. J. M. Jacopy has been appointed instructor of mathematics at St. 
Mary’s College, St. Mary’s, Kansas. 

Mr. Don Browse, of Purdue University, has been appointed assistant pro- 
fessor of mathematics at Baker University, Baldwin, Kansas. 

At Kansas State Agricultural College, Mr. W. H. Rownz, Mr. W. C. JANEs, 
and Miss Turrza A. MossMAn have been appointed instructors of mathematics. 

Miss LAuRA DuERNER, of the University of Oregon, has been appointed in- 
structor of mathematics at North Dakota Agricultural College. 

Mr. C. R. Hinuarp, a graduate of Franklin and Marshall College, has been 
appointed head of the mathematics department in the College of the Ozarks, 
Clarksville, Ark. 

Dean W. A. Bartiett, of Pomona (Cal.) Junior College, has been elected 
president of the mathematics section of the Southern California Teachers’ 
Association. 

Professor C. G. Darwin, who has been lecturing this year at the California 
Institute of Technology, has been appointed to the newly instituted Tait chair of 
Natural Philosophy at the University of Edinburgh. 

At the University of Georgia, Professor D. F. BARRow presented a paper 
“On square roots of integers” to the Georgia Academy of Science at the annual 
meeting in December. Professor R. P. SrEPHENS was elected president of the 
Academy. 

The Minister of Education of France has approved a regulation admitting as 
candidates for the degree of Doctor of Science, students possessing certain foreign 
degrees, regarded as equivalent or superior to the “dipléme de licence.”? Amongst 
these are candidates from those American universities belonging to the Associa- 
tion of American Universities who possess a master’s or doctor’s degree, or a 
certificate stating that they have completed at least two years of graduate study 
leading to the Ph.D. Such candidates need not present the dipléme de licence. 


THE CONTINUUM 
and Other Types of Serial Order 


with an Introduction to Cantor’s Transfinite Numbers 


By 
EDWARD V. HUNTINGTON 


Published by 


HARVARD UNIVERSITY PRESS 
Cambridge, Mass. 


1917 
Price - $1.25 


From the Bulletin of the American Mathematical Soctety: 


‘A remarkably beautiful and satisfying exposition of one of the 
highly fascinating subjects of modern mathematics. Anyone, whether 
or not he has been interested in the theory of the continuum and related 
matters, will find awaiting him here a purely intellectual delight of 
unusual order. It would be hard to seek out anywhere a more satisfy- 
ing account of a topic in mathematics.”’ 


From the American Mathematical Monthly: 


‘In introducing beginners to the simple postulational science of a 
system with order relation, Huntington at once chooses the best means 
of exemplifying general ideas, and provides an explanation, intelligible 
to all, of the delicate and difficult real number concept. Ample material 
is provided to serve as a foundation for further profitable reading, and 
excellent indications are given to guide the student in such reading. 
The book is professedly and undeniably available for use in non-mathe- 
matical circles without suffering in scientific tone. Simplicity and 
attractiveness are somehow made compatible with painstaking attention 
to details of argumentation. The treatment of continuously ordered 
series, with the emphasis placed on such types as possess an n-dimen- 
sional framework, is noteworthy.” 


From the Journal of Philosophy, Psychology, and Scientific Methods: 


‘The chief text and reference book of those American students who 
desire an: acquaintance with the important subject of the theory of 
aggregates. Probably the handiest and most up-to-date brief treatment 
of the subject in existence.” 


Mathematical Text Books 


Books in this list have been introduced, and continued in use, in a 
large number of prominent universities, colleges, and schools in the 
United States and Canada. 


Published October, 1922 


TRIGONOMETRY, by Epwin S. CRAWLEY, and Henry B. Evans, Professors of Mathe- 
matics in the University of Pennsylvania, vi+187 pages............. Price, $1.35 


THE SAME, bound with Crawley’s TABLES OF LOGARITHMS, as below.. . Price, $1.85 
Other Publications 

ANALYTIC GEOMETRY, by the same authors, xiv-++-239 pages, 714x5 in... Price, $1.60 

SHORT COURSE IN PLANE AND SPHERICAL TRIGONOMETRY, by Epwin S. 


CRAWLEY, I21 pages, 8VO..... cc cc ccc cc ccc ccc cc cece ccccevcceee Price, $1.00 
THE SAME, bound with five-place tables (as below) .............cccceecece Price, $1.50 
TABLES OF LOGARITHMS, to five places of decimals, by Epwin S. CRAWLEY. Eight 
tables, with explanations. xxxii+79 pages, 8vO ...........cceeceece Price, $0.90 
ONE THOUSAND EXERCISES IN TRIGONOMETRY, by Epwin S. CRAWLEY. 
VIA70 pages, BVO... cece cece cece cece ee eee cess eeeeeeeeeeees Price, $0.75 


N.B. Asample copy of any of these books (except the Exercise Book in Trigonometry) will be sent 
without charge to any teacher of mathematics for examination. It is particularly important that teachers 
writing for trigonometries for examination, or persons ordering trigonometries, should specify WHETHER 
BOOKS WITH TABLES OR WITHOUT TABLES ARE DESIRED. 


Address all orders and correspondence to 


EDWIN S. CRAWLEY UNIVERSITY OF PENNSYLVANIA 


PHILADELPHIA, PA. 


Over Four Thousand Years in the Making! 


A long time, but not too long to bring a 
8 8 8 
geometry textbook to the point reached in 


ESSENTIALS OF PLANE GEOMETRY 
BY DAVID EUGENE SMIFH 


This new book derives logically from the crude clay tablet on which a 
school boy of ancient Erech scratched his computations, 2250 B. C.; from 
the papyrus of Ahmes; from the palm-leaf geometries of the Hindus, and 
from all that followed. 


SMITH’S ESSENTIALS OF PLANE GEOMETRY, just published, marks a great 
advance in the teaching of geometry. It conforms to the recent recom- 
mendations of the Committee on Mathematical Requirements, and to the 
latest syllabus of the College Entrance Examination Board. In every way 
it proves its claim to being modern, practical, and very much worth-while. 


GINN AND COMPANY 


BOSTON NEW YORK CHICAGO LONDON 
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THE CAMBRIDGE UNIVERSITY PRESS 


Announces through its American Agents 
The Macmillan Company 
The Following New Scientific Book 
THE PRINCIPLE OF RELATIVITY, WITH APPLICATIONS TO PHYSICAL SCIENCE 
By A. N. WHITEHEAD, Sc.D., F.R.S. 
“This volume is a reasoned exposition of a rendering of the theory of relativity alternative to that of 


Einstein. The author’s thesis is that our experience requires and exhibits a basis of uniformity, and, in the case 
of nature, this basis exhibits itself as the uniformity of spatio-temporal relations, as opposed to what he terms 


sce casual heterogeneity’ of these relations required by Einstein’s later theory.’’ Aberdeen Press and Journal, 
3.50. . 
Several of these lectures were delivered at Bryn Mawr College. 
FOR SALE BY 
The Macmillan Company 
64-66 Fifth Avenue New York 


TEACHERS WANTED 
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at fine salaries. Special terms. 


THE INTERSTATE TEACHERS’ AGENCY, 
Macheca Building New Orleans, La. 


MORITZ 
MEMORABILIA MATHEMATIC 


COMMENTS 


‘‘The Memorabilia is consulted by me at more and more frequent intervals. I constantly turn to its 
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‘‘The Memorabilia is the most interesting book on Mathematics written during the past twenty-five 
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410 pp., 8vo, $4.00 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, NEW YORK. 
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Ten British Mathematicians of the 
Nineteenth Century 
By the late Alexander Macfarlane. 
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THE CARUS MATHEMATICAL MONOGRAPHS. 
A REPORT OF PROGRESS BY H. E. SLAUGHT. 


In the Autumn of 1921, Mrs. Mary Hegeler Carus made a notable gift to the 
Mathematical Association of America in the form of an annual contribution of 
$1,200 for five years, beginning in January, 1922, for the purpose of enabling the 
Association to prepare and publish a series of mathematical monographs. The 
full text of the deed of gift and acceptance by the Trustees of the Association is 
printed in this Monruty for October, 1921, pages 353, 360. 

The purpose in the mind of Mrs. Carus, as indicated both by word of mouth 
and in her written communications, is to popularize mathematical intelligence by 
making accessible at nominal cost a series of expository presentations of the best 
thoughts and keenest researches in the field of mathematics. These presentations 
are to be set forth in booklet form in a manner comprehensible not only to teachers 
and students specializing in mathematics, but to scientific workers in other lines. 
It is furthermore desired to reach that still wider circle of thoughtful people who, 
having a moderate acquaintance with elementary mathematics, are quite willing 
and eager to extend that acquaintance indefinitely along informational lines, 
provided it can be done without prolonged and painful study of the mathematical 
treatises which abound in extreme rigor and endless detail. 

The Trustees immediately appointed a committee consisting of Professors 
W. D. Cairns, Oswald Veblen and H. E. Slaught, “to nominate to the Trustees 
an editorial board on monographs and to formulate a statement of powers of this 
board.” This committee, having no instructions other than those just quoted, 
found itself confronted with a very serious responsibility, for it recognized that 
upon the wisdom of its action depended in large measure the success or failure of 
this enterprise. Many questions at once arose: Should the editorial board 
contain a large number or a small number of members? Should they be widely 
separated geographically or concentrated near one center? Should the members 
represent all the leading divisions of mathematics,—analysis, geometry, number 
theory, etc.? Should this board be empowered to act in an editorial capacity only 
or should its members be chosen as well for their fitness to prepare some of the 
monographs themselves? These and numerous other questions required most 
careful consideration and led to much consultation and extended correspondence. 

After prolonged study of these questions, the nominating committee reached 
the following conclusions: 

(1) The editorial board should be limited initially to three members and 
should be so chosen that they can actually get together for personal conference 
with little expense and loss of time. This need has been demonstrated in the case 
of other committees, but seems to be imperative in this case since an entirely 
new project has to be worked out, one: which could hardly be done by corre- 
spondence or widely separated meetings. 
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(2) This central body should have full and final authority in selecting authors, 
passing upon manuscripts and all other matters pertaining to the preparation 
and publication of these monographs, subject only to restraint or veto of the 
Board of Trustees. They should, however, be authorized to call into service any 
members of the Association, especially in viséing manuscripts, reading proof, 
or supplying any advice or assistance that may be needed, assuming that this is 
a work of public welfare in mathematics and that any member of the Association 
should consider it his patriotic duty to serve in whatever capacity this editorial 
board may call upon him. 

(3) One member of this editorial board should be chosen for his qualifications 
as a business manager, since many questions of a business character are bound to 
arise at every turn. The other two should be chosen not only for their editorial 
qualifications, but also for their ability and fitness actually to produce the first 
two monographs and this they should be instructed to do. 

The reasons for this latter recommendation are self-evident upon reflection. 
A somewhat careful examination of the numerous existing series of mathematical 
monographs in Europe and the few in this country shows that none of them are 
designed to fulfill completely, and most of them not even approximately, the 
purpose indicated for the Carus Monographs, and hence this editorial board has 
a new and exceedingly difficult task to perform. For this reason the two author- 
editors should be particularly well qualified to collaborate in working out the 
desired form of presentation and in setting the standard for future numbers of 
the series. 

(4) It goes without saying that these two men must have unquestioned scien- 
tific standing in the mathematical world and particularly throughout this country 
and that they must have had successful editorial experience in the mathematical 
field, together with a good appreciation of literary qualities, especially as to clear 
and forceful use of English. Moreover, these men must have firmness and inde- 
pendence sufficient to reject any manuscript from whatever source if it does not 
conform to the standards set up for these monographs; they must have the tact 
and good sense which will enable them to deal with authors in such a way as to 
bring out in these publications the very best that is possible through suggestions 
and criticism. They must have a keen appreciation of the aim and scope of these 
proposed monographs as intended by Mrs. Carus and an enthusiastic determina- 
tion to see these objectives realized to the fullest possible extent. And finally 
they should be willing to enter upon a five-year program, since it is hardly possible 
that the success of this undertaking can be demonstrated in a shorter time, and 
surely one of the most important factors is continuity of purpose and control. 

(5) Taking into full consideration all of the foregoing specifications, the nomi- 
nating committee considered itself exceedingly fortunate in being able to secure 
the acceptance of PRorFEssors Davin RAYMOND CuRTIss of Northwestern Uni- 
versity and GILBERT AMES Buss of the University of Chicago as the author- 
editor members of the editorial board for the Carus Monographs. The committee 
also insisted by a two-thirds vote that Prorressor H. E. StauGut be selected as 
the business manager of the editorial board. 


1923. | THE CARUS MATHEMATiCAL MONOGRAPHS. 153 


The foregoing recommendations were presented in oral outline to the Board 
of Trustees of the Association and approved at the annual meeting in Cambridge 
in December, 1922. The present elaboration of these recommendations may be 
considered a part of the nominating committee’s report and a copy of the same 
will be filed with the minutes of the Cambridge meeting. 

The Editorial Board has held numerous meetings and has agreed upon certain 
general policies and procedure, as well as upon many details, some of which are 
herewith given. 

(1) The choice of subjects for the early monographs was a question much in 
the minds of all who gave the matter any serious thought. This choice was at 
once limited, as was intended, to topics in analysis by the selection of Professors 
Curtiss and Bliss as the author-editors of monographs one and two. After careful 
consideration, it was agreed that Professor Curtiss would write on “Functions 
of a Complex Variable”? and Professor Bliss on “Calculus of Variations,” and 
that they would collaborate in the closest possible manner on all questions of 
scope and form of presentation. | 

(2) It is agreed that for the present, and until pretty definite standards have 
been established, no general call will be made for authors to present completed 
manuscripts for consideration and acceptance, which procedure might easily 
swamp the editors at a time when all their energy is needed in the actual deter- 
mination and working out of these standards. On the other hand, the editors 
are carefully considering the selection of other authors with whom they believe 
effective collaboration can be established most surely and directly, and whose 
selection will insure a proper variety and range of topics. 

(3) The editors do wish most emphatically to appeal for general and wide- 
spread cooperation on the following lines: 

(a) They desire lists of topics suggested for monographs, arranged in the order 
of precedence preferred. 

(b) They desire names of persons who are believed to be especially competent 
to prepare such monographs together with reasons in detail for such belief. 

(c) Any person interested in the preparation of a monograph is earnestly re- 
quested to communicate with the editorial board, stating the topic proposed to be 
treated, giving an outline of the proposed treatment, and giving a sample chapter 
all in typewritten form. Such procedure will enable prospective authors and the 
editors to become acquainted on a practical working basis with the least possible 
delay and with no chance for misunderstanding or embarrassment. 

It is agreed to be desirable in general that a monograph should be limited to 
about 125 to 150 pages, size 314 by 584 inches, printed with nine point leaded 
type, that there should be a minimum of display formulas and equations, and 
that the expository form of presentation should be used as much as possible. 
The books are intended primarily for the private reader rather than for the class 
room. 

(4) For the benefit of prospective authors, the editors wish to suggest that 
it will be desirable in the preface of each monograph to state explicitly the maxi- 
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mum mathematical attainment on the part of the reader pre-supposed by the 
author and that the author should adhere religiously to this agreement at every 
point. For example, the editors have agreed that in the first two monographs 
this maximum requirement shall be an introductory course in the Calculus. In 
the case of other subjects, the maximum may doubtless be made lower and should 
be whenever feasible; while in all cases it will be the purpose to keep the prere- 
quisites within the range of the widest possible circle of readers, certainly includ- 
ing all teachers of mathematics in high schools and colleges and all students and 
general readers who are acquainted with the usual undergraduate courses in 
mathematics. 

Naturally, such monographs cannot contain rigorous proofs of all theorems 
presented, but they can give a readable exposition of the significance of such 
theorems with definite references where rigorous proofs may be found, and they 
can show how these theorems are used to build up in logical order the underlying 
doctrine of each subject, how this doctrine dovetails with that of other subjects, 
and how the whole fabric of mathematical truth, as related to this subject, finds 
useful and powerful applications in scientific affairs. Such monographs intended 
primarily for very moderately informed readers can be produced successfully only 
by the highest skill of the best informed writers. 

(5) It is agreed, with the consent of Mrs. Carus, that a certain part of the 
fund shall be used to remunerate authors for clerical service, typewriting, etc., 
needed in connection with the preparation of monographs. It is further agreed 
that, in lieu of royalty payments to authors from the sale of the monographs, a 
certain lump sum shall be paid as an honorarium to an author out of the sales 
income from the first thousand copies and that this amount may be augmented by 
additional payments to be determined by the rate of sale realized beyond the first 
thousand. 

It is confidently believed that at least one thousand copies of each monograph 
will be sold to the members of the Association to whom the price will be adjusted 
on the cost basis. The distribution to the general public will be through business 
channels such as the Open Court Publishing Company of Chicago, in whose 
general catalog of publications, which has a very wide circulation both in this 
country and in Europe, announcement has already been made of this projected 
series under the auspices of the Mathematical Association of America. 

Finally, it should be said that the range of such a series of monographs is as 
wide as the field of mathematics itself. There may be fifty, or one hundred, or 
even two hundred topics in pure and applied mathematics, including historical 
and biographical subjects, which are capable of successful treatment in this series. 
At any rate, since the generous donor proposes to endow this fund, if the plan 
proves to be feasible and practicable after five years of preliminary trial, the only 
cause for eventual cessation will be either lack of appropriate topics or scarcity of 
qualified authors. 

There is no intention of limiting the work of preparing these monographs to 
American authors. The editors will look with great pleasure for suggestions from 
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or concerning authors in any part of the world who may be interested in this 
project, the only condition being that an accepted manuscript shall be prepared 
and printed in English. 


ON THE SUBJECT MATTER OF A COURSE IN MATHEMATICAL 
STATISTICS.! 


By -H. L. RIETZ, University of Iowa. 


1. Introduction. It was suggested by Professor Huntington as Chairman of 
our Program Committee that this paper give, among other things, a brief report 
on such a partial survey of existing courses in mathematical statistics as I could 
make in the short time available to obtain the necessary information. My first 
step in attempting such a partial survey consisted in an examination of the 
recent catalogue announcements of a large number of colleges and universities. 
These announcements show that many departments.of mathematics offer at 
least a beginning course in statistics, and that a relatively small number of 
departments—seven among the institutions whose catalogues I examined— 
offer also an advanced course in mathematical statistics. My next step consisted 
in writing letters of inquiry to a number of teachers of the courses in statistics. 
This correspondence disclosed the fact that the courses differ so widely in their 
prerequisites, organization, and content as to make it difficult to present a precise 
report without going into details. But neglecting details, we find at one extreme 
certain experiments in the teaching of freshmen courses in statistics. At the 
other extreme, we find advanced courses in mathematical statistics taken pri- 
marily by graduate students of mathematics. Although I have been unable, in 
general, to form more than a rough judgment as to the content of the courses as 
given in a particular department, it appears that the courses differ so much as 
to be widely scattered over the interval between the two extreme types of 
courses just mentioned. Moreover, it is but natural to expect that these rela- 
tively new courses based on material selected from a large and rapidly growing 
field would show much variation both as to prerequisites and subject matter. 

As the subject matter of a course in mathematical statistics is determined to a 
considerable extent by the influences which have led to the development of such 
courses and by the primary aims of the course, let me attempt to describe briefly 
these influences and what I conceive to be the chief aims of such a course. The 
influences which have led to the development of the courses have come from at 
least two sources. A wholesome influence has come from the revival of interest 
in the pure theory of probability. This revival of interest is expressed both in 
recent papers on probability theory and by the appearance of books on probability 
by Poincaré, Borel, Bachelier, Czuber, Fisher, and Keynes. The main influence, 
however, in the development of courses in mathematical statistics has come from 
the demand for better statistical methods in handling the data of the rapidly 
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growing statistical sciences. The dominant factor is thus to be found on the 
side of the applications. 

To illustrate the operation of the influence of practical statistics on the 
development of mathematical statistics, consider the situation of Francis Galton 
when he was working on the problem of likeness of parents and offspring with 
respect to human stature. His intuition for statistical inference was well de- 
veloped. It was no doubt fairly obvious to him from a rough survey of his data 
on family history that there is neither the kind of perfect dependence between 
the heights of father and son that is given by a simple usable mathematical 
function nor the independence ordinarily assumed in probability theory. Galton 
thought that the analysis of his data presented an important mathematical 
problem. His suggestion of the problem to J. Hamilton Dickson, Karl Pearson 
and others initiated a development of correlation theory which is now being 
applied to a remarkably wide range of data. 

The influences which have led to the development of courses in mathematical 
statistics are closely connected with the chief aims in the teaching of the subject; 
and I shall next attempt to make a statement of what seem to me to be the 
leading aims in the teaching of mathematical statistics. It seems to me that one 
aim is to develop in the minds of the students the meanings of what I shall call 
appropriate norms or patterns for the elucidation of the mass phenomena to 
which statistical data apply. The development of such patterns in the mind 
seems to me to be as fundamentally necessary for the description of statistical 
data as is the development of the appropriate elementary geometric forms or 
patterns in the mind of the student for the description of the shapes and sizes 
of objects in the space of experience. In statistical analysis, the patterns are 
represented by binomial distributions, probability curves, Bernoulli, Poisson 
and Lexis series, tetrachroic functions, regression curves, correlation surfaces, 
and so on. 

The second important aim in the teaching of mathematical statistics is to 
develop the principles and theorems for the solution of practical problems involv- 
ing the determination of significant differences and relations among statistical 
variables. The solution of these real problems consists largely in giving a satis- 
factory description of a collection of items. In his recent book, Keynes says 
that the first function of the theory of statistics is purely descriptive. While 
this statement seems to be correct, it is also correct to say that appropriate 
mathematico-statistical methods go much further than an ordinary non-mathe- 
matical description. ‘The mathematical analysis makes possible inferences which 
could in all probability not have been otherwise made and it should offer safe- 
guards against incorrect inferences and pitfalls. In this use of mathematical 
statistics there are, however, some dangers. The greatest danger seems to me 
to be the failure of some persons applying formulas to recognize the limitations 
of the formulas they are using. Thus, the formality of the method of measuring 
correlation by a coefficient is likely to be carried too far. For instance, let me 
cite the particular case where a few years ago I gave some lectures on correlation 
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before some instructors in agriculture. Presently I found one of them so taken 
up with correlating things in his farm survey work that I told the dean of the 
college that we must stop this man “correlating.” 

With the above mentioned aims in mind, suppose we attempt to determine 
the subject matter of a course. We do not get far until we are confronted with 
the problem of selecting the subject matter adapted to the mathematical prepara- 
tions of the rather heterogeneous group of students from whom the demand for 
the course comes. Thus, we have to consider the subject of prerequisites. 
While the demand for the course comes from many classes of students with 
respect to mathematical preparation, it has seemed to me to be good educational 
policy and fair economy to recognize especially two classes of students with 
respect to qualifications to enter upon the study of statistics. The one group 
consists of those who have had training in college mathematics at least through 
a thorough first course in calculus and have the degree of maturity of superior 
seniors or graduate students. The other group consists of the rather mature 
students, say juniors, seniors, and graduate students from departments such as 
economics, biology, and psychology. These students are often dealing with 
statistical data but are lacking entirely or almost entirely in training in college 
mathematics. The two classes of students thus recognized would include no 
freshmen or sophomores. It is not unlikely that there are situations in which 
it is also desirable to give statistics in the freshman or sophomore year, but 
ordinarily I fear such a policy is likely to result in side-tracking a good many 
students from the regular mathematical courses which they should be encouraged 
to take. 

Since it is obvious that a much better course can be given to students with 
good mathematical training than to those without such training, the very natural 
reaction of the mathematics teacher would be to dispose of the problem by speci- 
fying a thorough first course in calculus as a prerequisite for any course in mathe- 
matical statistics. Let me say that I wish this were the practical solution of the 
whole problem, and perhaps it will in time be the solution, but we are confronted 
with a condition which calls for consideration. Under actual conditions, this 
view of requiring calculus as a minimum prerequisite for any course in statistics 
is not so practicable nor perhaps so generous in meeting a real situation as it 
may seem to be at first reaction. The actual situation which has confronted me 
and perhaps most teachers of mathematical statistics is a demand from seniors 
and graduate students of economics, biology, psychology and other departments 
interested in some statistical project for which they feel the need of better 
statistical methods. It is hardly necessary to say that such a group of students 
is usually represented by suitable attorneys in the form of professors in these 
various departments, who urge that their students should have the course. 

When the interested student has had at least a year of college mathematics, 
it has been my experience that he can often be convinced that it is to his best 
interest to take a course in calculus before entering a course in statistics, but when 
he has had no college mathematics, he usually feels that it is impracticable 
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for him to take all the preliminary mathematics up to and through a course in 
calculus. Moreover, it must be granted that a substantial amount can be 
taught about statistical methods without requiring calculus as a prerequisite. 
To meet the situation, certain departments are giving two kinds of courses in 
statistics. They are giving a sort of self-subsisting (selbstdéndzg) course for students 
who are interested in the analysis of data, but have had little or no college 
mathematics, and they are giving another course requiring a substantial amount 
of mathematics as a prerequisite. In what follows, I shall for convenience call 
the former an elementary course and the latter an advanced course. 

To illustrate from my experience, let me say that I have for some time been 
giving two courses of three hours each throughout the academic year. The 
elementary course requires no college mathematics as a prerequisite, but at 
least junior standing in college. It has been taken by superior juniors and 
seniors and graduate students from departmerits other than mathematics. . The 
course may be described as a combination of statistics and of necessary mathe- 
matical preliminaries adapted to rather mature students interested in the analysis 
of data. The elementary and advanced courses alternate from year to year. 
In the present year, I am giving the advanced course to eleven students of whom 
ten are graduates and one isa senior. Except for one graduate student of educa- 
tion who has had very little mathematics beyond a first course in calculus, each 
student has had several courses in mathematics beyond the sophomore calculus. 

Last year slightly over half the students of the elementary course were 
juniors and seniors of the department of economics, and the remainder of the 
group was made up of graduate students from economics, biology, and psychology. 
I mention these classes of students in order to give a sort of picture of the kind 
of students interested in these courses. 

The elementary course to which I have referred is conducted by having two 
lectures or class periods a week, and three hours in the statistics laboratory 
provided with computing machines. Such a combination of class room and 
laboratory work I regard as a distinct success in handing applications to real 
statistical problems. 

Although it is not my intention to mark out a course to the extent of giving 
a syllabus, it has seemed to me that our discussion would probably be stimulated 
by giving a pretty definite notion of the subject matter of the two types of courses 
which I carry in my mind, with special reference to places for emphasis in the 
teaching of certain topics, and to certain points which may provoke discussion; 
for I understand it is my duty to be provocative on this occasion even at some 
risk of not being able to defend my position in all cases. It seems convenient 
to group my remarks and comments around certain groups of topics somewhat 
like chapter headings. Perhaps I should say that these groups of topics are not 
selected'for purposes of logical organization of material, nor in all cases to indicate 
an order of presentation, but largely for convenience in shortening my comments 
—a, subject in which I assume we are all interested. 

2. Elementary course. Apart from a brief historical introduction, and a 
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few lectures on the chief sources of statistics, the course begins with an elementary 
treatment of frequency distributions, averages and measures of dispersion. 
Even at the risk of being tedious, let me explain to a slight extent the procedure 
in starting this course. 

The work is begun by giving each student a sheet of data, say the monthly 
rainfalls of Iowa City for the past twenty-five years, and asking him to write 
out any facts of interest which he can draw from the data by ordinary common 
sense observation. After defining frequency distribution our next step is to 
require each student to exhibit the rainfall data in the form of a frequency 
distribution, and to make another frequency distribution by throwing coins or 
dice, say you have them carry out the experiment of throwing sets of seven coins 
128 times making a frequency distribution of the number of heads per throw. 
Carry these concrete problems both from actual statistics and from games of 
chance through the process of constructing frequency polygons and freehand 
frequency curves. . | 

The elementary treatment of different kinds of averages seems to me to be 
pretty well standardized as is shown by an examination of a number of textbooks. 
It may, however, be worth while to emphasize the teaching of short methods of 
computation and appropriate forms for computation. With these students who 
are inexperienced in numerical computation, special consideration should be given 
to such questions as the number of significant figures to be retained, to the relative 
errors in products and quotients, and to other questions of accuracy in numerical 
calculations. Another place for emphasis is in the selection of suitable concrete 
problems to illustrate the adaptation of an average to a particular purpose. 

Since much of the discussion of the use of different types of averages has 
taken place in the preparation of index numbers, it seems desirable to give some 
simple applications to index numbers although the methods of preparation of 
index numbers should constitute a later chapter where we should lead up to the 
“best average” for index numbers as given recently by Irving Fisher, and as 
supported in a careful analysis by Allyn A. Young. 

Let us consider next diagrammatic and graphical representation. I have 
sometimes thought that too much time is likely to be spent in making attractive 
pictures about obvious comparisons and relations. The Committee on Mathe- 
matical Requirements has very properly recommended that some graphical 
representation of statistics be taught in high schools. However, by a careful 
selection of material, I feel sure that my students have found a brief treatment 
of this topic of value. For practice exercises, I have found it useful to go through 
W. C. Brinton’s Graphical Methods of Presenting Facts (New York, 1914), and 
make class exercises to illustrate practically every important point on graphical 
representation discussed in this book. It requires but short time to do these 
exercises and I think the students have found this work profitable. Among the 
large variety of detailed schemes, there is, of course, included the plotting of 
statistical variables on coérdinate paper. A statistical curve with time as the 
abscissas supplies a very simple concrete basis for interpolation. This graphical 
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work leads naturally into the graphical representation of a mathematical function. 
Indeed the next chapter deals with the graphical representation of mathematical 
functions and the subsequent two groups of topics may be fairly well described 
as pure mathematical preliminaries to further progress in the course. 

It is just as desirable in mathematical statistics as in other fields of mathe- 
matics that the meaning of mathematical function be clear, and that the pictures 
of changes in the function which correspond to changes in the assigned values of 
the variable be vivid. The tables of corresponding values in the case of the 
mathematical function are so analogous to certain statistical tables that we have 
a good setting for the development of the notion of a mathematical function. 
This graphical representation early in the course should be carried at least as 
far as it is carried in those of our college algebras which emphasize the subject, 
and I should carry the work somewhat further by developing the equation of a 
straight line to satisfy given conditions, and by finding the parabola y = a 
+ bx + ca? through three points. 

Let us consider next interpolation and graduation. Interpolation is so much 
used in statistical analysis that its treatment should be carried as far as the 
method can be appreciated by these students with no training in college mathe- 
matics. -With the equation of the straight line through two points given it seems 
well to make graphical ideas the basis of interpolation by proportional parts. 
In my experience, it has been found practicable to introduce higher differences 
in this course, and to teach something of the meaning and use of both Newton’s 
and Lagrange’s interpolation formulas. Some of the simpler methods of gradua- 
tion of certain data so as to remove minor irregularities may be taught very 
naturally immediately following interpolation. 

Let us turn next to permutations, combinations, the binomial theorem, the 
elements of probability, logarithms, logarithmic and exponential functions. 
These topics hardly require any comment, except possibly the very general 
one to the effect that the more thoroughly the elements of these topics are 
studied early in the course, the more is likely to be accomplished later with 
practical problems of statistics. One special comment may be worth while to 
say that emphasis should be placed on statistical probability, on experiments with 
urn schemata, and on the uses of logarithmic and semi-logarithmic paper. 

The study of the elements of probability leads us naturally to the binomial 
distribution. It seems practicable to me to follow Yule’s chapter on this topic 
pretty closely in demonstrating that the standard deviation of the binomial 


distribution (p + q)* of the frequencies is Vspq and of the corresponding relative 


frequencies is Vpq/s. It is important that the students experiment in making 
distributions by the use of urn schemata, and compare their results with the 
a priori most probable values. 

The binomial distribution forms a natural introduction to the normal prob- 
ability curve. It is surely of first rate importance that the student appreciate 
not only the value of the normal curve in statistics, but also the limitations 
on its applications in the description of frequency distributions. For the purposes 
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of this class, the curve may well be obtained as a limiting case of a symmetrical 
binomial distribution. It should be held prominently before the students that 
the normal probability function thus obtained represents a very special law of 
probability, and sufficient practice problems should be given in fitting the curve 
to actual distributions to make sure that the student makes proper application 
of both the tables of the probability integral and of the ordinates of the curve 
in calculating the theoretical frequencies given by the normal curve. The failure 
to fit reasonably well most of the given distributions forms the basis of a natural 
introduction to generalized frequency curves, but it seems impracticable to 
attempt more than a graphic treatment of generalized frequency curves in this 
elementary course. 

Following the study of the normal probability curve, we may well give a 
sort of informal introduction to sampling theory. For example, it seems appro- 
priate to introduce at this point in the course a suitable selection of material from 
such a chapter as that of D. C. Jones on probability and sampling which deals 
with the meaning of probable error, and with the derivation of the probable error 
in a simple relative frequency and in an arithmetic mean. 

Let us consider next the Lexis theory of dispersion of relative frequencies. 
My class last year responded with enthusiasm to the classification of series 
according to the Lexis theory. Each member of the class carried out several 
experiments on urn schemata to give a concrete picture of the Bernoulli, Poisson, 
and Lexis types of dispersion. This theory of Lexis may be described as a method 
of breaking up statistical distributions into selected sets of sub-series, with a view 
to analyzing the stability of the relative frequencies among the sub-series. It is 
only the part of common sense to assume that the breaking of a statistical series 
into sub-series for examination would facilitate analysis, and form an important 
safeguard against erroneous conclusions from averages based on the aggregate 
only. The three types of urn schemata in the Lexis theory constitute a useful 
set of norms for setting up analogies with actual statistical series. 

Let us turn next to the correlation theory. The treatment of correlation 
theory should be made one of the main topics of the course. The preparation of 
convenient forms for numerical calculation of the correlation coefficient should 
be stressed; for the inaccuracy of the beginner in the calculation of correlation 
coefficients is usually appalling. It is of first rate importance to emphasize the 
meaning and limitations of the correlation coefficient both from a common sense 
and from a precise technical standpoint. Bring out the fact by illustrations that 
the use of a summary formula like the correlation coefficient does not relieve us 
entirely of the necessity of close investigation of the data in subgroups. Make 
much of the mean-square-error of estimate—that is, of the standard deviation 
of arrays of the correlation table. Misunderstandings and extravagant interpre- 
tations of the accuracy of prediction by the use of a correlation coefficient arise 
from lack of appreciation of this point. For example, I feel sure that certain 
college administrators, who do not know correlation theory, fail to realize with 
what little security you can predict the achievement of an individual student 
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from an intelligence test because there is found to be a correlation of .6 between 
the results of such a test and actual achievement in college work. As you well 
know, the facts are that with r = .6 the average standard deviation of an array 
under the most ideal conditions is .8 of the standard deviation of the whole group, 
and it would obviously be a grave injustice to an individual to judge his achieve- 
ment from such a test. On the other hand, this correlation of .6 based on large 
numbers gives, under the same ideal condition of linear regression, a close predic- 
tion as to the average achievement of those who make an assigned grade in the test. 

The chief way that has occurred to me to guard against the dangers of extrava- 
gant interpretations of correlation coefficients is to give a diversity of applications, 
and have the student carry several problems through to completion and formulate 
conclusions, subject to limitations on the ‘particular problem in hand. The 
correlation ratio should be as fully and carefully treated as the correlation coefh- 
cient, and the form for its calculation may well accompany that for finding the 
correlation coefficient as is shown in a paper by Crathorne in the Journal of the 
American Statistical Association for September, 1922. 

To show what correlation means in relation to urn schemata, I have found 
it a valuable exercise for these students to experiment with urn schemata with 
certain limitations on independence in the probability sense, and investigate 
the correlation from data thus obtained. 

With the group of students from psychology, it seems important to teach 
Pearson’s treatment of correlation in ranks, and to point out the meaning of 
Spearman’s “footrule’’; for students of psychology are almost sure to ask whether 
Spearman’s footrule is not good enough for measuring correlation when only 
small numbers are available. 

At least the meaning of partial and multiple correlation should be presented, 
and I should carry the class as far in this topic as their mathematical preparation 
permits. You are perhaps aware that educational psychologists are at present 
making considerable use of partial correlation methods, and in this connection 
it is surely important to emphasize the meaning and limitations of the methods. 
It is practicable and desirable to carry through some simple applications of the 
correlation of deviations from a line of general trend, thus giving an introduction 
to correlation in time series. 

As perhaps the final topic in the course, it is important to return to a con- 
sideration of random sampling. The idea of random sampling has been de- 
veloped to a slight extent in an earlier chapter, but it seems that more should 
be done with it. The students in this course are almost sure to bring up questions 
which make it desirable to discuss the meaning of Pearson’s criterion of goodness 
of fit and to apply it to some of the problems we have had earlier in the course 
where we passed judgment on goodness of fit mainly by a common-sense process. 
It needs hardly be said here that the limitations of the method should be especially 
stressed with this class of students. 

In bringing to a close my comments on the elementary course, let me direct 
special attention to the fact that in this course theory is taught in so far as it is 
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practicable to do so in carrying out the aims of the course, but much is made of 
concrete problems and experiments in statistical probability. In closing my 
remarks on this course let me say that by the elimination of the chapters on 
mathematical preliminaries, the course seems well adapted to mature students 
who have had freshmen mathematics. Such students may well take the course 
with a reduction in credit on account of such duplication of work as is likely 
to occur. 

3. Advanced course. Turning now to a brief consideration of the advanced 
course, there is hardly a subject in the elementary course which cannot be 
greatly enriched when the students taking the course have adequate mathe- 
matical preparation to be introduced gracefully to the theory of statistics. In 
my comments on this course, I shall follow to some extent the order of topics 
of the elementary course, and interpolate additional topics. 

Our treatment of averages in the elementary course is one to which we might 
conceivably care to make but slight extension, but even here the introduction 
of the average of an infinite number of elements, the identity of centroid and 
arithmetic mean, of the radius of gyration and standard deviation, set up associa- 
tions of real interest to the student. 

It was suggested that the treatment of binomial distributions in the elementary 
course might follow Yule rather closely. In the advanced course, it is fairly 
clear that a treatment similar to that in E. Czuber’s Wahrscheinlichkeitsrechnung 
(Leipzig, 1910-1914) or to that inA. Fisher’s Mathematical Theory of Probabilities 
(New York, 1922) is to be preferred. Closely associated with the binomial 
distribution is the theorem of Bernoulli. My experience indicates that this 
central theorem may well be developed in practically the form in which it 1s 
stated in the German and French encyclopedias of mathematics, although this 
statement includes much in addition to the original statement of Bernoulli. 
With respect to the consideration of the well known controversy about the applica- 
tion of the principle of Bayes! in the derivation of the converse theorem, it 
seems best to me to do little more than direct attention to the controversy at 
this point, and to defer its careful consideration until near the end of the course. 

A substantial chapter on interpolation by the use of higher differences should 
be among the early subjects in this course and this chapter may well be followed 
by one on the methods of graduation of statistical data. The principles of the 
methods of least squares and of moments should likewise be taught early in the 
course with some simple applications to curve fitting. Certain quadrature for- 
mulas should be developed for the application of the method of moments of areas. 
In particular, Sheppard’s corrections of raw moments of frequencies should be 
derived. 

The treatment of the normal probability curve in the elementary course is 
an almost purely experimental treatment. In the advanced course, such experi- 
ments on fitting the curve to data are important, but the various derivations of 


1 Compare this MontuHty, 1920, 347-354: “The average reading vocabulary; an application 
of Bayes’s theorem.’’—EDITORS. 
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this law of probability, such as those of Gauss, Hagen, Morgan-Crofton, Thomp- 
son and Tait, and others, may be profitably studied. Particular emphasis 
should be placed on the assumptions on which each derivation rests, and on the 
question of our knowledge or lack of knowledge as to whether the assumptions 
are valid for the real problems of statistics.. After this study of the normal 
probability function, it seems appropriate to take up the Poisson-exponential— 
the Bortkewitsch “law of small numbers.” This law applies to cases in which 
the probability of occurrence is very small. Applications should be given to 
fit the Poisson-exponential to distributions such as the number of deaths per 
month or year from a minor cause, or to distributions such as that of the Ruther- 
ford and Geiger experiment (Philosophical Magazine, series 6, volume 20, 1910, 
p. 698) on the frequency of the number of a-particles radiated from a disc per 
one eighth second. 

It is interesting to experiment with this law in comparison with the Gaussian 
law of probability in assigning deviations above and below a certain most probable 
value. The criticisms of Miss Lucy Whitaker of the Bortkewitsch representation 
should receive attention, although it seems to me her main criticism is invalid. 

In this advanced course, there should be included a thorough treatment of 
generalized frequency curves. With both the Pearson system of generalized 
frequency curves and what I shall call the Charlier system available, it is a 
question of difficulty for some of us to decide upon the most appropriate treat- 
ment of the subject. It seems to me that the derivations of both systems should 
be studied in this course, with emphasis first on the character of the assumptions 
from which they are developed. Then the student should make a variety of 
applications of both systems to actual distributions as experiments in the facility 
with which each system applies. My students have shown a good deal of interest 
in using both systems, but I am not ready to announce a general conclusion from 
these experiments. I will say that there remains no doubt in my mind that the 
Charlier system is born in a higher region of mathematical thought than the 
Pearson system, but the final test consists in trying these systems on many 
classes of data to see how well they work. The Charlier system has not had 
extensive use in this country largely because the auxiliary tables were not easily 
accessible. Fortunately, Fisher in his 1922 edition of Mathematical Theory of 
Probabilities has given such tables to four places, and more extensive tables are 
given by Glover in his Tables of Applied Mathematics, 1923. Among frequency 
curves deserving special consideration are also those arising by the transforma- 
tion of the independent variable of well-known frequency curves. 

The Lexis theory of dispersion should be studied thoroughly in this advanced 
course. This study should include the generalization by Coolidge in the Bulletin 
of the American Mathematical Society, volume 27, pp. 439-442, 1921, in which 
he generalizes the averages which fall under the Lexis theory, and makes the 
probabilities defined by Lexis a special case. 

In correlation theory, we have one of our chief opportunities to extend the 
work in the elementary course. This should involve the development of the 
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theories of non-linear regression, and of partial and multiple correlation. It 
should include the methods of Persons and of Crum for the study of the correla- 
tion of time series. It is also of interest to study the correlation surfaces in three 
and higher dimensions and the curves and surfaces of equal distribution. Another 
set of configurations of interest which may well be included are the curves and 
surfaces with the density of distribution which exists under independence. 

In the treatment of random sampling we are able to do much in this advanced 
course where we could do very little but discuss meanings in the other course. 
After developing the theory of probable errors of various frequency constants, 
it seems especially important to study the work of Student, Soper and Fisher in 
Biometrika, volumes 6, 9 and 10, on the distribution of means, standard devia- 
tions, and correlation coefficients from small samples. The development of the 
Tchebycheff’s inequality should be included because the distribution in this case 
can be a more or less arbitrary continuous function. As a final section on 
sampling theory, Pearson’s criterion of goodness of fit of theory and observation 
(Philosophical Magazine, 1900) should be developed. 

The applications of harmonic analysis to statistical data including the 
periodogram method should be treated in this course by carrying through the 
numerical work on some actual data. 

Near the end of the course, it is well to deal with the present status of such 
controversial questions as the validity of the principle of Bayes on inverse 
probabilities. This question is again of special interest at present because 
Professor E. T. Whittaker gave in the Transactions of the Faculty of Actuaries, 
volume VIII, 1920, p. 163, a very clear argument to show the invalidity of 
Chrystal’s well-known criticism of the inverse theory, and Karl Pearson gave also 
in Biometrika, volume XII, 1920, p. 11, the derivation of a sort of generalized 
result on inverse probability which does not make the much criticized assumption 
of equal distribution of the unknown probability. 

If the time were available for the introduction of additional topics, it seems 
appropriate to include the mathematical theory of the flow of populations, and the 
mathematical theory of risk, including Landre’s theory of maximum risk. Pos- 
sibly a chapter earlier in the course should be given to the analysis of mortality 
statistics, but it has been my assumption that this important topic may be 
appropriately regarded as a special one to be included in a course in actuarial 
theory, or in a special course in vital statistics. It is desirable, however, to 
draw upon population and mortality statistics for applications. The analysis 
of mortality statistics naturally suggests the relation of courses in actuarial 
theory to courses in the general theory of statistics. Actuarial theory is, of course, 
concerned with a special field. Although I am much interested in the teaching 
of actuarial theory, it seems doubtful whether it would be economical for more 
than a small number of institutions to offer courses in this special field. On the 
other hand, it seems to me that a general course in mathematical statistics 
touches such a diversity of interests and applications that it would be justifiable for 
all large institutions to develop courses in the subject. 
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In conclusion, let me say that the courses which I have tried to describe 
are changing from year to year with new developments and are in the very nature 
of the case defective in many respects. It is my hope that the discussion of this 
paper will supply some of these defects, and point the way to progress. As to 
the outlook for further progress in the movement to develop courses in statistics, 
let me say first that in the eighteen years in which I have given such courses, 
there has been a healthy growth in interest and also a great improvement in the 
subject matter of the courses, and I see no indications that the movement will 
come at once to a standstill. In fact, I look forward to great improvement in 
these courses in the future, because they are concerned with the development 
of those ideal patterns which form the very basis of precise statistical description, 
and because there is every reason to expect an increasing demand for better 
statistical analysis along with the ever-increasing tendency to enter upon scientific 
projects which involve the accumulation of statistical data. 


HISTORICAL-MATHEMATICAL PARIS.! 
By DAVID EUGENE SMITH, Columbia University. 


Ill. La Rive Drolite. 


Few of the older mathematicians had abiding places on the right bank of the 
Seine, most of them, as already seen, preferring the Quartier Latin. Guillaume 
Budé,? the prime mover in the founding of the Collége de France, however, died 
at No. 203 of Rue Saint-Martin, as an inscription shows. This is a long street 
running parallel to the Boulevard de Strasbourg from near the Conservatoire des 
Arts et Métiers to the Seine. Budé was one of the leading scholars of his day 
and wrote a work De asse et partibus eyus libri V (1516) which was very well 
known. 

Even the Louvre, which we ordinarily look upon as the ancient abode of 
royalty and the modern home of the graphic and plastic arts, has a certain con- 
nection with mathematics. In the years immediately preceding the Revolution 
it was the seat of the academies and the lodging place of certain savants. Even 
under the first empire it served in the latter capacity, as witness a letter from 
Legendre in which he begs for quarters for himself in the older part of the palace. 
Lagrange® lived at No. 124, Rue du Faubourg-Saint-Honoré, a street which, 
after crossing the Rue Royale, bears the shorter name of Rue Saint-Honoré. A 
little to the north, near the Gare Saint-Lazare, the Hungarian pianist, Franz 
Liszt, lived at No. 63, Rue de Provence, and took an interest in the arithmetical 
prodigy, Henri Mondeux.*’ Among my autographs is an invitation to a musical 
séance which Liszt gave “au bénéfice du jeune Patre mathématicien” on April 30, 
1841, with a page of Mondeux’s writing on the back. 


1This is the conclusion of an article which begins on page 107 of the March-April number. 
2 Born at Paris in 1467; died there in 1540. 
3 Joseph-Louis, Comte Lagrange, born at Turin in 1736; died at Paris in 1813. He was 
probably the greatest all-round mathematician of his time. 
4 He died in 1861. 
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In the vicinity of the ancient Temple, at No. 41 of Rue de Bretagne, was the 
Marché des Enfants-Rouges (opened in 1628), which at one time belonged to the 
Cassinis.t It took its name from a hospital nearby. César-Francois Cassini de 
Thury lived for a time at No. 8, Rue Simon-le-Franc, an ancient street known to 
have existed in 1200, and taking its name from Simon Franque, a wealthy mer- 
chant of the time. It is a little south of the Rue Michel-le-Comte which is 
mentioned later. The Rue de Bretagne crosses the Rue des Archives, a modern 
thoroughfare which includes the ancient Rue du Grand-Chantier on which, at 
No. 5 (old numbering), Jean Picard ? lived. 

Returning for a moment to the Ile de la Cité, facing the Palais de Justice is 
Notre Dame, near the north tower of which stood, until 1748, the small church of 
Saint-Jean-le-Rond * on the steps of which Mme. de Tencin’s! child had been 
left on a winter’s night and had been saved to become the great d’Alembert. 
The church has long since disappeared, and Mme. de Tencin has long since been 
dust ‘under the pavement of Saint-Eustache, across the street from Les Halles 
Centrales. North of the site of Saint-Jean-le-Rond is the Rue des Ursins on 
which (at No. 9) stood, seven centuries ago, the cell of Abailard® who may 
possibly be ranked among the mathematicians for his study of Euclid in connec- 
tion with his lectures on logic. He is buried with Héloise by his side, in Pére 
Lachaise. Two minutes’ walk from here, across the little bridge to the Ile Saint- 
Louis, is the Rue Budé which takes its name from the mathematician, already 
mentioned, who prevailed upon Francis I to found the Collége de France. Re- 
turning to the right bank, a short distance south of Les Halles Centrales is the 
short Rue des Déchargeurs,® off which runs the Rue du Plat-d’Etain in which, 
at No. 1, was a cabaret in d’Alembert’s time which he is said to have frequented. 
He was also a welcome guest at the salon of Mme. Geoffin, “le Ministre de la 
Société,” as she was called, who lived not far away at No. 374, Rue Saint-Honoré. 
This street ends near Les Halles, and not far to the northeast lies the little Rue 
Michel-le-Comte where d’Alembert spent his early years in the home of a glazier. 
There is an old saying, “Ca fait la rue Michel,” meaning “Ca fait le compte,’’ 
a pun on “ Michel-le-Comte.” The Rue Michel-le-Comte terminates in the Rue 
du Temple which formerly, south of this point, was called the Rue Saint-Aroye. 
The Rue de Braque runs eastward from near this corner, and a letter was written 


1One of the most remarkable families of mathematicians and astronomers. The leading 
members were Giovanni Domenico (1625-1712), who was known as Jean Dominique after going 
to Paris (1669); Jacques, his son (1677-1756); César-Francois de Thury (1714-1784), the son 
of Jacques; and Jacques Dominique de Thury (1742-1845), the son of César-Frangois. They 
were all astronomers royal of France. 

2 1620-1682, a pupil of Gassendi’s, and known chiefly for his work in geodesy and astronomy. 

’ Like the ancient Saint-Denis-du-Pas, it stood within the close (cloister, cloitre) of Notre 
Dame. 

4 The father, General Destouches, died in 1726. 

5 Or Abélard. 

6 It dates from the early 14th century and takes its name from the stevedores who lived there. 

7 Alexis Claude Clairaut, born at Paris in 1713; died at Paris in 1765, well known for his 
work in higher plane curves, dynamics, and astronomy. He became a member of the Académie 
des sciences at the age of 18. 
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by Clairaut ’ from “rue St Aroye vis 4 vis la rue de braque” on November 24, 
1764. He died, very likely there, the following May. 

To the east of Les Halles there runs the Boulevard Sébastopol, and a little 
to the north is the Square des Arts et Métiers, with the Conservatoire facing 
upon it. In this the mathematician and physicist will find a storehouse of 
material, including a model of Foucault’s pendulum and a collection of calculating 
machines dating from those of Pascal to the period just preceding the recent 
great development of these nerve- and labor-saving devices. 

Across the street to the south lies the Eglise Saint-Nicolas-des-Champs, the 
Temple de l’Hymen of the Revolution. Here are buried the Guillaume Budé 
already mentioned, and also Pierre Gassendi,' who was professor of mathematics 
at the Collége Royal (1645) and author of various works, chiefly on astronomy. 
The south side of the Conservatoire faces upon the modern (1851) Rue Réaumur. 
In the part to the west of the Boulevard de Sébastopol was the Rue Thévenot 
where, at No. 23 (old numbering), there lived, in 1808, Charles Bossut,? well 
known for his history of mathematics* and for his various textbooks and his 
monographs on geometry. 

In the same general vicinity, on the Rue de Rivoli at the Square Saint-Jacques, 
there stands the Tour Saint-Jacques, dating from 1521. It is all that remains 
of the old gothic church of Saint-Jacques-la-Boucherie, built upon the site of a 
chapel of the 8th century, called the Capella in Carnificeria (we might, in America, 
say the church in the stockyards) and dedicated to Saint James (Saint Jacques). 
The church was taken down in the year 5 of the Republic (1796), and in 1856 the 
tower was put in its present condition, with a statue of Pascal between the arches. 
It was on this tower that Pascal made his experiments with a barometer before 
making them at Puy-de-Déme (1648). The story that these were made in the 
tower of the church of Saint-Jacques-du-Haut-Pas, in the Rue Saint-Jacques, is 
unfounded. This latter church has some mathematical interest, however, for 
it is here that the geometer Lahire‘ is buried. 

A little east of the Tour Saint-Jacques and north of the Rue de Rivoli is the 
Rue Sainte-Croix-de-la-Bretonnerie, formerly (1228) the Champs-des-Bretons. 
At No. 16 is the hétel of Lalande, whom Montucla, in one of his letters, sar- 
castically called “the divine Lalande,’ and who edited the second edition of his 
Histoire des Mathématiques (1799-1802). 

A short walk to the north along the Rue du Temple brings one to the Rue de 
Rambuteau, part of which, where now stands the Archives, was formerly called 
the Rue de Paradis (not to be confused with another street by the same name 
southwest of the Gare Saint-Lazare), and it was at No. 1 of this street that 

1 Born in 1592; died at Paris in 1655. 

2 Born near Lyons in 1730; died at Parisin 1814. A letter written by Delambre on February 
9, 1808, was sent to him at this address. 

3 Kssai sur Vhistoire générale des mathématiques, Paris, 2 vols., 1802. English translation, 
London, 1803. 


4 Philippe de Lahire, born at Paris in 1640; died at Paris in 1718. The name often appears 
as La Hire. 
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Delambre! lived in 1802, and at No. 16 in 1807. Between this street and the 
Rue Sainte-Croix-de-la-Bretonnerie is the Rue des Guillemites, part of which 
was called at one time the Rue des Singes, and here the father of the unfortunate 
Bailly ? had his home and here no doubt his gifted son was born. 


IV. Street NAMES. 


The custom of naming the streets after the great men of a city or of the world 
is not peculiar to Paris; it is seen in all continental countries, but it is more 
evident in Paris than in other places owing to the size of the city and its long 
history as an intellectual center. 

Among the streets that bear the names of mathematicians there is, in the 
vicinity of the Boulevard Sébastopol, the Rue Borda, opened in 1816 and named 
in honor of Jean Charles Borda,” who was distinguished not only in mathematics 
but also in physics and navigation. In the same general region there is a street 
that was (from 1780 until 1884) known as the Rue de Breteuil, so called in honor 
of Emilie de Breteuil, Marquise du Chatelet, but now called the Rue du Général- 
Morin. A short distance away is the Rue Bailly, the name of which may suggest 
the mathematician elsewhere mentioned in this article, but which is really due to 
the bailliage of Saint-Martin-des-Champs to which church the property formerly 
belonged. Similarly, the Rue Dupin, which branches off from the Rue du 
Cherche-Midi near the Boulevard du Montparnasse, is not named after the 
mathematician, Charles, but after his brother André Marie Jean Jacques (1783- 
1865), the lawyer. | 

In the newer parts of the city little attention has been paid to the naming of 
streets with respect to their proximity to schools of any kind. In the northwest 
section, a short distance south of the Boulevard des Batignolles, is the Rue 
Bernoulli,t named after the mathematician who, to use the misprint in the 
Marquis de Rochegude’s work, “découvrit le calcul expérimental!”’ ® 

South of the Arc de Triomphe de |’Etoile, in the relatively new section, are 
the Rue Euler,® the Rue Newton,’ and the Rue Galilée,’ all coming together 
on the Avenue Marceau. The Rue Keppler’ is in the same vicinity. “The Rue 
Galilée ends at the west in the Avenue Kléber, across which, extending from the 
Place Victor Hugo, is the Rue Copernic,” known before 1856 as the Rue des 
Bassins. North of the Place Victor Hugo runs the Rue Léonard de Vinci," 

1 Jean-Baptiste-Joseph Delambre, born at Amiens in 1749; died at Paris in 1822. His 
greatest work was in geodesy and astronomy. 

2 See page 107. 

’ Born in 1733; died at Paris in 1799. 

4 Jean Bernoulli (1667-1748). 

5 For ‘“exponential.”’ 

6 Léonard Euler, born at Basel in 1707; died at Petrograd (Petersburg) in 1783. 

7 Sir Isaac Newton, born at Woolsthorpe in 1642; died at Kensington in 1727. 

8 Galileo Galilei, born at Pisa in 1564; died at Florence in 1642. 

® Johann Kepler, born at Weil in Wiirtemberg in 1571; died at Ratisbon in 1630. 

10 Nicolaus Copernicus (Coppernicus), the astronomer (1473-1543), who also wrote on 


trigonometry. 
11 Leonardo da Vinei (1452-1519). 
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named for one who would have been a great mathematician if he had not been 
greater in nearly every other line that his genius touched. Just west of the Gare 
du Nord is the Rue Condorcet, with its little cité Condorcet at No. 27. At No. 21, 
Rue Chanzy, which branches off from the Boulevard Voltaire at No. 212, there 
lived Jean Macé (1815-1894) who, perhaps, deserves to be included in our list 
because of his little L’ Arithmétique du Grand-Papa (1862). Near the Gare de 
Lyon and running south from the Avenue Daumesnil, is the short Rue Charles- 
Bossut ! and the Rue Michel-Chasles,? the latter being part of the land oc- 
cupied by the old prison de Mazas. The Rue Abel ? was opened at about the 
same time (1901) and in the same territory. Some distance to the west, and near 
the Métro station of Place de Vaugirard, is the Rue Gerbert, leading from the 
church Saint-Lambert to the Rue de Vaugirard and bearing the name of the 
most learned mathematician of his day,‘—a day in which mathematics, however, 
was near its low ebb. 

In the Gobelin region the Boulevard Arago® was opened in 1859, and at the 
western section is the observatory, near which is the Rue Méchain.® Arago was 
director of the observatory and died there in 1853. In the court is a statue of 
Leverrier,’ by Chapu. The observatory grounds are bounded on the north by 
Rue Cassini,? known in the 17th and 18th centuries as Rue des Deux-Anges, des 
Deux-Maillets, and Rue Maillot. Its present name dates from 1790. The 
Cassini house was No. 2. The boulevard north of the one which bears Arago’s 
name is Boulevard de Port Royal. At No. 119 was the ancient Abbaye des 
Religieuses de Port-Royal which, in the 17th century, served as a retreat for 
many of the learned world, including, as is well known, Blaise Pascal. 

North of the cemetery of Montparnasse are the Rue Delambre? and the Rue 
Huyghens.? South of the cemetery are the Rue Fermat," the Rue Gassendi, 
and the Rue Lalande. Still farther south, and branching out from the Avenue 
d’Orleans, are the Rue Bézout and the Rue Sophie-Germain. 

In the Quartier Latin there is the Rue Laplace,’ so called since 1864, having 
been called the Rue de l’Allemanier as early as 1300. It lies north of the Panthéon. 

1 See page 168. The street received its name in 1873. 

2 Born at Epernon in 1793; died at Paris in 1880. He is known chiefly for his Apercu 
historique, Paris, 1837, and his work on higher geometry (1852). The street was opened in 1902. 

8 Niels Henrik Abel, born at Findée, Norway, in 1802; died at Arendal in 1829. Known 
chiefly for his work on elliptic functions and higher algebra. 

4 He became Pope Sylvester II in 999 and died in 1003. 

5 Dominique Francois Jean Arago (1786-1853), the astronomer. 

6 Pierre-Francois-André Méchain, born at Laon in 1744; died at Castellon de la Plana in 
1804. He was one of the chief geodesists who worked on the base of the metric system. 

7 Leverrier is buried in the nearby cemetery of Montparnasse. 

8 See this MontTHLYy, 1921, 123, 369. 

® The street was opened in 18389. 

10 French spelling for Huygens. Christian Huygens, born at The Hague in 1629; died at 
The Hague in 1695. Known as one of the greatest physicists and geometers of his time. 

11 Pierre de Fermat, born at Beaumont de Lomagne, c. 1608; died at Castres or Toulouse in 
1665. Known for his work on theory of numbers and analytic geometry. 


12 Pierre-Simon, Marquis de Laplace, born at Beaumont-en-Auge in 1749; died at Paris 
in 1827. He wrote not only on astronomy but on probability and the higher calculus. 
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A little to the east is the Rue Descartes, known in the 13th century as the Rue 
Bordel (Bourdeille). As stated on page 174, Descartes was finally buried in 
Saint-Germain-des-Prés, this being recorded on a mural slab in the first chapel on 
the south after passing the sacristy. On the Rue Descartes stands the Ecole 
Polytechnique! on the site of the ancient College de Navarre,? a school with 
which have been connected some of the greatest names in the history of French 
mathematics during the last century and a quarter. Back of the school runs the 
Rue Monge, named (1864) in honor of the great geometer. It is one of the most 
prominent of the many streets which were cut through ancient Paris in the 19th 
century and adds a posthumous glory to the memory of one who rose to great 
prominence but was allowed by his countrymen to die in poverty. The Square 
Monge lies next to the Ecole Polytechnique where he worked for several years. 
There is also a Place Monge, and a little further south the Rue Pestalozzi® 
opens to the west. 

Parallel to Boulevard Saint-Michel (the “Boul Mich”’ of the student jargon), 
and to the east, there runs the Rue Saint-Jacques, past the Sorbonne. From 
this there branches off to the west the short Rue Malebranche,* named in honor of 
one who was chiefly a philosopher but nominally a mathematician. 

South of the Luxembourg gardens and running from the winding Rue Notre- 
Dame-des-Champs to the Rue d’Assas, is the Rue Leverrier, named after the 
scholar who applied mathematics to the determination of the position of Neptune. 
If one is visiting this section he may walk along the Rue Notre-Dame-des- 
Champs to No. 17, and see the house where Ampére’ lived for a time. He may 
also walk over to the Rue d’Assas and see, at No. 28, the site of the house® in 
which Foucault died and in which he made some of his preliminary experiments 
on the pendulum. 

Cutting the Boulevard Arago and running through to the Avenue des Gobelins 
is the Rue Pascal, opened in 1827. 

In the northwestern part of the city, west of the cemetery of Montmartre 
and ending in the Avenue de Clichy, is the Rue Clairaut, before 1867 known as 
the Rue Sainte-Thérése. The next street to the south, and a much longer one, 
is the Rue Legendre, which is cut by the Passage Legendre, formerly (1867-1877) 
known as the Passage Saint-Paul. Rue Legendre is cut farther to the west by 
the Rue Lemercier of which the southern part bears the name of Biot,’ opened 
in 1850 but receiving its present name in 1864. Still farther to the west is the 

1 Founded in 1794. 

2 Founded in 1304 by Jeanne de Navarre, wife of Philippe le Bel. 

§ Johann Heinrich Pestalozzi, born at Ziirich, 1746; died at Brugg, 1827. Known for his 
reform in elementary teaching of arithmetic and as the teacher of Steiner. 

4 Nicolas Malebranche (1638-1715). His mathematical work was chiefly in connection with 
astronomy. 

> André Marie Ampére, born at Lyons in 1775; died at Marseilles in 1836. He was professor 
of mathematics at the Ecole Polytechnique as well as professor of physics at the Collége de France. 
He wrote numerous monographs upon the calculus, higher plane curves, and probability, as well 
as upon physical questions. 


6 The present building is the Ecole libre de Jeunes Filles. 
7 Jean-Baptiste Biot (1774-1862), who applied mathematics to physics and astronomy. 
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Boulevard Malesherbes on which is the Lycée Carnot, known as the Ecole 
Monge until 1875, and this is bounded on the north by the Rue Viéte,! so called 
in honor of the greatest of the early French algebraists. At the northern end 
of the same boulevard is the Rue Nicolas-Chuquet,? named for one of the few 
mathematical scholars of France at the close of the 15th century. From about 
the middle of the boulevard there runs to the westward the Rue Ampére, with 
an array of modern houses. It is cut by the Avenue de Wagram, which in turn 
is cut by the Rue Poncelet ? with its small Passage Poncelet. Five minutes’ 
walk to the west will bring one to the Rue Torricelli,* and another five minutes 
leads to the Rue Vernier and the Rue Roger Bacon,° before 1907 known as the 
Rue Bacon from its former proprietor. A short walk to the south brings one to 
the Avenue de la Grande Armée, between the Place de |’Etoile and the Bois de 
Boulogne, from which, near the Porte de Neuilly, branches the Rue Denis- 
Poisson, which went by divers names before the present one was adopted (1907). 
From the Etoile there starts, just north of the Avenue de la Grande Armée, the 
Avenue Carnot ® which was so named in 1880 in honor of the Carnot of the 
Revolution. 

Not far to the east of the cemetery of Montmartre, in the maze of narrow 
streets of the section, is the Rue Francceur,’ a name given to the street in 
1875. 

Passing over to the northwestern part of the city, there lies, a short walk to 
the north of the Pare des Buttes Chaumont, the Passage Barréme, named in 
memory of the author of a very successful textbook on arithmetic,’ one which 
still makes his name synonymous with all sorts of tabular devices for ready com- 
putation. Still in the eastern section, but near the Pére-Lachaise cemetery, 
is the Rue Ramus,’ recalling the death of the philosopher-mathematician who 
perished at the massacre of Saint Bartholomew, the signal for which was given 
by the bells of Saint-Germain-l’Auxerrois, across the street from the Colonnade 
of the Louvre. Branching off from the Rue Ramus is a small Passage Ramus, 
and a short walk to the east brings one to the Rue Vitruvius, calling to mind one 

1 Francois Viéte, commonly known as Vieta, born at Fontenay-le-Comte in 1540; died at. 
Paris in 1603. 

2 A native of Paris. He wrote the Triparty en la Science des Nombres at Lyons in 1484, but 
it was not printed until the 19th century. 

3 Jean-Victor Poncelet, born at Metz in 1788; died at Paris in 1867. He is known for his. 
great work in projective geometry. 

4 Evangelista Torricelli, born in or near Faenza in 1608; died at Florence in 1647. Known 
not only as a physicist but for his contributions to the study of higher plane curves. 

5 Roger Bacon (1214-1294), the foremost scientist of his time, familiar with much of the older 
mathematics. He had an unusual knowledge of the latter science considering the time in which 
he lived. 

6 Lazare-Nicolas-Marguerite Carnot, born at Nolay in 1753; died at Magdeburg in 1823. 
A great military leader as well as a great geometer. 

7 See this Monruiy, 1921, 254. 

8 Francois Barréme, a native of Lyons. He died at Paris in 1703. His Arithmétique (Paris, 


1677) went through many editions. 
® Pierre de la Ramée, better known as Peter Ramus, born at Cust in 1515; died in 1572. 
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of the few Romans who had any appreciation of even the lower forms of mathe- 
matics.! 
V. ScHooLt Names, STATUES, ToMBs. 


Paris has not only honored many of her mathematicians by the names of 
streets, but she has impressed upon her children the achievements of her learned 
citizens by occasionally giving such names to her schools. Thus we have the 
Ecole Sophie-Germain, a higher primary school for girls at No. 9, Rue de Jouy, 
the street in which Richelieu was probably born and which takes its name from 
an abbey of the 13th century which stood at Nos. 13, 15, and 17. The Lycée 
Saint-Louis, on the Boulevard Saint-Michel, was at one time (1848) called the 
Lycée Monge, but the name was short-lived. The Lycée Condorcet is at No. 61, 
Rue d’Amsterdam, in the northwest section. The Lycée Voltaire (1890) is in 
the Avenue de la République, which leads out from the Place de la République. 
Besides these there are at No. 10, Boulevard Lannes, the Ecole Pascal, and near 
the Place de la Nation the Ecole Municipale Arago. 

Paris has also many busts and statues and bas-reliefs of those who have made 
the science, some of relatively little importance, like the médaillon of Francceur 
on the building of the Société pour |’Instruction Elémentaire at No. 6, Rue du 
Fouarre, the ancient Rue des Escoliers of the 12th century, where several colleges 
were established in that period. Part of the street is now (since 1887) the Rue 
Lagrange. Budé? better deserves a statue, and one by Bourgeois (1882) stands 
in the Cours d’honneur of the Collége de France. Here are also the busts of 
Gassendi, Ramus, Lalande, Ampére, Chasles, and many others of scientific 
prominence. 

On the chief facade of the Sorbonne is a statue representing mathematics 
and in the building are statues of Archimedes, Descartes, and Pascal. The 
garden of the Luxembourg has a statue of Bailly by the sculptor André, but it 
would be quite uninteresting to attempt anything like a complete list of efforts 
at portraiture of this kind to be found in the city. In the line of paintings, the 
most interesting portrait is the well-known one of Descartes, by Frans Hals, in 
the long gallery of the Louvre. 

If the wanderer wishes to make a pilgrimage to the last resting-places of the 
mathematicians of Paris, his steps will naturally turn first to Pére-Lachaise. 
Here he will do well to proceed by the Entrée principale up the main route, 
passing the graves of Arago (d. 1853) on the right (with a bust by David d’ Angers) 
and of Poinsot (d. 1859) on the left, and then branching off to the Avenue Latérale 
du Sud to see the resting-place of Delambre (d. 1822). He may then proceed to 
the chapel, turn to the right, and pass on to the Carrefour du Rond, where he 
will find the graves of Monge (d. 1818), Hachette (d. 1834), and Fourier (d. 1830). 
A little farther along the Avenue des Acacias he will find the burial places of 
Chasles (d. 1881) and Comte (d. 1857). <A few others are buried. in different 

1 His great work on architecture was written between 20 and 14 B.C. He was well trained 


in the engineering of the time and in the ancient science of optics. 
2 See page 166. 
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parts of the cemetery, but the graves of many of the older group are to be found 
in less prominent cemeteries or in the ancient churches. Louis Etienne Lefébure 
de Fourcy’ (1787-1869), for example, is buried in the cemetery Montparnasse, 
as are also Poincaré (d. 1912) and Joseph Bertrand (d. 1900). Pascal is buried in 
Saint-Etienne-du-Mont and Descartes in Saint-Germain-des-Prés.2. There is 
a monument to Maupertuis (d. 1759) in Saint-Roch, on the Rue Saint-Honoré, 
in the usual ultra-dramatic style of the times, and he was finally buried here. 

Such are a few of the interesting historical spots of a city which has exerted 
a remarkable influence upon mathematics, pure and applied, in the last four 
centuries, and which is certain to have an equally remarkable influence in the 
centuries to come. 


SOME UNSOLVED PROBLEMS IN SOLID GEOMETRY-.? 
By JULIAN LOWELL COOLIDGE, Harvard University. 


One of the delightful uncertainties connected with mathematical research 
arises from doubt as to the life of this or that part of the subject. We have no 
vital statistics bearing on the longevity of different mathematical topics. No 
man can say at what moment any particular branch of the science may wither 
and die for lack of new life and growth. A process of senility seems to have set 
in in algebra, in the elementary theory of numbers, and in other parts of our 
science. One elementary branch alone seems exempt from this general law of 
decay, elementary geometry. For some reason this ancient branch of learning 
seems to bear in itself an inexhaustible fountain of youth. It is just a hundred 
years since Feuerbach first published his classic theorem about the nine-point 
circle, eleven years ago a Japanese mathematician published eleven new proofs.‘ 
The Brocard figures were discovered some fifty years ago, the number of published 
articles dealing with them quickly ran up towards a thousand. 

The great majority of the best theorems of elementary geometry are, and 
always will be, “in plano.” This is partly owing to the greater inherent simplicity 
of two dimensional figures, partly to the equality of all angles inscribed in the 
same circular arc, a property which has no analogue in space. Yet I am per- 
sonally persuaded that there are a lot of simple and elegant theorems in solid 
geometry, waiting for discovery by skillful and painstaking geometers. Who 
could -ask for a better theorem than that which tells us that if a sphere be in- 
scribed in a tetrahedron, the three angles subtended at each point of contact, 
by the three edges coplanar with that point, are the same in every case. Yet 
this theorem, so far as we know, was first found in 1897, and did. not come to 
general notice till mentioned by Franz Meyer at the International Mathematical 
Congress at Heidelberg in 1904. I wish that I knew the way through the wood 
1 He wrote several works on algebra and geometry. | 

2 See this MontTuHLy, 1921, 62. 

2 Read before the Mathematical Association of America at Cambridge, December 29, 1922. 


*'V. Sawayama, “ Nouvelles démonstrations d’un théoréme relatif au cercle des neuf points,” 
L’ Enseignement Mathématique, vol. 13, 1911, pp. 31-49. 
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to the enchanted palace where numbers of such mathematical beauties are still 
asleep. Alas, I donot. In the present paper I must confine myself to the more 
prosaic task of pointing out various directions in which I believe interesting 
mathematical truths may lie, hoping that some geometers whose skill and patience 
exceed my own will go boldly ahead to discover them. 

There are a large number of so-called notable points connected with the 
triangle. Every high-school pupil learns about the center of the circumscribed 
circle, where the perpendicular bisectors of the sides meet, the center of the 
inscribed circle where the bisectors of the angles meet, the center of gravity which 
lies on all the medians, and the orthocenter on the altitudes. Further study will 
lead him to Ceva’s theorem giving the conditions for concurrence of lines through 
the vertices of a triangle, and if he take up the modern geometry of the triangle, 
he will hear about the Brocard points, the symmedian points, Miquel’s point, 
Tarry’s point “et hoc genus omne.” How many of these points have their 
counterparts in the geometry of the tetrahedron? 

The first steps in the search for such points are encouraging. The perpendic- 
ular bisectors of the edges of a tetrahedron meet in the center of the circumscribed 
sphere, the bisectors of the dihedral angles meet in the center of the inscribed 
sphere, the lines to the centers of gravity of the faces meet in the center of gravity 
of the tetrahedron, it all looks very hopeful. But when we examine whether the 
altitudes be concurrent or not, the trouble begins. There is a very widespread 
ignorance on this simple matter. I once asked the combined mathematical 
department of a large New England college, and not one of them had the ghost 
of an idea. As a matter of fact these altitudes are not, usually, concurrent. If 
at the orthocenter of each face we erect a perpendicular to that face, it is easy to 
see that each of these perpendiculars intersects three altitudes and is parallel to 
the fourth. We have two sets of four lines, all lines of one set intersecting all 
of the other in finite or infinite points, yet neither set are all parallel to one plane. 
This shows that they are generators of the same hyperboloid. It is true that 
the center of this hyperboloid makes a pretty good notable point,! but the first 
natural reaction is to feel discouraged from searching further. Yet such pessi- 
mism would, perhaps, be immature. Here is a ground for hope: 

Suppose that we connect a point in the plane of a triangle, not on the circum- 
scribed circle, with the three vertices, and reflect the three connecting lines in 
the bisectors of the angles; the reflected lines will also be concurrent. The two 
points of concurrence, which are said to be “isogonally conjugate,” have a recip- 
rocal relation, they are the two foci of a conic tangent to the lines of the sides of 
the triangle, and if we take a system of homogeneous trilinear codrdinates, where 
a point is represented by numbers proportional to its distances from three non- 
concurrent lines, the codrdinates of one point are proportional to the reciprocals 
of the codrdinates of the other. Lastly if we drop perpendiculars from the two 
points on the three lines, the feet of these are six points on one circle, called the 
“pedal circle”’ of the two points. 


1C, Intrigila, “Sul tetraedro,” Rendiconti R. Accademia delle Scienze di Napoli, vol. 22, 
1883, pp. 69-95. 
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Now these relations, contrary to what one would naturally fear, hold unaltered 
in three dimensions. Each point, not on a certain cubic surface, has a single 
isogonal conjugate with regard to a tetrahedron, and the two have the same pedal 
sphere, the tetrahedral coérdinates of the one are the reciprocals of those of the 
other. These facts suggest the possibility of further progress. In the plane the 
center of the circumscribed circle and the orthocenter are isogonally conjugate, 
as are the center of gravity and the symmedian point. 

ProBLeM 1. What are the geometrical properties of the points which are 
isogonally conjugate to such notable points of the tetrahedron as are already 
known? | 

In the plane, if a point trace a straight line, its isogonal conjugate will trace 
a conic through the vertices, and vice versa. When the line goes through the 
center of the circumscribed circle, the conic is an equilateral hyperbola whose 
center is on the nine-point circle. These facts, which do not correspond directly 
to anything in space, lead at once to the properties of the nine-point circle. 

PRoBLEM 2. What are the properties of the cubic surfaces and cubic space 
curves which correspond isogonally to planes and lines? When will these figures 
reduce to combinations of simpler figures? 

We mentioned on a previous page that the altitudes of a tetrahedron are 
usually the generators of a hyperboloid, and so, not concurrent. There are, 
however, special cases where all go through one point. If two pairs of opposite 
edges have the property that their lines are mutually perpendicular in direction, 
the same is true of the third pair. The foot of each altitude is, in this case, the 
orthocenter of a face and the four altitudes are concurrent. We call such a 
tetrahedron an “orthogonal”’ one. If the faces be called 1, 2, 3, 4, and the angle 
between faces 2 and 7 be 6;;, the condition for an orthogonal tetrahedron is 
immediately found to be 


cos O42 COS 634 = COS O13 COS B04 = COS O14 COS Doz. 


In the case of the orthogonal tetrahedron there are two twelve-point spheres, 
quite analogous to the nine-point circle.! We are led to: 

ProBLeM 3. How are problems of isogonal conjugacy modified in the case 
of the orthogonal tetrahedron? 

There is a popular dictum, which almost has the force of dogma, that all 
great inventions are essentially simple. Without going into the question of the 
limits of validity of this general statement, we may safely say that the most 
fruitful theorems in geometry are generally the simplest. The following is a 
case In point. Let us start with a triangle and mark a point on the line of each 
side. We now pass a circle through each vertex and the two marked points on 
lines through that vertex. Each circle and the opposite line form a cubic curve, 
and the three cubics have eight common points. They are, consequently, linearly 
dependent, and the three circles pass through a common point called the Miquel 


1A, Transon, ‘Sur une question relative a la géométrie de l’espace,” Nouvelles Annales de 
Mathématiques, series 2, vol. 2, 1863, pp. 1388-143. 
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point. If we invert the figure from a point either in the plane or outside of it 
we have a curvilinear triangle determined by three concurrent circles of a plane 
or sphere, with a point marked on each circle. The three circles, each through 
a vertex and two adjacent marked points, are concurrent. In fact we have two 
sets of reciprocally related concurrent circles. This relation may be immediately 
generalized in space if we go about it in the right manner. Let us start with a 
tetrahedron, and mark a point on the line of each edge, then pass a sphere through 
each vertex and the adjacent marked points. In each face we have the Miquel 
configuration, hence the given spheres are concurrent by threes in the planes of 
the faces. On each sphere we have the Miquel figure generalized by inversion, 
hence the four spheres go through a point.?. At the same time the question may 
fairly be asked whether we have generalized Miquel’s theorem in the most 
natural way. Would it not be more natural to mark a point in each plane? 
This leads to: 

PROBLEM 4. In the plane of each face of a tetrahedron, a point is marked. 
What is the necessary and sufficient condition that the three spheres, each through 
a vertex and the marked points in the adjacent planes, should be concurrent? 

This may also be restated in another form, more favorable to analytic handling: 

PROBLEM 5. Given two sets of points, 414.4344 and B,B.B3B,. If the 
four spheres 4;B;B;,Bi be concurrent, when will the spheres B;4;A;A1 also be 
concurrent? 

Returning to the plane, a very good way to mark points on three given lines 
is by their intersections with a fourth line. We are thus led to the theorem that 
the circles circumscribing the four triangles formed by sets of three out of four 
given lines are concurrent; the point of concurrence being, in fact, the focus of 
the parabola which touches the lines. Let us say that this point is “associated” 
with the four lines. If five lines be given, each set of four will be associated with 
a point, and the five points lie on a circle, associated with the five lines. If SIX 
lines be given, each set of five are associated with a circle, and the six circles are 
concurrent in a point associated with the six lines. Keeping on in this way we 
find that each even system of lines will be associated with a point, and each odd 
set with a circle in such a way that the point associated with 2n lines lies on the 
circle associated with each sub-set of 2n — 1, and the circle associated with 
2n — 1 contains the point associated with each sub-set of 2n — 2. This figure 
is called a “Clifford Chain,” after the first of some three or four independent 
discoverers.? Other such chains have been found by Grace,! Pesci® and the 

1A. Miquel, “Sur quelques questions relatives & la théorie des courbes,” Journal de Mathé- 
matiques pures et appliquées (Liouville), vol. 3, 1838, pp. 202-208. 

2S. Roberts, “On certain tetrahedra specially related to four spheres meeting in a point,” 
Proceedings of the London Mathematical Society, vol. 12, 1880-1881, pp. 117-120. 

3W. K. Clifford, “Synthetic proof of Miquel’s theorem,” Ozford, Cambridge and Dublin 
Messenger of Mathematics, vol. 5, 1870, pp. 124-141. 

.4J. H. Grace, ‘‘ Circles, spheres and linear complexes,” Transactions of the Cambridge Philo- 
sophical Society, vol. 16, 1897-1898, pp. 153-190. 


°G. Pesci, “Dei circoli circoscritti ai triangoli etc.,’’ Periodico di Matematica, vol. 5, 1890, 
pp. 120-127. 
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present author.’ It seems self evident that there must be analogues in space to 
many of these chains, although, so far, only the last seems to have been found.? 
This is curious. Roberts’ theorem seems to suggest natural extension. If we 
cut a tetrahedron by a plane, we mark a point very nicely on each edge line, and 
the spheres circumscribing the four tetrahedra, each having faces in three of the 
given planes, while its remaining face is in the secant plane, are concurrent. They 
are the spheres circumscribing four of the five tetrahedra determined by the five 
planes. But when we take the five tetrahedra and five circumscribing spheres 
they are not all concurrent in one point, but are concurrent by fours in five 
different points, one in each plane. It is not certain whether these five points 
are cospherical or not, I have the impression that they are not, but can not say 
why. At any rate there is very little known about possible extensions. 

ProsLEeM 6. Are there any three-dimensional analogues to the chains of 
Clifford, Grace and Pesci? 

That master of geometrical craft, Jakob Steiner, devoted much time and 
attention to the following problem. Suppose that we have two circles, one 
surrounding the other. Can we construct a chain of circles, finite in number, 
each of which is tangent not only to the given circles but its two next neighbors 
in the chain? The problem is easily handled if we invert our two circles into 
concentric ones. It then appears that if we can construct one such chain of 
circles, we may construct an infinite number of them. Returning to the general 
case, let the line of centers cut the first circle in A,B; and the second in A.b,, 
so that the two A’s lie on one side, and the two B’son the other. Construct the 
two circles whose diameters are 4AiB, and 42B;. If their angle of intersection 
be expressible in the form 2rm/n there will be a chain of n circles making m 
circuits. 

If we generalize in space in such a way as to seek a chain of spheres tangent 
to three given spheres there is nothing essentially new, for it is evident that the 
problem of finding spheres tangent to two concentric spheres and to some third 
sphere goes right back to the two-dimensional case.* Suppose, however, we 
have only two given spheres, we then get: 

ProBLeM 7. Can there be such a system of spheres tangent to two given 
spheres that each sphere is tangent to at least 3 others of the system? 

Steiner’s ring problem is but an example of a common type of problem to 
which the name of “closure’’ has been attached. Numbers of geometers, following 
Poncelet, have looked into the question of what relations must exist between two 
conics, if a polygon of n sides can be inscribed to the one and circumscribed to 
the other. This suggests 

ProsLem 8. What relation must exist between two spheres in order that 

1J. L. Coolidge, ‘Some circles associated with concyclic points,’ Annals of Mathematics, 
series 2, vol. 12, 1910-1911, pp. 39-44. See article by F. V. Morley, ‘Note on the incenters of a 
quadrilateral,” this Montuiy, 1920, 252-255. 

2 C. Intrigila, loc. cit., pp. 78-79. 


8K. Th. Vahlen, “Ueber Steiner’sche Kugelketten,” Zeitschrift fur Mathematik und Physik, 
vol. 41, 1896, pp. 153-160. 
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it may be possible to inscribe a tetrahedron in one which is circumscribed to the 
other? 

It is hard to believe that this problem has never been solved, I can only 
affrm that I have never seen a solution, and there is no reference thereto in 
Simon’s bibliography of elementary geometry in the nineteenth century.! 

Steiner’s contact problem leads naturally to an even more famous one of a 
slightly different nature. How can we put three circles inside a triangle in such 
a way that each shall touch two sides and the other two circles? This is known 
as Malfatti’s problem,” and the literature bearing on it is depressingly extensive, 
one reason for its popularity being that Steiner published the following simple 
construction without proof: ° 

Bisect the angles of the triangle. Inscribe a circle in each triangle formed by 
one of the given sides and the adjacent bisectors. The bisectors are transverse 
common tangents to these circles, two by two. Draw the other transverse 
common tangents. The circles required each touch two of these last tangents 
and two of the sides. 

The first demonstration was given thirty years later by Hart,‘ a priority 
which the Germans did not particularly relish. 

Let us discuss the corresponding problem in three dimensions. It is evident 
that there are some tetrahedrons in which we can place four Malfatti. spheres, 
for if we start with four spheres, each of which touches the other three externally, 
we can build a tangent tetrahedron outside. On the other hand it seems unlikely 
that four Malfatti spheres can be placed in every tetrahedron. There is just 
one triad of spheres mutually tangent, each of which touches the base of a tetra- 
hedron and two lateral faces, inside. There are an infinite number of spheres 
tangent to the three lateral faces inside, but they have only one degree of freedom, 
so that we can hardly require one of them to touch the three spheres already 
found. It seems likely that two independent conditions must be imposed upon a 
tetrahedron if we are to find four Malfatti spheres. We find those conditions by 
using an identity apparently due to Frobenius.’ Suppose that six spheres or 
planes are indicated by the numbers 1, 2, 3, 4, 5, 6. Let the angle between 
spheres 2 and 7 be indicated by 6,;;. Then 


1 COS O12 «cos Ai3 COS 614 COS O45 COS Dig 
cos 651 1 . . . . _ 
cos Oe, . . . COS O65 1 


1M. Simon, Uber die Entwicklung der Elementar-Geometrie im XIX Jahrhundert, Leipzig, 1906.. 

* Memorie di matematica e di fisica della Societa Italiana delle Scienze Modena, 1803. I have 
never been able to see this article. 

*Steiner, “Einige geometrische Betrachtungen,” Journal fiir die reine und angewandte 
Mathematik (Crelle), vol. 1, 1826, pp. 161-184 (see § IV, p. 178). 

*A.S. Hart, “Geometrical investigation of Steiner’s construction for Malfatti’s problem,” 
Quarterly Journal of Mathematics, vol. 1, 1857, pp. 219-221. 

*G. Frobenius, “Anwendungen der Determinantentheorie auf die Geometrie des Maasses,’’ 
Journal fiir die reine und angewandte Mathematik (Crelle), vol. 79, 1874, 185-247. 
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In the present case we may take the angle between each two spheres as 7+ 
while the sphere 7 makes an angle ¢; with the like numbered plane and 0 with 
the other 3 planes. Taking the planes 2 and 7 and the four spheres, we have 


1 COs 6;; COS ¢; 1 1 1 
cos 6;; 1 1 cos ¢g; 1 1 
COS ¢; 1 1 —-1 —-I] —1\_ 4 
| 1 cos g; —1 1 -—-1-l1 ; 
| 1 1 — |] — ] 1 —1] 
| 1 1 — ] —-1 —-I1 1 


The development of this determinant requires care rather than skill. The 
resulting equation is 


COS ~; COS g; (COS v; + COS vj) + Az; COS Y; COS 9; 
+ Bjj(cos ¢; + cos ¢;) + Cy = 0, 


where A,;, B;;, C;; are simple polynomials in cos 6;;. ‘There will be six such 
equations. Eliminating the four angles ¢; we must have two eliminants in the 
six angles 6;;, which are probably independent. : 

ProspLemM 9. Is there any connection between these equations and the 
conditions for an orthogonal tetrahedron? 

PrRoBLEM 10. When the conditions are fulfilled, how are the Malfatti 
spheres constructed? 


LINEAR OPERATIONS AND GENERALIZED ELEMENTARY 
SYMMETRIC FUNCTIONS. 


By ALBERT A. BENNETT, University of Texas. 


Many of the simplest operations of mathematics are linear, and among these 
the linear homogeneous operations are the most interesting. When attention 
is confined to rational algebraic steps with a single variable x the most general 
linear homogeneous operation available is that of multiplying 2 by a constant. 
The Cauchy functional relation, F(a + y) = F(x) + F(y), which features in this 
connection has also celebrated discontinuous solutions. 

Without attempting to classify all linear operations, it.may be of ‘Interest to 
point out five special illustrations of the general class of homogeneous linear 
operations. In each of these there are two sets of quantities, [a] and [F(a)], 
having elements, a, b, c, ---, and F(a), F(b), F(c), ---, respectively. In each 
case, F(a + b) = F(a) + F(b), addition being defined for both sets. The sig- 
nificance of the following discussion lies in the fact that it is applicable equally to 
all of these distinct cases. 

While it is possible to discuss the merely additive properties of linear func- 
tions, the existence of a basis, finite or infinite, the nature of the roots of a linear 
equation, and so forth, we shall here be interested in the application of multiplica- 
tion to linear homogeneous operations. We shall assume indeed that both for the 
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set [a] and for the set [F(a)] commutative associative multiplication is possible, 
this multiplication being distributive with respect to addition. The five illustra- 
tions or examples of the general theory are as follows: 

1. [a] denotes the set of expressions, a = (21, 12, -+-, tn), 0 = (Yt, Yo, ***) Yn); 
---, for a fixed n. F(a) denotes )7_,x;. By the product ab will be meant the 
element of [a] that may be written, (x11, eyo, +++, nYn). The other sums and 
products are defined as is usual in algebra. | 

2. [a] denotes the set of algebraic numbers of a given algebraic field of order, n. 
By F(a) is meant the trace (Spur) of a, so that F(a) is always a rational number. 
The sums and products are as usual in algebra. 

3. [a] denotes the set of matrices which are polynomials (with scalar coeffi- 
cients) in a given non-singular square matrix of order n, with distinct invariant 
factors. (a) is the sum of the elements in the main diagonal of a. The product 
ab is the usual matric product, which in this case is commutative. The sum 
a-+ b is the matric sum. The sum and product for elements of [F(a)] is as in 
algebra. | 

4. [a] denotes the set of finite subsets, repeated elements being permitted, 
of a given set of objects. F(a) denotes the number of elements in the subset a, 
any element occurring exactly n times in a, yielding the number n in the count 
F(a). In defining the sum a-+ b each element that appears in either term 
appears in the sum, and the number of times that it’ occurs in the sum is the 
sum of the number of times that it appears in the given terms. By the product 
ab is meant the subset, possibly the null-set, containing only elements common 
to both factor sets, the number of times that any given element appears being 
the product of the number of times that it appears in the given factors. The 
sum and product for [F(a)] are defined as in arithmetic. 

5. [a] denotes the set of subsets, finite or infinite, without repeated elements, 
of a given set of elements. F(a) is the same set as a, but with different rules of 
combination. Thesuma- bis the arithmetic sum defined in 4, and F(a) + F(0) 
coincides with it. The product ab is as in 4, but a new definition is given to the 
product F(a)F(b). This is in fact defined as the set of all unordered pairs of 
elements, one each from F(a) and from F(b), respectively, any pair consisting of 
the same element twice, once each from F(a) and from F(b), counting merely as 
this element itself. 

The sets [a] and [F(a)| and their rules of combination having been once 
settled upon, it is possible to introduce a sequence of functions of more than one 
argument, which functions play an important part in the theory of each of the 
illustrations and constitute the basis of the general theory. These will be denoted 
by Fi, Fo, F3, --+, Pn, «++ where the subscript in each case identifies the function 
and also denotes the number of independent arguments which enter into its 
definition. Thus these are respectively of the form F(a), Fo(a, b), F3(a, b, c), 

-+, Fn(dy, de, -**, Gn). Each Fp(ai, a2, --+, Gn) will be seen to be linear and 
homogeneous in each of the arguments, as a consequence of the defining relations 
that will be given presently. Furthermore it will be shown that each integral 
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rational function of the F’s with arguments which are themselves integral rational 
functions of the independent arguments a, and which is such as to be linear and 
homogeneous in each of these independent arguments, is uniquely expressible 
as a linear combination of the F’s. 

The functions in the sequence Fi, F2, ---, Fn, +--+ are themselves linearly 
independent. The simplest method of defining the relations among their products 
is perhaps to give a sequence of equations, each introducing in turn a single one 
of these functions. On the basis of these, other relations can be derived which 
must be valid in all cases and not dependent upon the special interpretation of 
[a] and [F(a)]. Incidentally the theory of the elementary symmetric functions 
of algebra follows by a specialization in illustration 1. The definitions adopted 
are as follows: 

Fy(a) = F(a), 
F,(a)Fi(b) = Fy(ab) + F2(a, 5), 
BOE (DEC) = By (abe) T M,(ab, c) Tr Ba(ae, °) + Ba(be, a) + Be(a, b, o, (1) 


F,(ay)Fi(as) -  Pi(dn) = Fy(aya» ° - an) + SF, + oF; 4. 
+ F, (a a, °°, On); 


Here the sign >> in each case covers all distinct integral partitions of the n 
arguments, Q de, --+, Gn, into products to the number required by the subscript 
indicated. It is now seen that each F, in turn, is symmetrical in its arguments. 
The summation sign covers a determinate but, except in the simplest cases, 
large numbers of terms. The expansion of the product F(a) F1(b) Fi(c)F'i(d) Fi (e) 
will amply illustrate the formation of these sums. For this case, >/F, contains 
the following fifteen terms, 


F,(abed, e) + F.(bede, a) + F2(acde, b) + F2(abde, c) + Fe(abce, d) 
+ F,(abe, de) + F.(abd, ce) + F.(acd, be) + F.(bed, ae) + F.(abe, cd) 
+ F,(ace, bd) + F(bce, ad) + F2(ade, be) + Fe(bde, ac) + F2(cde, ab). 


On the other hand > F3 contains twenty-five terms, 


F3(abe, d, e) + F3(abd, c, e) + F3(acd, b, ce) + F3(bed, a, e) + Fs(abe, c, d) 
+ F3(ace, b, d) + F3(bee, a, d) + F; (ade, b, c) + F3(bde, a, c) + F3(ede, a, b) 
+ F(ab, cd, e) + F3(ac, bd, e) + F3(ad, be, ¢) + F3(ab, ce, d) + Fs(ac, be, d) 
+ F3(ae, be, d) + F3(ab, de, c) + F3(ad, be, c) + F3(ae, bd, c) + F3(ac, de, b) 
+ F3(ad, ce, b) + F3(ae, ed, b) + F3(be, de, a) + Fs(bd, ce, a) + F3(be, cd, a). 
There are but ten terms in >/F4, namely, 
F(ab, C, d, é) + F, (ac, b, d, é) + F,(ad, b, C, é) + F,(ae, b, C; d) + F (be, a, d, é) 
+ F (bd, a,C; é) + F 4 (be, a, ¢,; d) + F,(ed, a, b, é) + F4(ce, a, b, d) + F,(de, a, b, c). 
The defining equations (1) exhibit the products of F’s when these are of the 
simplest sort, as linear expressions in F’s. It remains to show that under proper 


conditions of homogeneity alone, as already mentioned, any product of F’s is 
itself expressible as a linear combination of F’s. Owing to the linearity of the 
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F’s in the several arguments, no further discussion is needed to extend the results 
from mere products to general rational functions suitably homogeneous. It 
suffices to consider only products of two F’s, since if the theorem is true for all 
such products, it will follow for products of more than two factors by mere 
repetition and summation. Consider therefore the product Fn(Ai1, Ae, ---, 
Am)F n(A1, Ao, +++, An), where each A is either an a, or a product of a’s. We 
shall first cast the equations (1) into another form, 

F (01, 2, «++, On) = Fy(a1)F (ae) «++ Fi(Qn) — Fi — Fo — SF3 — --- (2) 

— > Fy-1. 

Making use of the form (2) for each of the two factors F, and F,, we obtain a 
sum of terms in which the subscript m is replaced by smaller integers, and like- 
wise n is replaced with smaller integers, together with terms involving F; as a 
repeated factor. By repeated applications, the original product is eventually 
replaced by a sum of terms each containing exclusively repeated factors F. 
Finally, each of these products is evaluated as a linear expression by use of 
formula, (1). An indication of the result to be expected in simple cases may be 
inferred by reference to the product, F'3(a, b, c)F'1(d) which reduces after the above 
mentioned operations have been performed to F3(ad, b, c) + F3(bd, a, c) + F3(cd, 
a, b) + F,(a, b, ¢, d). 

We are now prepared to interpret F,(a, b) in each of the five illustrative 
cases mentioned above. In 1, Fe(a, b) denotes the sum of all products 2,y,, 
a+. In 2, F(a, 6) is always a rational number. It is a symmetric function 
of the pair of algebraic numbers a, b, but has no commonly current name, other 
than S(a)S(b) — S(ab), where S(z) is the trace of x. In 3, F2(a, b) is a symmetric 
scalar function of the pair of matrices, a, b, but enjoys no special name. In 4, 
F,(a, b) is a number dependent upon the number of elements which are common 
to the subsets a and b. If a contains n elements not necessarily distinct, F(a) 
isn. Ifb contains melements, F(b) ism. Ifno element of a is also in b, F(ab) = O. 
If however a and b should coincide, but the elements of each should be distinct, 
then m = n, and ab = a = J, so that F(ab) = n, and F(a, b) = n(n— 1). Tf 
a consists of a single element counted n times and b consists of the same element 
counted m times, F(a)F(b) = F(ab), so that F2(a, b) = O. In 5, the expression, 
F(a, b) consists of the set of unordered pairs of distinct elements one each from 
a and from b. 

The theory of the functions fF, with m distinct arguments is fundamental, 
but in most applications functions are used in which the arguments are not 
independent but are all powers of a single argument. In the most familiar cases, 
indeed, the arguments are all equal, so that F,, F., F3, etc., are determined by a 
single quantity a. Equations (1) become in this important case, 

Fy (a) = F(a), 

F(a) = Fila’) + Fe(a, a), . 

F°(a) = F(a’) + 3F 2 (a, a) + F3(a, a, a), (3) 
F,‘(a) = F,(a*) + 4F2(a*, a) + 6F2(a’, a?) + 4F3(a?, a, a) + Fa(a, a, a, a). 
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It may be noted that from the same function F2(a, b) are obtained in the fourth 
of the above relations two distinct functions of the single argument a. To deter- 
mine the number of times that a given function of several distinct arguments will 
appear in the equation for a given power of F(a), say the mth, we must find the 
number of distinct partitions of which m is capable, where the number of parts 
for each partition is equal to the subscript of the function in question. 

Making use of the specialization explained above, we are in the position to 
give further interpretations in the five illustrative cases. It will be convenient 
to refer occasionally to the expression, 


tn — Fy(a)a" + (Fo(a, a)/2)a™-? — +--+ + (— 1)*(Fa(a, a, a, ---, a)/n!). (4) 


In 1, where a = (a, a, %3, +++, Xn), Fe(a, a) consists of the sum of products 
2,v;, 4 = j, and contains each of these products twice, namely once in the form 
2,x; and once in the form 2;x;. Thus F,(a, a)/2 is the elementary symmetric 
function of the second order. More generally, Fn(a, a, ---, a)/m! is the mth 
elementary symmetric function of 2’s in a. In this illustration, the expression 
(4) is a polynomial in 2 whose roots are the elements of a. For this reason the 
expression F,,(a, a, ---, a)/m! may be regarded in general as a generalized 
elementary symmetric function. 

In 2, a is an algebraic number in a field of order n. This does not require 
that a is itself of the nth order, but in any case there is a unique polynomial of 
the nth order defined having a as a root, and which is either irreducible in the 
domain of rational numbers or else is merely a power of an irreducible polynomial. 
This polynomial will be expressible in the form (4). Here F(a) is the trace and 
F,,(a, a, «++, a)/n! is the norm of a. The intermediate coefficients are likewise 
rational numbers featuring in the theory. 

In 3, the well-known “characteristic equation” furnishes the first elements 
of the theory. The characteristic equation does not completely define the 
matrix a, if not all the roots of this equation are distinct, there being additional 
arithmetic invariants in this case. If the roots be distinct, however, no further 
invariants exist for the transformations usually considered in the algebraic or 
geometric applications. The characteristic equation is obtained by putting (4) 
equal to zero. Thus the coefficient F(a, a, ---, a)/n! is merely the determinant 
of a. . 

In 4, F(a, a, ---, a)/m!is a non-negative integer for each choice of m. The 
term contributed to Fi, by any repeated element of a is n!/(n — m)!, where n 
is the number of times that the given element appears in a. This functional 
symbol is of course to be understood to denote 0, whenever m exceeds n, and 
to denote n! whenever m = n. Since the binomial coefficient n!/[m!(n — m)]J 
is an integer it follows that in each case, F,, is divisible integrally by m! and 
vanishes if no element of a is counted as many as m times. 

If in 5, a be thought of as in some sense a “linear” set, 2(a, a) will be twice 
a triangular set, F'3(a, a, a) will be six times a tetrahedral set, and so forth, 
F,,(a, a, ---, a) being n! times a set which is a simplex of n dimensions. These 
simplexes constitute a generalization of the binomial coefficients. 
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Given the problem of expressing the symmetric function of more than four 
variables represented by >'21°a"w3, in terms of the elementary symmetric func- 
tions of these variables, a possible method of solution, in case that the number of 
variables is not excessive, is actually to expand the indicated summation as the 
first step. Since the form of the result is the same no matter what the number 
of variables so long merely as there are enough to give all of the indicated sums 
a meaning, it is clear that there is no necessity of making the expansion. The 
solution can be effected by use of the relations (1) and relations derived therefrom 
alone. The problem can therefore be put into a more general form. We can 
inquire into the representation of the expression F3(a?, a2, a)/2' as a sum of 
products of the elementary functions F(a), F2(a, a), F3(a, a, a), etc., alone. The 
proof that a solution is always possible may be made in the usual manner pro- 
vided that care be taken in the wording of the proof. To simplify the notation, 
it is usually convenient to adopt the nomenclature current in the theory of the 
elementary symmetric functions of algebra, and write F,,(a, a, ---, a)/n! in the 
condensed form E,,(a). Using this notation, we have as the result of a few steps, 
F(a’, a, a)/2 = E,H; — 3E,E,+ 5E;. This result may be interpreted in con- 
nection with each of the illustrations already considered. It is of particular 
interest to consider 5. In this case since a? = a, it follows that F3(a?, a’, a) is 
the same as F3(a, a, a) which is itself equal to 6E3(a). Thus for this particular 
illustration, 3H,£,-+ 3H; = E2.H3;-+ 5K. When, in particular, the set a is 
finite and consists of n elements, the count of the number of elements gives a 
relation among the binomial coefficients, but the theorem is one applicable to 
any sets. To take a simpler example, from the general relation F2(a?, a) 
= HE, — 3E3, we have for 5, 2K, = E,E, — 3E3, or in other order, E,E> 
= 3h3-+ 2H,. Geometrically interpreted, this means that the triangular prism 
obtained from a given linear set, consists of two triangular interfaces and three 
tetrahedra, a relation familiar in solid geometry, but here valid for a general 
“linear”’ set. 


THE AREA OF RULED SURFACES BY VECTORS. 
By J. B. REYNOLDS, Lehigh University. | 


When a surface may be considered as generated by the movement of a straight 
line, we may think of the line as a vector and thus easily lead up to an expression 
for the area generated by the moving line. 

Let r; and re be vectors from the origin of vectors to the ends of the generating 
vector 1, as shown in figure 1. If then r is the vector to any point on the surface, 
we have r = r; + sl, in which ¢ is a scalar quantity. From this 


dr = dr, -+ sdl-+ lds, 


1 The occasion for the factor 2 is that in F3(a?, a, a), itself, the following terms for example 
would all appear as though distinct, 21212223, 22123, Xoa3241, 232X071, 132X122, L12X3%2, Whereas 
these are actually equal by pairs, and the notation 22x 27.273 would be interpreted as including 
but one of each pair, that is, as being equal to exactly one half of F3(a1?, a’, a). 
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the hyperbola a — y? = a? cos? $a about the y-axis from y = — asina/2 to 
y= +asina/2. 

This method may be followed in finding a definite portion of a tangent surface 
of a space curve or in finding the surface generated by a given part of the normal 
or binormal to a curve. 

For a tangent surface, since 7 is a portion of the line tangent to the curve 
defining 11, lis parallel to dr,/dé so that 1 X dr,/dt = 0, simplifying the formula to 


to 1 dl 1 to 
s-| f (1x) sdido = 3 f (1x). dt. 


For example, to find the area of the surface generated by the length a of the tan- 
gent to the helix r = i-a cos ¢-+j-a@ sint-+ k-ct in one revolution, we have 


— = — ia sint-+ ja cost-+ ke; 


whence 
a 


i= Vv (a? + c?) (— 
the absolute length being a, and, therefore, 


dl at a si 
Hi Vie@te 1a cost — Ja sin Zt) 


ia sint + ja cost + Re), 


and 


a — ic sint — je cost + Ralodt 


isi wah 


; Ta . 

)dt = Vv (a + ¢) | 
In case c = 0 we get S = -_ the area of the annulus of outer radius ~2a and 
inner radius a. 


AN ENGLISH TEXT ON MATHEMATICS WRITTEN ABOUT 1810.1 
By ELIZABETH B. COWLEY, Vassar College. 


This three-volume treatise is owned by Dr. Charles C. Godfrey of Bridgeport, 
Conn., who purchased the books in a second-hand store in New Haven. He 
says that they were part of a large library of works on mathematics collected by 
an Englishman and sold as part of his estate and later brought to this country. 
He has recently written that he has learned that these three volumes once be- 
longed to Mr. Thomas P. Stowell of Rochester, N. Y., who was probably con- 
nected with the Alexandria Boarding School. 

These three bound volumes are written by hand inink. Many of the problems 


1 Read at the Summer meeting of the Association, Rochester, N. Y., Sept. 6, 1922. 
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have elaborately drawn illustrations colored in water colors; and each volume has 
a full page fanciful frontispiece in colors. The pages are not numbered consecu- 
tively in ink, but on the first page “No. 1” is written in pencil in a large hand; 
on the seventeenth page “No. 2”; on the thirty-third page “No. 3,” etc. This 
pencil numbering is found in each volume, each number usually indicating 16 
pages. The last number in vol. 1 is 38; in vol. 2 is 29; and in vol. 3 is 30. 

There is no statement of date, place, or author. I have not found any printed 
text of which this is a copy, although some parts of it bear a resemblance to 
portions of the Mathematical Institutions of W. Leybourn, which was published 
in London in 1704. In volume 3 there is written in a small hand in ink in the 
upper right-hand corner of the first fly-leaf 

W. B. Falcon 
May 20", 1811 
Whitehaven. 

This date and place fit in well with some stray bits of internal evidence. For 
example, one problem tells of Allonby-bay on the coast of Cumberland and of 
houses across on the Scotch shore. A rebus refers to Carlisle. The description 
of the “ Carpenter’s Rule, commonly called Coggeshall’s sliding rule’’ agrees with 
the description found in Barlow’s Dictionary (1814). The illustrated problem 
on the coal wagon would not be out of place in that mining district. Volume 3, 
which starts out with “Book keeping Moderniz’d,” begins the “Waste Book”’ 
the first of January 1807, London. Volume 2 gives the “Journal of a Voyage 
from London to Madeira and Teneriffe in the Heroine of Workington, Thomas 
Falcon Commander,”’ which begins April 12, 1807. There may or may not be 
any significance in these two references to London. 

Volume 1 begins with “Practical Geometry.” From the 42 definitions I 
quote two: “A right line is that which lies evenly between its extreme points.”’ 
“The measure of an angle is the arc of a circle contained between the two lines 
which form that angle, the angular point being the centre.” There are 51 
problems. The first 40 of these are ordinary constructions of plane geometry. 
The next 10 are problems in which, when the measurements of certain sides or 
angles of right or oblique triangles are given, it is required to construct the tri- 
angle and measure the other parts. The 51st problem is “To make a plane scale 
or to construct a scale of Sines, Tangents, Chords, Semitangents, Longitudes, and 
Rhumbs to any radius.” 

This “ Practical Geometry” serves as an introduction to “Plain Trigonom- 
etry,” which starts in with definitions of trigonometry and of “the lines applied 
to a cirele.” For example, “the right sine of an arc is a right line drawn from 
one end or termination of an arc to the radius and perpendicular thereto.”” There 
are 6 cases of right-angled triangles, each of which is solved by 3 methods:—by 
geometrical construction, by Gunther’s scale and compasses, and by logarithmic 
sines, tangents, etc. ‘There are 4 precepts which the writer says “must be well 
impressed upon the memory of all who wish to be ready and dexterous in this 
most excellent art’’: 1. “When a side is required, begin the operation with an 
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angle and when an angle is sought begin with a side.” 2. “As the sine of an 
angle : its opposite side :: the sine of any other angle : its opposite side.” 3. “As 
either leg : tangent of the radius 45° :: the other leg : tangent of the other opposite 
angle.’ 4. “Extend the first term to the third and that extent will reach from the 
second to the fourth.” The four cases of the oblique triangle may be solved by 
these and two new precepts. The first is our ordinary law of tangents, stated 
asaproportion. The second precept, which may be reduced to our law of cosines, 
is stated thus : “As the longest side : sum of the other two sides :: the difference 
of the said two sides : the difference of the segments of the base made by a per- 
pendicular let fall from the vertical angle.”’ 

“Altimetry and Longimetry” deal with the applications of trigonometry. 
There are 18 problems, each illustrated by an elaborate and carefully drawn ink 
picture, colored with water colors. Half of the problems deal with the ever- 
popular theme of towers. Their pictures are varied—including round and square, 
ruined and well-preserved, some set on hills and others beside the sea or a stream. 
From one tower the British flag is flying. We find also a May pole, a church 
steeple, a number of fully' rigged sailing vessels, and houses. In one case the 
houses on both sides of a street are drawn. The problem is the familiar one 
dealing with the ladder that leans first against a house on one side of the street 
and then is turned over to lean against one on the other side. In addition to 
these 18 problems collected here, there are others amongst the miscellaneous 
problems at the end of volume 2. These involve castles, ships, and farm houses. 
All these problems would repay study, but we shall mention here only the twelfth 
in the first collection. It is the most elaborate and it has so much local color. 
On the seacoast of Cumberland stand Dubmill and Bankend on opposite sides of 
Allonby-bay from each of which appear two houses, which for distinction we call 
A and B, on the Scotch shore, the distances of which from Dubmill and Bankend 
and from one another are required from the data subjoined. Suppose at Dubmill 
the line to house B bisects the angle there between Bankend and house A, then 
admit 80 chains measured from Dubmill on the line from house A so that a line 
to Bankend was perpendicular thereto, and there a signal put up or a fire made. 
Next at Bankend suppose the following angles observed: 

1. Between the signal or fire and Dubmill 12° 30’. 

2. Between Dubmill and house A 54° 30’. 

3. Between houses A and B 61° 30’, 

The water color illustration is elaborate, showing Dubmill with its wheel, 
and the other places mentioned. 

The next subject taken up is the “ Mensuration of Superficies.”” This involves 
areas of parallelograms, triangles, and other polygons, of circles, sectors and 
segments of circles, and the Pythagorean theorem. No attempt is made to 
prove a theorem, instead there are “rules.” 

“Conic sections” is devoted to definitions and the problems of constructing 
and finding the areas of segments of the ellipse, parabola, and hyperbola. The 
mensuration of solids deals with the convex:surface and solidity of the parallel- 
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opipedon, cone, sphere, spheroid, parabola and hyperbola of revolution, parabolic 
spindle and the “cylindrical ring.” In each case there is a rule followed by 
examples solved by the rule. 

Artificers’ work includes that of bricklayers, masons, carpenters and joiners, 
slaters and tilers, plasterers, painters and glaziers, etc. There is a description 
of the carpenters’ rule with examples on timber measure, etc. The last half of 
the first volume is devoted to spherics, including stereographic projection, 
spherical trigonometry, and astronomical problems solved by the globe con- 
struction and by calculations. 

Volume 2 treats of navigation, starting in with sailing:—plane, traverse, 
parallel, middle latitude, etc. There are other problems such as “Construction 
and use of maps.” It is in this volume that we find the journal of the voyage of 
the “Heroine of Workington,” which I have previously mentioned. At the end 
of the volume there is an odd assortment of questions which are solved by algebra 
and there are several rebuses. One problem and one rebus refer to “Green 
Row.” I shall be glad to have any suggestion as to what “Green Row” is. 

Volume 3 opens with “Bookkeeping Moderniz’d.’”’ There are a “Waste 
Book,” Journal, Index, and Ledger. This volume also contains algebra, with 
questions involving “simple” and quadratic equations. It is concluded by a 
bit on converging series and some “promiscuous questions” and applications of 
algebra to geometry. The first part of the book is the most interesting. The 
“Waste Book” is dated London, the first of January 1807. It starts out “In- 
ventory of money, goods and debts belonging to me AB, as also of the debts due 
by me to others.” As we read we learn that “AB” is a merchant doing business 
with Liverpool, Bristol, Glasgow, Edinburgh, Dublin, Cork, etc., as well as with 
foreign ports such as New York, Boston, Philadelphia, Amsterdam, Funchall, 
Cadiz, Hamburg, Leghorn, Smyrna, etc. He deals in many different kinds of 
merchandise extending from “blue Hungary pearl ashes,” broadcloth, fustians, 
kerseys, linen, serges, figs, flour, flax, hops, Canary wine, rum, tobacco, sugar, 
raisins, herring, beef, pork, and shoes. He had a house in Fleet St. and another 
in Charing Cross and he paid house rent and window tax. He purchased two 
lottery tickets and he gained a wager on the safe arrival in Smyrna of the ship 
“Happy Janet.’”’ He was interested in Drummond’s shoe factory and in the 
Royal Bank of Edinburgh: he opened a store in Boston and he had part interest 
in several ships. On May 9 he enters the statement “George Barclay is broke.” 
Even the list of family names of those with whom he transacted business is 
interesting. The last entry for Dec. 31 is “Laid out for the use of my family 
since the first of January last £300.” 

In conclusion may I suggest that the usefulness of old books like these is not 
confined to the person who has a special interest in the history of mathematics. 
Last year I showed these books to my freshmen when they were studying trigo- 
nometry. ‘They were especially interested in the problems on heights and 
distances and were eager to solve them and compare their solutions with those 
given. Later I showed them the photostats of a fourteenth-century manuscript 
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from Italy upon which I was working. From glimpses of old books and manu- 
scripts they begin to realize that mathematics is not a cold, dead subject the same 
to-day as it was 1000 years ago and as it will be centuries hence; but rather that 
it is closely interwoven with the life of any period and that there is a mutual 
dependence between the progress of mathematics and that of civilization. 


A GEOMETRIC PARADOX. 
By B. H. BROWN, Dartmouth College. 


We are indebted to Professor Coolidge for the remark that “there is nothing 
more instructive than an apparent paradox.” The following situation involves 
interesting theorems, the answer is not too obvious, and the student may find 
in the simple explanation a concept which is new to him. 

One of the curious facts in elementary geometry is that a plane bitangent to 
a torus cuts it in two circles, a theorem due to Villarceau.t Hence, in addition 
to the meridian and parallel circles there are two other systems of circles such that 
each circle of one system cuts every circle of the other system, but no circle of 
one system cuts any other circle of the same system. Furthermore Schoelcher 2 
proved the “joli théoréme”’ that these Villarceau circles are loxodromes of the 
meridian and of the parallel circles. Now consider the following chain of 
theorems: 

1. A cone of revolution can be anverted into a torus; 

2. The lines of curvature on a cone of revolution are the rulings and parallel 
curcles ; 

3. The lines of curvature on a torus are the meridian and parallel circles ; 

4. Inversion carries lines of curvature into lines of curvature; 

5. Inversion carries circles into circles (straight lines being considered circles); 

6. Inversion preserves angles (except for sign). 

If then we invert a cone into a torus, where can we find any circles on the cone 
to invert into the Villarceau circles? And these circles on the cone must be 
loxodromes of the rulings, an exceedingly difficult thing to visualize. 

Let us carry through the details of a particular transformation. The inversion 
with center at (0, 0, 7) and power — 2, whose equations are 


ee 
Pept eye Pp y+ EH (1) 
gait 7 7@7) Ley eed) 


etypt (ei? 2+ yt (¢—d? , 
will carry the (imaginary) cone 
P+ P+ he = 0 2) 


(a? oy? + 2? 1)? = 8 + yy”). (3) 


1Cf. Nouvelles Annales de Mathématiques, series 1, vol. 7,1848, pp. 345-347. An elementary 
proof for a special case is given later in this paper. 
2Cf. Nowvelle s Annales de Mathématiques, 4th series, vol. 3, 1903, pp. 105-107. 


into the real torus 
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The torus (3) is formed by the revolution about the z-axis of a circle of radius 
unity, the plane of the circle passing through this axis, and the center of the circle 


lying in the zy plane at a distance V2 from the origin. The plane x = z is 
bitangent to the torus. If we rotate the torus about the y-axis until this plane 
becomes the zy plane, the curve of intersection of plane and torus may be 
found by transforming (3) by 

a= @iv2—22v2, y=G, z= 28V24+ 222, 
and setting z= 0. This gives a factorable quartic 

P+ry—-1t+ wer y—1— 24%) = 0; 

that is, two Villarceau circles of different systems with centers on the y-axis at 
(0, 1, 0) and (0, — 1, 0) and with radii V2. These two circles cut orthogonally, 
and by Schoelcher’s theorem and a corollary thereto, the Villarceau circles of 
this torus cut every line of curvature under the angle 45°, and each Villarceau 
circle of one system cuts every circle of the other system orthogonally. 

Under the inversion (1) it is clear that a plane through the z-axis js invariant 
and consequently the two rulings in which it cuts the cone invert into the two 
meridian circles in which the plane cuts the torus. Again, spheres orthogonal 
to the z-axis invert, in general, into spheres orthogonal to the z-axis. Such 
spheres cut the cone in two parallel circles, and their transforms cut the torus in 
two parallel circles. We leave to the reader the explanation of the following 
situation. A plane zg = c, cutting the cone in one circle, inverts into a sphere 
normal to the z-axis cutting the torus in two circles! 

But where do the Villarceau circles come from? Let us invert the torus back 
into the cone and see where they go. ‘Two co-planar Villarceau circles of different 
systems are given by the intersection of a plane : 


x cos 6-+ y sin @— z= 0, (4) 
and the torus (3). The inverse of these two circles is given by the intersection of 
a? + y? + $2? = 0, and =s- x*¥ + y? + 27+ 1 — 2x cos 6 — Qiy sin 6 = 0, 
or, more simply, by the intersection of 

a? + y? + $2? = 0, and = #7’ + y? + 2ixcosé + Qiysind—1=0. (5) 
Now (5) is factorable into 

(x + ty + te”)(@ — ty + te”) = 0; (6) 

so that the inverses of one system of Villarceau circles are given as intersections 
of the cone and the planes 


“+ wy = ¢; c # Q, (7) 
and of the other system by the cone and the planes 
x—-w=c;  c¥0, (8) 


the relation between c and @ being evident from (6). 
These are the transforms of the Villarceau circles, and the following reasoning 
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will make clear that these are circles. The intersection of the plane at infinity 
and the cone (2) is a conic bitangent to the Absolute at (1, 2, 0, 0) and (2, 1, 0, 0) 
and the planes (7) and (8) are tangent to the Absolute at these two points re- 
spectively. The intersection of a plane (7) or (8) with the cone (2) is a most 
curious conic: a parabola because it is tangent to the line at infinity in its plane, 
but a circle because it goes through the two (coincident) circular points in its plane. 

We may now verify analytically that these parabolic circles cut each other 
orthogonally, and that they cut the rulings and parallel circles under an angle 
of 45°. In fact it is easy to show that the parabolic circles on any cone of revo- 
lution 


a? + y? + kz? = 0 


cut the parallel circles under the angle cos vk, and that one system of parabolic 
circles cuts the other system under the angle 


cos! (1 — 2k). 


Recalling the theorem! that every Dupin cyclide can be inverted into a 
cone of revolution we see that from the standpoint of inversion there is a single 
infinity of distinct Dupin cyclides characterized by the angle between their 
Villarceau circles. 


QUESTIONS AND DISCUSSIONS. 


EDITED BY C. F. GuMMER, Queen’s University, Kingston, Ont., Canada. 


DISCUSSIONS. 


I. An APPROXIMATE CONSTRUCTION OF THE SIDE OF A REGULAR 
INSCRIBED HEPTAGON.’ 


By T. R. Runnine, University of Michigan. 


The construction of Figure 1 gives a remarkably close approximation to the 
side of a regular inscribed heptagon. If the segment AP be stepped around the 
circumference of the circle from A seven times, the terminal point will fall short 
of A by an arc approximately equal to 0"000432. 

If the construction be carried out for a circle the size of the earth’s equator 
and AP stepped around the circumference seven times, the terminal point will 
fall short of the initial point by about 0.53 inch. 


1 Mannheim gave a very neat proof of an equivalent theorem: every Dupin cyclide can be 
inverted into a torus. Cf. GoursaT-HeEprick, A Course in Mathematical Analysis, vol. 1, p. 525. 

2 A number of historical references for this problem were given by R. C. Archibald in this 
Monrtaty (1921, 473-9). In particular, allusion is there made to Réber’s construction, the accu- 
racy of which (the total error being half a second) astonished Hamilton and De Morgan. Pro- 
fessor Running’s very simple construction involves an error less than one thousandth of this. 

A word may be said with regard to the idea that the simplicity of such a construction depends 
on the number of square roots involved (see loc. cit., p. 479). This, of course, is not the case. 
If cos (27/7) = m/n to 20 decimal places, the first degree equation n cos (27/7) = m suffices 
within these limits without the taking of any square roots. In the present construction, the steps 
are both few and simple, the principal labor being the division of two segments each into seven 
equal parts. EDiTor. 
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Figure 1 shows the construction. The point F, determined as indicated is 
joined to L by a straight line. The diameters, AE and LM, are perpendicular 
to each other. The point S is the intersection of FE with the line HS parallel 
to LM. The line SC continued intersects AK in D. CD is bisected in Q, and 
the line AQ drawn, intersecting OB in P. AP is the approximate side of a regular 
heptagon inscribed in the circle whose radius is AO. 

yY 
Riba BE) 


Fig. 2. 


It is to be noted that HS and SC do not form the same straight line. 

A modified construction which differs from this only in the addition of one 
more line is indicated in Figure 2. 

The point H is determined as the intersection of the line joining (34;R, 7R) 
and (— R, — +R) with DC. The rest of the construction is the same. 

In this case the defect is only 0”000185 or 0.23 inch. 


II. EvaLuatTion oF THE DETERMINANT |1/(r + s — 1)!]. 
By L. L. Drngs, University of Saskatchewan. 


I have recently had occasion to evaluate the determinant 
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Although it belongs to the class of determinants sometimes called orthosymmetrical, 
and specially studied by Hankel,' the principal theorem relating to this class of 
determinants is not directly effective. Inasmuch as I have not found the evalua- 
tion of D, nor of any determinant including it as a special case? in the books I 
have at hand, it may be of some interest to record it. 

If the elements of each column of D, be multiplied by the reciprocal of the 
last element in that column, and compensation be made by means of appropriate 
multipliers for the determinant, we may write 


1 
Dn = TED One Die eel. 
where 
1. = (n+s— I)! 
“ (r+ts—1! 


Every element of the last row of the determinant |a,.| is equal to 1. Hence it 
may be reduced to a determinant in which all elements of the last row are zero 
with the exception of the last one, by subtracting the second column from the 
first, the third from the second, and in general the (s + 1)th column from the 
sth column for s = 1, 2, ---, n — 1. By this transformation, the element in 
the rth row and sth column becomes 


n+ts-— I)t (m+s)l_ _ (in — ry) MESH 1)! 
(r+s—I1)! (rts)! (r+ s)! 


and by taking the factor — (n — r) out of the rth row for r = 1, 2, ---, n — 1, 
we may reduce the determinant |a,;| as follows: 


|ars| = (— 1)™(n — 1)! Jars | 
( 


(7,8 =1, 2, +++, 2) r,s=1,2,+-,n—1) 


a ._ mrs)! 
_ (r+ s)! 


Each element of the last row of [as | is equal to 1. Hence a transformation 
similar to that used on |a,.| will suffice to reduce its order by one. - We find 


|@reP |= (— 1)”2(n — 2)! ars | 


(7,38 = 1, 2, my n— 1); 


where 


a 


(7,8 = 1, 2, -+-,% —1) (7, 8=1, 2, --+,% — 2) 
where 
41,.@ = (n+ts— I)t- 
i (rtst+ 1! 


Again, the elements of the last row of |a;.;| are equal to 1. The process of 
reduction of order can be repeated successively, the jth repetition giving the 
1 See Kowalewski’s Hinfiihrung in die Determinantentheorte, page 112. 


2 For the evaluation of determinants of a very similar character, see however Scott’s Treatise 
on the Theory of Determinants, page 79. 
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reduction formula 


| aps | —= (— 1)"""(n 7 Dre | 
(7,8 = 1, 2,°--,2—j+1) (7,S=1, 2,---,w—J) 


where 
a,.@) = _(mre—1)l | 
(¢@+s+j-—1)! 
After n — 1 reductions we obtain a determinant of a single element 
(— 1)|a,,°-P |= — 1. 


(7,8 = 1) 
Assembling the results of the successive reductions, we have ! 


nm) 11 2131e--(n — 1)! 
Pro=(— 1) * Ti+ DE Qn — DI 


III. A CorREctTIon. 
By R. M. Martruews, Wesleyan University. 


Dr. B. H. Brown has called my attention to an error caused by uncritical 
zeal in my note in the October (1922) Montuty.? The following paragraph on 
p. 348 should be deleted: 

“It is evident that the main theorem carries on to curves of still higher 
degree obtained by successive inversions.” 

The statement is true but vacuously so, for an inversion does not raise the 
order of a bicircular quartic; the curve already passes twice through the circular 
points at infinity, and a change of the pole of inversion does not change these 
points. In the general case of a quadratic transformation (of which inversion 
is a special case) successive transformations will double the order of the curve 
each time if we take a fundamental triangle entirely different from the preceding. 

The error in question is found in the article by Cazamian as cited. 


RECENT PUBLICATIONS. 


REVIEWS. 


Eiinleitung in die Mengenlehre. By A. FRapnxKeEL. Berlin, Julius Springer, 
1919. vi-+ 156 pp. 
This book is an introduction to the researches of G. Cantor—a field which, 
even among professional mathematicians, has a special reputation for subtleties 
and abstractions. And yet, with all of its dignity of subject-matter and of style, 


1A somewhat different treatment would be to multiply the rth row by (n +7 — 1)!, and 
divide the sth column by (n — s)!, for every rands. The elements are then binomial coefficients, 
and the determinant as modified easily found to be + 1. This same method evaluates any minor 
of D, standing in the upper right-hand corner. Several references to determinants involving 
binomial coefficients may be found in E. Pascal, I Determinanti, Milan, 1897, pp. 173, 175. Ep1tor. 

2“Concyclic Points on an Equilateral Hyperbola and its Inverses,” this MonTHiy (1922, 
347-8). 
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Fraenkel’s Einleitung is intended for the mathematical amateur. It is thus a 
contribution to the scanty field of popular literature that is concerned with new 
mathematical discoveries. Nearly every person with a capacity for abstract 
thinking can read it with understanding. The actual mathematical knowledge 
needed by the reader barely goes beyond high-school algebra. For example, 
a proof is inserted of the irrationality of V2; and more than a page of fine type 
is devoted to showing that there exist only a finite number of algebraic equations, 
with integral coefficients, having a given rank (Héhe)—the rank of the polynomial] 
ox” + ayx”1 + --+ + ay being defined as (n — 1) + |a|+]a|+-->+]a,|. 
Of course, it is to be expected, since the book is written in German, that the 
popularity is of the German kind. And so it is: there is no soft-pedalling of 
abstractness or of Griindlichkeit. 

The style is clear and vivid; concrete examples are copious, especially in 
the earlier portion. The sentences are wrought with a literary and logical swing 
that must have given joy to the author. There is a freedom and a warmth that 
may be ascribed in part, no doubt, to the way in which the book originated, “ the 
incentive came in conversations with comrades of war (non-mathematicians), 
whose desolate hours I could now and then abbreviate by initiating them in the 
thought-paths of the theory of aggregates.’ The author succeeds well in con- 
veying the beauty, the sweep and the revolutionary significance of Cantor’s 
creation. 

The reasons why Cantor’s work has an uncommon attraction for the mathe- 
matical amateur are apparent. It is the first rigorous study of the infinite as 
such; it is singularly free from technical matter and formulas; it is the groundwork 
of other mathematical disciplines—scarcely any branch of mathematics has been 
left unaffected by its ideas; it is the closest to logic and to philosophy. Then, 
too, it is only through an acquaintance with the theory of aggregates that one 
can appreciate the nature of the modern controversies concerning the infinite, 
which have divided mathematicians into two or more opposing camps. 

The following topics are discussed: aggregate (naive definition), equivalence,’ 
denumerable sets,? cardinal number of the continuum and of the set of real 
functions, calculation with infinite cardinals, ordinal types and ordinal numbers, 
linear sets, especially with reference to the order types 7 and A, and normal order. 
There follows a consideration of certain paradoxes in logic and in the theory of 
aggregates, a critique of the concept of set and of the Auswahlprinzip, and a 
sketch of Zermelo’s Grundlagen. 

On the question of Wohlordnung, Fraenkel takes a decided view—1in contra- 
distinction to the doubts in Hobson’s recent volume: “There seems to be no good 
reason for regarding the Auswahlprinzip as less evident than every other axiom 

1Two sets M and N are said to be equivalent if a correspondence can be set up between them 
in such a way that to every element of M there corresponds just one element of NV, and to every 
element of N, just one element of M. The mating of the positive integer n with the positive even 
integer 2n shows that if M is the set of positive integers, and N the set of positive even integers, 


then M and N are equivalent. 
2 Sets equivalent with the set of positive integers. 
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of mathematics.” And as to rigor in the theory of aggregates, he has this to say: 
“We thus have good ground for regarding the Cantor-Zermelo theory of aggre- 
gates as a discipline possessing the same rigor and security as every other branch 
of mathematics; and the transfinite cardinals and ordinals as possessing in the 
mathematical-logical kingdom, just as any other mathematical-logical concept, 
the undiminished rights of citizenship.” 

The author’s interest in logical refinement results in greater attention to 
abstract questions than may be justified on the ground of promoting the reader’s 
understanding. For example, the space spent in showing in detail (p. 11) that 
if a set M is equivalent to a set N, then N is equivalent to M, might easily have 
been used for a more stimulating discussion. 

The proof of the non-denumerability of the continuum! may be made a little 
more convincing to the general reader if the reductio ad absurdum is avoided and 
the following statement adopted: For every given infinite sequence S of real 
numbers, there is a real number not contained in S. (The same remark applies 
to the proof of the equivalence of the set of real numbers and the set of real 
functions.) The proof would also be a little simpler if the digits 1 and 2 were 
used for ai, Bo, ‘Ys, +: (p. 34) instead of all the possible digits; subsequent ex- 
planations (p. 35) would thus be rendered largely unnecessary. There would be, 
however, a slight loss in naturalness. 

In connection with the definition of cardinal number, it is safer to avoid 
telling just what a cardinal number is and to state merely when two sets “have 
the same cardinal number.” The author’s definition (p. 41) of cardinal number 
as the common characteristic of equivalent sets is obviously objectionable. 

On p. 135 occurs the statement: “We choose as axioms propositions that are 
as evident as possible.’’ If properly understood, this statement is acceptable; but 
if the reader is not told also of the definitional character of an axiom, he may not 
see that an axiom as such is neither true nor false. On p. 136 occurs the state- 
ment: “Then each of these three axioms is free from contradiction; nevertheless, 
when taken together, they contain a contradiction.” This is not true. The 
axioms are consistent but they are not simultaneously valid in the case of 
Euclidean geometry. 

There is one other point in connection with foundations that deserves mention. 
A number of mathematicians, following Hilbert,? have taken the view that the 
so-called axiomatic method—as contrasted with the so-called genetic method—is 
the method par excellence for the attainment of rigor.2 This view is, of course, 
not justified. The proof of the Wohlordnungssatz, for example, does not gain in 
convincingness simply because an axiom—the multiplicative axiom—is formu- 


1 This asserts that no sequence a, dz, a3, +++ exists such that every real number equals at 
least one Gn. 

2 Cf. Hilbert, Grundlagen der Geometrie, third edition (1909), p. 256. 

3In the case of the foundations for the system of real numbers, the genetic method would 
start with the positive integers and successively define the negative integers, the rational numbers, 
and the irrational numbers. The axiomatic method would start with an aggregate S and two 
undefined operations + and X, and would postulate enough about (S, +, X) to prove all other 
known facts concerning the continuum of real numbers. 
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lated; our conviction depends rather on the way in which this axiom appeals to 
us intuitively. The Grundlagen of Zermelo constitute a more rigorous basis for 
the theory of aggregates than the treatment of Cantor, not simply because they 
are formulated as axioms, but mainly because they restrict the definition of the 
term aggregate. In this matter, it would be hard for the reader to get the right 
point of view from Fraenkel’s book. 

There is one further question the reviewer wishes to raise. To obtain clearness 
of exposition, the author has adopted the method of long explanations. Does 
clearness, however, necessitate long explanations? Perhaps so, in an oral dis- 
course; but a reader has more time to think than a listener. Here and there, 
in the reviewer’s opinion, Fraenkel might have conserved the reader’s energy by 
being more brief; and the space thus gained might have been utilized for ap- 


plications. 
Henry BLUMBERG. 


La Composition de Mathématique dans Vexamen d’admission a U Ecole Poly- 
technique, 1901-1921. By F. Micuen and M. Porron. Paris, Gauthier- 
Villars. 1922. 452 pages. Price 40 francs. . 

As the title indicates, this book is primarily a collection of the mathematical 
problems set at the examinations for admission to |’Ecole Polytechnique, 1901- 
1921. Complete solutions are given, many of them with bibliography. A 
second part of the book is a collection of exercises proposed by the authors. 
These are chosen with the purpose of illustrating the principles of the problems 
of the examinations. References to the examination problems on which they 
bear are given. 

As to the examinations themselves: they seem to be in no way questions 
about mathematical facts nor do they call for proofs of well-known theorems. 
Problems requiring genuine ability are set. These are ehosen from fields that 
are varied but are, nevertheless, such as should be familiar to a good first-year 
graduate student in an American university. The majority are of graduate 
difficulty although some easier ones occur. 

The book, apart from its avowed purpose of aiding candidates in their prepara- 
tion for a particular examination, should be of interest to Americans as a study 
in French education and the problems as suggesting, through analogy and general- 


ization, comparatively simple fields for investigation. 
ToMLINSON Fort. 


A Course in Analytic Geometry. By P. P. Boyp, J. M. Davis and E. L. Ress. 
New York, D. Van Nostrand Co., 1922. Price $2.40. 
The authors, who are all professors in the University of Kentucky, state in 
their preface: 


“The arrangement of the material of analytics is usually somewhat artificial and not in 
accordance with any underlying idea or-principle. In this course the two fundamental problems, 
the locus of an equation and the equation of a locus, are given their due prominence and made the 
basis for arrangement of the work in both plane and solid analytics. This conduces to clarity, 
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The chapters dealing with the equation of a locus and the analytic treatment 
of geometric properties follow the usual plan. However, it is doubtful whether 
enough is said in Chapter 7 regarding empirical loci to make the introduction 
of the topic worth while. 

The arrangement of the material of solid analytics follows closely that of 
plane analytics. Quadric surfaces are treated as loci of points, lines and conics 
‘which move subject to suitable conditions. 

On the whole, the text presents the subject in a satisfactory manner and, if 
properly supplemented by informal lectures, should form a good basis for the 
work in analytics. 


Analytic Geometry, Brief Course. By L. P. SiczLtorr, G. A. WENTWORTH and 
D. E. SmitH. Boston, Ginn & Co. Price $1.80. 
This text furnishes rather a contrast to the one discussed above. In fact, 
in the preface we read: 


“This text has not been prepared for the purpose of exploiting ariy special theory of pres- 
entation; it aims solely to set forth the leading facts of the subject clearly, succinctly, and in the 
same practical manner that characterizes the other textbooks of the series. . . . Throughout the 
work a special effort has been made to present the material in so natural and simple a manner that 
the student can comprehend it largely through his own reading.” 

The locus of the equation is discussed briefly, 10 pages, and simply. Trans- 
formation of codrdinates is given a short chapter as is also polar codrdinates. 
The analytic treatment of the simple geometric properties of the conics is 
given at the close of the chapters on each of the conics. The general conic 
and the reduction of the general quadratic to standard form are discussed briefly 
in Chapter 10. The two chapters on solid analytics are short and to the point. 

The plan of the text, mechanically, is typical of the other texts of the Went- 
worth-Smith series, with the free use of italics for theorems and important 
problems. The text is very readable and, in the opinion of the writer, should 
need little supplementing by lectures for the average class. 


S. E. Fre. 


La Théorte de Bohr (Publications de la Société de Chimie-Physique, X). By E. 
Bauer. Paris, Hermann, 1922. 8vo. 52 pages. Price, paper cover, 
4.50 francs. 

This is an interesting summary of Bohr’s theory of atomic structure as de- 
veloped up to 1921. It includes brief explanations of the fundamental facts 
underlying the idea of the nuclear atom, its nuclear charge and dimensions, 
atomic number, etc. The relation of the electronic configurations to the physical 
and chemical properties is explained in some detail. Spectral series are de- 
veloped in terms of the theory of quanta, with emphasis upon the Balmer series 
of hydrogen, the Stark effect and the X-ray spectra of the heavier elements. 

EK. F. BARKER. 


204 RECENT PUBLICATIONS. [ May-June, 


NOTE ON A RECENT PUBLICATION. 


We have already referred (1921, 79) to the publication of volume 14 of the 
magnificent edition of Oewres Compleétes of Christian Huygens now being produced 
by the Dutch Society of Sciences. Professor D. J. Korteweg of the University 
of Amsterdam has for many years dedicated his life to the editing of the Oewvres. 
Pages 1-163 of volume 15, edited by D. J. Korteweg and A. A. Nijland, have 
just been printed off. They contain “Recueil des observations astronomiques, 
1657-1694.” The usual avertissement by the editors occupies pages 3-53. 


ARTICLES IN CURRENT PERIODICALS. 


ACTA MATHEMATICA, volume 42, 1922: “Surface transformations and their dynamical 
applications”? by G. D. Birkhoff, 1-119; ‘‘Mémoire sur les polynémes de Bernoulli” by N. E. 
Nérlund, 121-196; “Sur les fonctions hypersphériques et sur |’expression de la fonction hyper- 
géométrique par une dérivée généralisée”’ by J. K. de Feriet, 197-207; “Uber Konvergenz un- 
endlicher Kettenbriiche mit durchweg reellen Elementen”’ by O. Szasz, 209-237; ‘‘A proof that 
every aggregate can be well-ordered”’ by P. E. B. Jourdain, 239-261; “‘Uber die konforme Ab- 
bildung endlich und unendlich vielfach zusammenhangender sy mimetrischen Bereiche”’ by P. 
Koebe, 263-287; “Uber die automorphen Functionen zweier Veranderlichen’”’ by P. J. Myrberg, 
289-318; “Développements asymptotiques des solutions d’une classe d’équations différentielles 
linéaires”” by T. Carleman, 319-336. 

JOURNAL DE MATHEMATIQUES PURES ET APPLIQUEES, ninth series, volume 1, part 4, 
1922: ‘‘Nuove osservazioni su alcuni metodi d’approssimazione dell’ analisi’? by M. Pincone, 
335-393; “Differential properties of functions of a complex variable which are invariant under 
linear transformations” by E. J. Wilezynski, 393-436. 

L’ECOLE NORMALE SUPERIEURE, ANNALES, volume 57, December, 1922: “Sur les formules 
d’interpolation de Stirling et de Newton”’ by N. E. Norlund, 343-403. 

MESSENGER OF MATHEMATICS, volume:52, July, 1922: ‘Electromagnetic potentials and 
radiation”’ by R. Hargreaves, 34-38; “Partial fractions associated with quadratic factors’’ by 
EK. H. Neville, 39-42; ‘Polygons inscribed in one circle and circumscribed to another”’ by E. C. 
Titchmarsh, 42—45; ‘‘On curvature, tortuosity and higher flexures of a curve in flat space of n 
dimensions”’ by R. F. Muirhead, 45-48. 

QUARTERLY JOURNAL OF MATHEMATICS, volume 49, October, 1922: “Developable sur- 
faces through given pairs of guiding curves”’ by E. H. Neville, 198-220; “On plane unicursal 
quintic curves with a triple point”’ by H. Hilton and Grace D. Sadd, 220-226; “Abstract definition 
of the symmetric and alternating groups and certain other permutation groups”’ by R. D. Car- 
michael, 226—283; “‘On the elementary treatment of the theory of least squares” by L. V. Meadow- 
croft, 283-288. 

RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO, volume 46, fasc. 2-3, 1922: 
“Questions d’analysis situs” by J. Chuard, 185~224; “Sul luogo dei piedi delle normali condotte 
da uno stesso punto alle curve d’un fascio”’ by A. Ajello, 225-231; ‘‘Sull’independenza di un 
integrale dal parametro”’ by G. Vivanti, 232-235; ‘‘A theorem on loci connected with cross- 
ratios”’ by J. L. Walsh, 236-248; “Sull’ubicazione dei punti di massima sollecitazione elastica 
tangenziale in un prisma retto, sollecitato a torsione’”’ by E. Allara, 249-258; oR propos de |’équa- 
tion des télégraphistes” by E. Picard, 259-260; “Sopra un’equazione integrale” by P. Nalli, 
261-264; “Sulla costruzione delle superficie iperellittiche cicliche” by M. Verzi, 265-307; “Sur 
une identité remarquable de la théorie des congruences binomes”’ by G. Rados, 308-314; “TI 
problema di Bianchi”? by P. Tortorici, 315-345; ‘“‘Zum Koebeschen Verzerrungssatz ” by E. 
Landau, 347-348; “Zur additiven Primzahltheorie” by E. Landau, 349-356; “Su di un’equazione 
integrale di prima specie”’ by F. Tricomi, 357-387; ‘“ Analisi delle funzioni a variazione limitata’’ 
by G. Vitali, 388-408; “Sulle superficie con due famiglie di curve ortogonali deformabili in linee 
di livello e sopra una proprieta caratteristica delle superficie ad una minima’? by C. Sansone, 
409-436; “Sul calcolo delle variazioni” by M. Pincone, 437-455; ‘‘ Uber einen Bieberbachschen 
Satz” by E. Landau, 456-462; “L’equazione differenziale risolvente dell’equazione trinomia’”’ 
by G. Belardinelli, 463-472. 
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TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY, volume 23, no. 2, March, 
1922: “Differential geometry of the complex plane”’ by J. L. Coolidge, 117-134; “Invariantive 
characterizations of linear algebras with the associative law not assumed’’ by C. C. Macduffee, 
135-150; “Curves invariant under point-transformations of special type’? by Mary F. Curtis 
[Mrs. W. C. Graustein], 151-172; ‘‘Die Zerlegung von Primzahlen in algebraischen Zahlkérpern’”’ 
by A. Speiser, 173-178; “The elliptic modular functions associated with the elliptic norm curve E””’ 
by R. Woods, 179-197; ‘Linear equations with two parameters” by Anna J. Pell, 198-211; 
“The theory of functions of one Boolean variable”? by K. Schmidt, 212-222. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
volume 53, nos. 9-10, published October 13, 1922: ““Mathematische Lehrfilme” by M. Ebner, 
193-200; “Die Brennpunktseigenschaften der Kegelschnitte, abgeleitet mit Hilfe der Kolli- 
neation”’ by E. Diehl, 200-210; ‘Freie und erzwungene harmonische Schwingungen (in elemen- 
tarer Behandlung)”’ by H. Thorade, 211-218; “‘Zum ‘ Paradoxon der Gravitation’ ”’ by K. Bégel, 
218-220; ‘‘Bemerkung zu vorstehender Abhandlung”’ by H. Teege, 220-221; ‘“‘Beitrage zur 
Behandlung der Saitze vom Sehnenviereck und Tangentenviereck’’ by W. Kénig, 222-223; 
“Noch eine Bemerkung zum Héhensatz von A. Maennersdorfer’’ by H. Hoyer, 2238-224; ‘Die 
Newtonsche Formel fiir die Quadratur” by C. Herbst, 224-225; ‘““Nochmal Dreikant und Polar- 
kant”? by C. Stengel, 225; ‘‘Aufgabenrepertorium,” 226-232; “Biicherbesprechungen”’ and 
“Zeitschriftenschau,”’ 243-248. 


PROBLEMS AND SOLUTIONS. 
EpiTep By B. F. Finket, Ortro DUNKEL, AND NoRMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, pro- 
posers would also enclose any solutions or information that will assist the editors in checking the 
statements. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montruuy. In so far as possible, 
however, the editors will be glad to assist members of the Association with their difficulties in the 
solution of such problems. | 


3017. Proposed by F. W. PERKINS, JR., Cambridge, Mass. 

M. Edouard Lucas, in Récréations Mathématiques (vol. 1, pp. 41-51), gives a proof of the 
following theorem: Any labyrinth can be traversed in such a way as to cover each path twice, 
and only twice, returning finally to the starting point (provided merely that one has some means 
of marking paths as they are traversed) by following the three rules given below: 

(1) On arriving at a new vertex (i.e., one not visited before), leave by a new path if possible; 
otherwise return by the same path. 

(2) On arriving at an old vertex by a new path, return by the same path. 

(3) On arriving at an old vertex by an old path, leave by a new path if possible; otherwise 
by a path marked just once. It can be shown that it is always possible to do this until every 

path of the labyrinth has been marked twice. 

Assuming Lucas’ results show that, if his rules are observed, the two trips on each path are 
in opposite directions. 

Nore: We may represent any labyrinth geometrically by a collection of points (‘‘ vertices’’) 
not necessarily in a plane which are joined by plane or twisted curves (“‘paths’’) in any manner 
whatever, provided merely that it is possible to pass from any point to any other along the curves 
and that the curves do not meet except at vertices. 


3018. Proposed by J. G. COFFIN, New York City. 

A platform 1000 feet long can move in either direction at any speed up to 2000 feet per 
second. A man is stationed on one end of the platform and is provided with a horn whose note- 
frequency is 100 vibrations per second. Assuming that the speed of sound is 1000 feet per second, 
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explain what occurs to an observer stationed on the other end of the platform when the horn is 
sounded under the following conditions: (a) Platform at rest; (6) moving to the right with a 
speed of 500 ft./sec.; (c) 1000 ft./sec.; (d) 1500 ft./sec.; (€) with the same three speeds but to 
the left. 

What happens under similar conditions when the man with the horn is on the ground and the | 
listener is on the platform and vice-versa? 


3019. Proposed by J. B. REYNOLDS, Lehigh University. 
Find the equation of the curve on the cylinder 2? — y? = a? such that the tangent to it cuts 
the xy-plane in a lemniscate as the point of tangency moves along the curve. 


3020. Proposed by JOHN NICHOLS, Portland, Oregon. 
Rationalize a!/2 + Bi? + «+. 4+ yl2 4+ p24 yp = 0. 


3021. Proposed by N. ALTSHILLER-COURT, University of Oklahoma. 
Prove that the two lines joining the points of intersection of two orthogonal circles to any 
point of one of them meet the other circle in two diametrically opposite points, and conversely. 


3022. Proposed by M. J. SPINKS, Wilmington, Ohio. 
Given that ABC is an equilateral spherical triangle right-angled at C, prove that sec A = 1 
-+- sec a. 


3023. Proposed by E. T. BELL, University of Washington, Seattle, Wash. 
The equation x? + y? + 2? = 0 is possible in integers z, y, z prime to the odd prime 7, if 
171 1 1,, 1 
5 | 5 Nate) — 3 Nal) + ZNuP) — +++ +525 Nea) [+1 
is divisible by p, where N,(n) is the number of representations (order essential) of n asa sum of r 
square integers with roots not equal to zero. 


3024. Proposed by H. F. MACNEISH, College of the City of New York. 

The angles of a triangle ABC are divided into n equal parts (n = 3, 4, 5, ---) and the two 
n-sectors of angles B and C which are adjacent to side BC intersect in Ai, the next two n-sectors 
in Az and'so onto An-1. Points B:, Bo, Bs, °++ C1, C2, C3, «++ are similarly determined. Which 
of the triangles A;B;C; (¢ = 1, 2, 3, --- n — 1) are equilateral? 


SOLUTIONS 

2907 [1921, 277]. Proposed by G. E. RAYNOR, Princeton University. 
Sum the following series: 

a) 3 1 6) 3-1. 

 § Qn + 1)(8n + 1)’ = Gn + 1)@n +2) 

SOLUTION BY Otto DUNKEL, Washington University. 

These two series are special cases of 

i=m 1 1 tof 1 1 

~o (avi + bi)(axt + be) ~~ abe — aebi ~o (; +p i+ =) (1) 
where the a’s and b’s are positive integers, t.e., > 0; aibe — debi + 0; and pi = bi/ai, pe = be/ar. 


Set 
<— _ i mt+1+pPp 
—_— — lo (7 +2) = clm, ; 2 
2 t+ p 5 Pp (mm, B) @) 
{— © 
then, since C'(m, p) is positive and less than z, 1/2(¢ + p)*, it converges to a limit y(p) and we 
<= 
have 
1+ 1 + pi 
{=m 1 t=™M2 1 my aim, be 
° — ° = ] a aad C 9 —- e 
Pp itn i+ ps og 1+ ps am, bi + C(mi, p1) — C(me, pe) (3) 
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If we take m; = me, then we have as the value of (1) 
1 abe 
dibs — axbi E axby T k | 4) 
where k = y(p1) — v(p2). 
The value of & may be found as follows: we have 


1 1 1 1 
= (i459, -rew) = U2 th Oa Fe 


Set 
K 4=00 paritbi f=0 9 paeitde o< 1 
e)=am > — KH ae DoT =7< 
t=o0 Ait + bi i=0 A2t + be 
then 
i= 1=0 a gil a gb2—l 
t _ i+b)—1 acttbo-1 —- “1 et acee 
x)=a gattrhi-l — qo gatrbe} = — 
F¢ ) 1 ~ ~~ 1 — ya 1-— ae” 
and hence 


£ gbi-l i abel 
f(x) =a fi deo f Toga ™ 


where the constant of integration is zero, since f(0) = 0. 

Now f(x) may be written as a single power series for x < 1 instead of the sum of two power 
series as above, the terms of the second series being combined with corresponding terms of the 
first or inserted in order between pairs of terms of the first. Thus, if azm2 + be is the exponent 
in a term of the second series, we can find a positive integer m so that 


aymy + by = agme + be < ai(m, +1) + 1 
if we assume, as we may, that bi = be. Hence we see that 


as m, and mz become infinite. Now (3) shows that this power series for x = 1 converges and 


we have 
i. t=m, 1 t=m, 1 bo 
i | ee | (3) he 
mit | 2 a+ Pi ~ a+ = | °8 by + 


But for z < 1 the power series has the value given above in integral form, and hence by a well- 
known theorem (see Goursat-Hedrick, Mathematical Analysts, vol. 1, p. 378) 


.. ze gbi-l a bel _ _ be 
info ff Pee of ace] asa me(B) HR 


It now follows from (1) and (4) and this result that 


{=o 1 _ 1 ay 
2 (at + b1) (at + be) 7 aibe — Gobi | 7a) T log (2) | , 


where f(1) is the limit given in (5). This shows that the parts of the integrals in (5) which become 

infinite for « = 1 cancel. This may also be shown directly by an independent method. This 

same method of summation may be applied whatever the number of factors, ai + 5, in the de- 

nominator of (1) provided that all the determinants such as aibz — ab; are different from zero. 
Applying this result to the given special cases, we have 

v3 3V3 7, 


2924 [1921, 393]. Proposed by FLORENCE P. LEWIS, Goucher College. 

Given a triangle and a conic. Through each vertex of the triangle there pass two lines 
harmonic to the tangents through that point and to the sides of the triangle. Prove that the six 
lines so found pass by threes through four points. 


SoLuTiIon By Orro DuNnKEL, Washington University. 


The equations of the three sides of the triangle and of two straight lines through the vertices 
A and B, distinct from the sides, may be written in abridged notation as a = 0, 6 = 0, y = 0, 
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B+ y = 0, y + a = 0, by a suitable choice of a, 8 and y. Hence we may write the equations 
of the six lines, separating the sides of the triangle harmonically, as 
B+y7=0, yta=0, ath 
B—-vy =), y-a=Q, a—-h 
Then each of the three pairs of the following lines: 
B+ py = 0, y¥+qa =), a+ rhp = 0, 
pB+y7 =0, qy+ta=Q0, ra +hp =0, 
are also separated harmonically by the corresponding pair of the first set, for 2(8 + DY) 
= (1+ p)(B + y) + (1 — p)(B — 7) and 2(p6 + y) = (1 + p(B + v) — (1 — p)(8 — ¥). 
_ _If the last set of six lines are tangent to a conic, then the hexagon obtained by taking them 
in the order written, ¢.e., 8 + py, pB + 7, y + qa, etc., will have the diagonal lines 
qy—rh8=0, pB-—qa=0, ra—hpy =), 
and these must meet in a point by Brianchon’s theorem. This gives readily h? = 1 and on in- 
serting either value of h in the first set, it will be seen at once that the six lines meet as stated in 
the problem. 


Also solved by WituiaM Hoover, R. M. Matuews, J. R. Musseuman, and 
H. L. Otson. , 


2941 (1922, 28]. Proposed by W. D. CAIRNS, Oberlin College. ' 
1? + 2? + 3? + --- + (n — 1)? is a function of n. Find its derivative with respect to n. 


SOLUTION BY S. A. Corry, Des Moines, Iowa. 


The given function of n, when developed by Euler’s summation formula, reduces to the form 
(2n3 — 3n? + n)/6, the derivative of which is n? — n + 1/6. 


t=n—1 
NOTE BY THE Eprrors—The sum z 2? is a function of m which is defined only for integral 
i= 


values of n. It has then no derivative. In order to speak of a derivative, the function must be 
defined for other values of n. This may be done arbitrarily by finding the sum as a polynomial 
of the third degree in n and then defining the values of the function for all values of z as the values 
of this polynomial, (223 — 3x? + 2)/6; this the above solution does. But this is only one of many 


t= 


n—1 
ways of defining a function f(x) such that when z = n, a positive integer, f(x) = z 7; for ex- 
— 


ample, we might write 
f(x) =A sin? rx + (223 — 3x? + 2x) /6, p>Qd, 


and hence the derivative would vary with the definition of the function for non-integral values. 


Also solved by T. M. BuaxsiEr, Micnart Gotpserc, C. E. Norwoop, 
E. J. Oatessy, W. J. Toomer, J. B. Reynowps, and F. L. Witmer. 


2942 [1922, 28]. Proposed by L. E. DICKSON, University of Chicago. 
I am dealt 13 cards at whist. What is the chance that all my cards will be diamonds? 


SoLuTION By E. W. Wootarp, U. S. Weather Bureau, Washington, D. C. 


The number of ways in which 52 cards may be dealt to four players giving a single card to 
the first, second, third, fourth and then repeating in this order until the cards are exhausted is 52! 
The number of ways in which a specified player may receive 13 diamonds and the other three no 
diamonds is 13! 39!. Hence the probability of the player receiving 13 diamonds is 13! 39!/52! or 
1 in 635,013,559,600. Here the problem is treated as a problem in permutations, but it may also: 
be considered by combinations giving the same result. 


Also solved by A. Bocarp, S. A. Corry, E. J. Octessy, and J. B. Reynoups. 
2943 [1922, 29]. Proposed by L. E. DICKSON, University of Chicago. 


In the game of bridge, what is my chance: (a) that my hand will contain 4 aces? (b) that. 
some hand will contain 4 aces? (c) that my hand will be a Yarborough, 7.e., contain no honor? 
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SOLUTION BY E. J. OciEssy, Flushing, N. Y. 


There are 52! ways in which 52 cards may be dealt one by one to four players in order. A 
specified player may receive four aces in 4! (13C4) or 13!/9! ways, and there are 48! ways in which 
the other three players may.receive the remaining 48 cards. The probability for (a) is then 

13!48! 11 
9152! 4165’ 
while for (b) it is 44/4165. . 

(c) Webster’s New International Dictionary, 1910, defines ‘‘ Yarborough ” as a hand contain- 
ing no card higher than a nine. This requires that my hand shall be selected from the 32 cards 
which are nine or lower. There results the probability: 


(s2C'1s)/(seC1s) = (382! 39!)/(52! 19!) = 0.00034. 
Also solved by S. A. CoREY, J. B. REYNoLps, and E. W. Woo.arp. 


NOTE By THE Epitors—Part (c) was interpreted differently by some of the solvers with a 
colresponding difference in the numerical result. 


2944 [1922, 29]. Proposed by S. A. COREY, Des Moines, Iowa. 

A particle of mass m, starting from rest, is drawn by a string over a smooth horizontal plane, 
the other end of the string moving in the plane with uniform acceleration n along a line perpen- 
dicular to the initial position of the string. Prove that the tension of the string is 3mn cos 6, 
where @ is the angle which the string makes with the given line. Also prove that the motion of 
the particle is vibratory. 


SOLUTION BY J. B. REynotps, Lehigh University. 


The acceleration of the particle may be considered as made up of three components, 7 parallel 
to the given line, a@ perpendicular to the string and aé? along the string. Resolving perpendicular 
to the string, we have n sin 6 + a = 0, and upon integrating, 


—ncosé + 4a@2 =c = 0. 
2n cos 6 


and the string oscillates between 6 = + 5 Again, resolving along 


the string, we have, T being the tension, 7 = m(a6? + n cos 6) = m(2n cos 6 + 7 cos 80) = 3mn 
cos @. 


Also solved by F. L. Witmer. 


Therefore, 9 = =F 


2947 (1922, 29]. Proposed by-D. H. MENZEL, Princeton University. 


An oil tank has the shape of a cylinder with ends which are segments of a sphere and with 
horizontal axis. The diameter of the cylinder being given, and the radius of the spherical seg- 
ments, derive a formula that will express the volume of the liquid contained in the tank in terms 
of its depth. 


SoLuTION By J. B. Reynotps, Lehigh University. 


Let 1 be the length of the cylindrical portion of the tank, a its 
radius, and r the radius of the spherical caps. Let the distance of 
a horizontal section from the bottom of the cylinder be x = ML 
= a(1 — cos 6) = 2a sin? 6/2, where MOM’ is the vertical diameter 
of a cylinder end. The horizontal section intersects this circular 
end in a chord HLH’ which subtends the angle 26 at the center O, 
such that 6 = Zz LOH, and the spherical cap in a segment HLH’K 
with the radius O’K. Let y = v7 KO’H, then O'L = Vr —@ 
= ah, O'K = Vr? — a? cos? 6= ad V¥1-+ sin? 6/22, and tan y =sin 6/d. 

The section consists of a rectangle of area 2al sin @ and two 
M segments of a circle each of area a?(\? + sin? 0)y — a2 sin 6. Set- 
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ting dx = asin 6d@, the volume is given by the integral 


; . 
V = 20 {° | @—an sin? 6 + a(d? sin 6 + sin? 6) tan (=2") | as 
4 2 I\.. 
— 72 _ — * 3 2 — 
a? (1 2ra gra) @+at(3an 5 ) sin 26 
3 ] 3 —_———____ 
+ 5 cos [cos 20 — 6’ — 5] tant (2°) 4 oe + 18! tan (V2 + 1 tan 6/d) 
Pt bon _(Ve +1 
where 0 = 2 sin ¥2/2a, 00 7, and 0 Stan" — — tan 6 =7. When 6 =0 or z, 


tan— (sin 6/4) = 0. When A = 0, tan (sin 6/A) = 7/2, tan7! (v2 + 1 tan 6/A) = 0. 


Also solved by Moz Bucuman, P. Fircu, MicHarL GoLpBErRG, and H. W. 
REDDICK. 


2948 [1922, 29]. Proposed by J. B. REYNOLDS, Lehigh University. 
Find the envelope of the normal planes to the curve, 
x=acost, y = a(1 — cos), and z2=asint. 


SoLuTIon BY Maurice Baupin, Miami University. 


Translating the coérdinate axes to (0, a, 0) as origin and rotating them about the z-axis 
through — 7/4, we write the equations of the given curve (a plane curve) 


x = 2a cost, y = 0, z2=asinti. 


The equation of the normal is 
Z— v2tantX +asint = 0. 


Eliminating ¢ from this equation and — v2 sec? t X + a cost = 0, we obtain the equation of a 
cylinder 7 
(V2 X )2/8 +. Fras = g?l3, 


2950 [1922, 29]. Proposed by T. M. SIMPSON, JR., Randolph-Macon College, Ashland, Va. 
Determine the curve which cuts the radius vector at an angle proportional to the radius 
vector. 


SoLuTIon BY A. H. Witson, Haverford College. 


The differential equation of the curve is 


rae 
7 tan kr, 
where k is the factor of proportionality, and the angle in question is measured in the positive 
direction from the radius vector to the tangent. 
On expanding tan kr, an integration in series may be effected: 


6=c+kr + kr3/9 + -->; 


which is convergent when r < 7/2k. 

There are infinitely many limiting or singular curves of the solutions, namely, the concentric 
circles r = (2n + 1)7/2k. 

These circles are included among the solutions. 

Inside such a circle and near it dr/d@ > 0; while outside dr/d@é <0. Hence r is increasing 
with 6 just inside the circle and decreasing as 0 increases just outside; that is, a curve in any one 
of the rings defined by the concentric circles wraps around (approaches) both the inner and the 
outer circle for increasing 6. 

Tt is clear from the series solution that any curve in the first circle cuts a radius infinitely 
many times; and the like is true for the curves of any ring. The curves therefore approach the 
circles asymptotically. 
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On the circles r = n/k the curves are radial in direction, and the sense of variation of r 
changes at these points. 

The origin is a “‘ray-point.”’ 

These results are for the most part also clear from geometric considerations. 


Also solved by Wiit1am Hoover who studied the pedal curve. 


2951 [1922, 81]. Proposed by B. F. FINKEL, Drury College. 


What is the average linear velocity of a point on the periphery of a locomotive driving wheel 
2 feet in diameter and making 100 revolutions per minute? 


SoLuTiIon By H. S. UHuER, Yale University. 


The following solution is offered because it introduces generality but does not involve any 
more kinematical principles than the given numerical problem. ; 

Let a, v, and w denote respectively the radius, the rectilinear velocity, and the angular 
velocity of the wheel. Let 2@ denote the angle which the radius to the point on the periphery 
makes, at any instant, with the upper half of the vertical diameter. Then the angle which the 
tangential velocity aw makes with the rectilinear velocity v equals 28. By any rule for com- 
pounding vectors it will be found that the magnitude of the resultant velocity of the moving point 
is represented by ‘ 

(v2 + a%w? + 2vaw cos 26)12, 


To find the mean value V, of this expression it is sufficient to integrate 26 only over a vertical 
semicircle, since the magnitude of the resultant velocity is the same for the two points of any pair 
on the same horizontal line or level. Hence 


2 3" 
Vn =- f (v2 + aw + 2vaw cos 26) 
avO0 


= ma +aw) f°” do 1 — k? sin? 6 
T 0 a 
where k? = 4vaw/(v + aw)?. 
When v does not equal aw (slipping, skidding, etc.), k? is less than unity and V», equals 


L\?.  (1:8\7 ht (1-8-5)7 Ke 
0 + aa) [1 - (5) # (53) 3 - (S38) 5 | 
See B. O. Peirce’s ‘A Short Table of Integrals,” No. 525, elliptic integral E. 
When v = aw the motion is pure rolling, k? = 1, and Vm = 4aw/z. 


In the numerical problem a = 1 ft., w = 107/38 radians per sec., hence Vm = 40/3 ft. per sec. 
= 100/11 mi. per hr. 


Also solved by Puinie Fitrcu, MicuarL GoLpDBERG, WiLi1am Hoover, 
A. PELLETIER, W. J. THomes, J. B. Reynoups, F. L. Witmer and the Proposer. 


NoTE By THE EpiTors.—If the problem is interpreted ‘‘ What is the average of the velocities 
represented as vectors?”’ it is evident that the average is v since diametrically opposite velocities 
aw cancel. 

Professor Hoover and F. L. Wilmer assumed the number of points proportional to the length 
of the path of the point considered and got an answer of 4(57?) feet per second. 

An interesting point about this problem is the fact that a very similar one is proposed in a 
text-book of physics by a very prominent physicist. The book does not apparently assume any 
knowledge of calculus on the part of the student. What method did the author have in mind? 


2955 [1922, 81]. Proposed by the late L. G. WELD. 


Find the proportions of an anchor ring such that its section by a plane parallel to its axis 
and tangent to its inner circle (circle of the gorge) shall be a lemniscate. 


SOLUTION By H. C. Brap.ey, Massachusetts Institute of Technology. 


Let r be the radius of the generating circle of the anchor ring (called also a tore or torus), and 
R the radius of the inner circle. The tangent plane to the surface at a point 0 of this latter circle 
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cuts it in a curve having the form of the figure 8. The indicatrix of the surface at this point must 
be an hyperbola and the two principal sections are those of the meridian plane at 0 and the plane 
of the inner circle. Hence the principal radii of curvature are r and R. Also the two tangents 
to the curve at the double point 0 are the tangents to the asymptotic lines at 0 and it follows from 
the equation of the indicatrix that the slopes of the two tangents are -+ ¥r/R.! In order to be a 
lemniscate the two tangents must be at right angles, and hence r = #. 

1See Mathematical Analysis, Goursat-Hedrick, vol. 1, pages 501-507. 

To show that this condition is both necessary and sufficient, we now derive the equation of the 
curve. Let the z-axis be the tangent to the inner circle, with the origin at 0, and take any point 
P(a, y) on the curve. The distance of P from the axis of the anchor ring is V22 + R2, and P lies 
on a circle of radius r in the meridian plane through P. Hence from the equation of this circle 
follows (Vz? + R? —-(R+r)P + Y¥ =r’ or 

© (22+ y?)? = 4(B + r) (ra? — Ry’). 
If r = R = a/2, the equation becomes 
(a? + y?)? = 2a?(a? — y?) 
which is that of a lemniscate. 


Also solved by A. Bocarp, MicHaEL GOLDBERG, ‘WILLIAM Hoover, A. 
PELLETIER and F. L. WILMER. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general 
interest of this department by sending items to R. W. BURGESS, Brown University, Providence, 
R. 1. 


Professor E. G. Bill, of Dartmouth College, has been appointed acting dean 
during the absence of Dean Laycock. 

At New Hampshire State College, the following have been appointed in- 
structors of mathematics: Mr. W. E. Wilbur, Mr. Hubert Huntley, and Mr. P. 
F. Howard. Professor H. L. Slobin, head of the department of mathematics, 
has been reappointed Director of the Summer School for the 1923 session. 

Miss Eleanor P. Cushing has been made professor emeritus at Smith College. 

Mr. R. S. Kimball has been appointed a member of the department of mathe- 
matics at the State Normal School at Worcester, Mass. 

Mr. W. F. Shields has been appointed professor of freshman mathematics at 
Fordham University. He succeeds Rev. L. J. McGarry, who is now at Wood- 
stock College, Maryland. 

At Columbia University, Professor T. S. Fiske, of the department of mathe- 
matics, and Professor C. L. Poor, of the department of celestial mechanics, have 
been granted leave of absence for the present semester. 

At Rutgers College, Professor A. A. Titsworth, formerly of the department 
of civil engineering, has been transferred to the department of mathematics as 
a full professor. Mr. W. B. Campbell, a graduate of the University of Penn- 
sylvania, has been appointed instructor of mathematics. Professor Richard Morris 
read a paper on “The Cyclic Quadrilateral, a Recreation,” at the October meeting 
of the Mathematical Association of New Jersey. 
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Miss Ruth Thompson has been appointed instructor of mathematics at the 
New Jersey College for Women. 

Instructor J. T. Fairchild, of Ohio Northern University, has been promoted 
to a professorship of mathematics. 

Associate Professor Mary E. Sinclair, of Oberlin College, is on leave of absence 
during the second semester of 1922-23, as holder of the Pratt fellowship of the 
National Association of University Women, and is studying at the University 
of Chicago. 

Rev. Paul Muehlman, formerly head of the department of mathematics at 
Marquette University, has been transferred to Loyola University, Chicago, 
where he is holding a similar position. 

Assistant professor B. F. Dostal, of -the University of Denver, has been 
appointed assistant professor of mathematics at the Bradley Polytechnic Institute. 

Mr. H. I. Mayes has been appointed a member of the department of mathe- 
matics at Blackburn College, Carlinville, IIl. 

Mr. J. B. Hobbs has been appointed a member of the department of mathe- 
matics at the State Normal School, Oshkosh, Wisconsin. 

At St. Mary’s College, St. Mary, Kentucky, Mr. Charles McCarthy and 
Mr. Joseph Walsh have been appointed professors of mathematics. 

Professor J. N. Mallory, of Union University, Jackson, Tenn., has returned 
to his work after a leave of absence of one and a half years, which he spent at 
Peabody College. 

Mr. A. L. Hill has been appointed head of the department of mathematics 
at the State Normal School and Teachers College, Peru, Nebraska. 

Mr. L. V. Robinson has been appointed head of the department of mathe- 
matics at Meridian College, Meridian, Texas. 

Miss Paula Henry has succeeded her sister, Miss Phillis Henry, as director 
of the department of mathematics at Kidd-Key College, Sherman, Texas. Miss 
Phillis Henry has accepted a position as instructor at the University of Texas. 

Miss Emma F. Barbe has been appointed instructor of mathematics at 
Westmoorland College, San Antonio, Texas. 

At the Texas Agricultural and Mechanical College, Assistant Professors D. 
C. Jones and W. L. Porter have been promoted to associate professorships of mathe- 
matics, Mr. W. L. Hughes and Mr. P. K. Smith have been appointed assistant 
professors, and Mr. C. E. McCurry instructor. 

At the University of Denver, Professor G. W. Gorrell of the Colorado State 
School of Mines has been appointed associate professor, and Dr. E. Frances 
Seiler of the University of Illinois instructor. 

Mr. V. F. Morse, a graduate of the California Institute of Technology, has 
been appointed instructor of mathematics and mechanical drawing at Occidental 
College, Los Angeles, California. 

Mr. P. M. Iloff has been head of the mathematics department of the State 
Teachers and Junior College at Chico, Cal., since January, 1922. 

The Royal Astronomical Society has awarded its gold medal to Professor 
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A. A. Michelson, of the University of Chicago, for his application of the inter- 
ferometer to astronomical measurements. 

ANDREI ANDREEVICH Markov, professor of mathematics in the University 
of St. Petersburg from 1886 till 1907 when he was made professor emeritus, 
died July 27, 1922. He was born at Rjasan, Russia, June 2/14, 1856, and was 
a student at the University of St. Petersburg where he received the degree of 
doctor of mathematical sciences in 1884. He was a privatdocent in the University 
1880-1886. His brilliant achievements won him election to the Academy of 
Sciences in St. Petersburg when he was only thirty years of age. He was one 
of the two members of this Academy which edited the Oeuvres (published in 
1899 and 1907) of his former master, Tchebychef. His popular work on the 
calculus of probability first appeared at St. Petersburg in 1900, and a German 
translation, by H. Liebmann, of the second edition (1908), appeared at Leipzig 
in 1912. His calculus of finite differences first published at St. Petersburg in 
1891 was also translated into German (Leipzig, 1896). Long lists of his published 
papers, beginning in 1879, may be found in “ Poggendorff’’; in the Royal Society 
Catalogue of Scientific Papers, volumes 10, 12, and 17; and in Revue Semestrielle 
des Publications Mathématiques. Brief biographical notes and a portrait are 
given in Acta Mathematica, 1882-1912. Table Générale des Tomes 1-35, Upsala, 
1913. . 

ANTONIO Favaro, distinguished professor of graphical statics and history of 
mathematics in the University of Padua since 1872, died September 30, 1922. 
‘He was born at Padua, May 21, 1847. He was the author of over 400 papers, 
memoirs, and books and was the acknowledged authority on the life and works 
of Galileo whose work he edited in the great national edition (20 volumes, Flor- 
ence, 1890-1909). For this he was made “nobile.”” His most recent volume 
was the finely illustrated L’ Universita. di Padova (Venice, 1922) distributed to 
delegates to the celebration of the seven hundredth anniversary of the founding 
of the University of Padua (1922, 318). His Lezionz di stateca Grafica (Venice, 
1877) was translated into French (2 volumes, Paris, 1879, 1885). 


(Published July 31, 1923.) 
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EIGHTH REGULAR MEETING OF THE OHIO SECTION. 


The eighth regular meeting of the Ohio Section of the Mathematical Asso- 
ciation of America was held at the Ohio State University, Columbus, on March 
30, 1923, in connection with the meetings of the Ohio College Association and 
allied societies. Chairman H. L. Coar presided, being relieved by Professor J. 
H. Weaver for an interval. 

Sixty-three persons were registered, the following forty-two being members of 
the Association: 

R. B. Allen, W. E. Anderson, G. N. Armstrong, C. L. Arnold, Grace M. 
Bareis, W. S. Beckwith, R. D. Bohannan, R. L. Borger, J. R. Brandeberry, 
W. D. Cairns, V. B. Caris, E. H. Clarke, H. L. Coar, O. L. Dustheimer, T. M. 
Focke, B. C. Glover, H. Hancock, G. P. Harmount, H. W. Kuhn, H. B. Lemon, 
Anna D. Lewis, L. P. Loomis, E. S. Manson, C. N. Mills, C. N. Moore, C. C. 
Morris, M. A. Nordgaard, J. R. Overman, A. D. Pitcher, S. E. Rasor, P. L. Rea, 
Bernice Sanders, Hazel E. Schoonmaker, W. G. Simon, 8. A. Singer, C. E. Stout, 
M. O. Tripp, J. H. Weaver, R. N. Wildermuth, F. B. Wiley, C. O. Williamson, 
C. H. Yeaton. 

At the business session, the secretary reported a membership of eighty-five 
and ten institutional members as against seventy-eight and nine, respectively, 
last year. Officers elected for this year are: Chairman, Professor W. E. ANDER- 
son, Miami University; Secretary-Treasurer, Professor G. N. ARMsTRONG, Ohio 
Wesleyan University; Third member of the executive committee, Professor V. 
B. Caris, Ohio State University. A program committee with continuity of 
organization was created, Professor Kuhn being chosen for three years service, 
Professor C. N. Moore, two years, and Professor R. B. Allen, one year. Following 
an inquiry from the University of West Virginia, it was voted to invite the 
mathematicians of that state to join in the meetings of the Ohio section. A 
collection amounting to $19.75 was taken for the uses of the section. The 
financial situation of the section is satisfactory. 

The section dinner, with fifty present, served in the dining room of Campbell 
Hall, was very successful. The evening session was held in the same room. 

The following eleven numbers were presented at the two sessions: 

(1) Chairman’s address: “Freshman mathematics in the liberal arts college”’ 
by Professor H. L. Coar. 

Discussion: Professor W. D. Carrns. 

(2) “On the tangency of circles” by Professor C. N. MILLs. 

(3) “Some short methods for the solution of certain differential equations”’ 
by Professor R. D. BOHANNAN. 

(4) “Origin and development of our present method of extraction of cube 
and square roots” by Professor M. A. NorDGAARD. 

(5) “Industrial mathematics” by Professor J. B. BRANDEBERRY. 

(6) “Formulas pertaining to friction on helical gears’ by Professor C. O. 
WILLIAMSON. 
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(7) “Collegiate Euclidean geometry”’ by Professor M. O. Tripp. 

(8) “The DuBois-Reymond versus the Cantor-Dedekind theory of the ir- 
rational number” by Professor 8. E. Rasor. 

(9) Reports of the Yanney committees on the mathematical situation in 
Ohio. Professor C. N. Moors, general chairman. 

(10) Discussion: “ Why elect mathematics?” 

(11) “Number of hours required for a mathematical major in Ohio colleges”’ 
by Professor C. N. MILLs. 

Abstracts of the papers follow below, the numbers corresponding to the 
numbers in the list of titles: | 

1. In his paper on freshman mathematics Professor Coar said: Recent years 
have seen considerable progress in the teaching of mathematics in college, espe- 
cially along the line of bringing mathematics into touch with science, business, 
and life in general. That freshmen in our liberal arts colleges are expected to 
continue at once the task of acquiring further mathematical technique, without 
having an opportunity to pause and first secure some mathematical perspective, 
seems psychologically unsound and is one of the chief reasons why such a small 
and apparently decreasing per cent. of students elect mathematics. There seems, 
in this respect, to exist a gap between high school and college mathematics. 
Lack of some clear knowledge of our elementary number system, too little famil- 
iarity with the language of mathematics and its interpretation, a rather hazy 
conception of how to think analytically, are a few of the elements that constitute 
this gap. The first semester of the freshman mathematics should be largely 
devoted to the bridging of this gap. Little, if any, new subject matter should 
be taught, but the subject matter of the elementary schools will serve as a back- 
ground for the course. New interest can thus be aroused, and the student will 
be able to pursue advanced work with greater intelligence and hence with enhanced 
pleasure and more success. 

Differing from Professor Coar in his estimate of the present status, Professor 
Cairns held that while there is relatively too much purely formal work in high 
school courses it does not follow that the whole of the present trend and the 
present experimenting is wrong. This plan would probably clear up the meaning 
and the bearings of secondary mathematics for the general student, but this 
would be at the expense of some of the subject matter of the freshman courses 
and would entirely shut out one of the commendable elements in present-day 
progress, viz., an introduction to the calculus. Teaching pupils how to think 
(which, to have any significance, must mean how to think in some particular 
fields), how to study, and how to express their reasoning clearly is now being 
done if teachers are at all proficient, and will not be notably improved by the 
substitution of partially familiar material. One great difficulty is to teach stu- 
dents to avail themselves of the great advantage of any symbolic language and 
yet to make sure that they think logically and state their arguments clearly. 
In the face of these criticisms, Professor Cairns expressed his conviction that the 
proposed plan holds large values potentially and his belief that Professor Coar’s 
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concrete and complete formulation of his plans will offer a valuable contribution 
to the enlivening of college teaching. 

2. Professor Mills presented a method to find the radius of a circle tangent 
internally to three given circles. Using the cosine theorem to find the cosine of 
the sum of two angles, the author arrived at a fourth degree equation. ‘The 
positive root of this equation is the result required. 

Note: The author also gave a solution which was being presented on the 
same day at the Colorado meeting by Mr. J. Q. McNatt. 

3. In discussing some short methods in certain types of differential equations, 
Professor Bohannan showed that the “principle of continuity” as used by 
D’Alembert in handling linear differential equations with constant coefficients, 
when the roots are equal, can be extended to all the failing cases when solutions 
are attempted by the “symbolic method’’; as also to the failing cases when the 
solutions in the general case take the form of series, the failing cases occurring 
here also when the roots of certain equations are equal or differ by a multiple of 
the difference of the exponents of consecutive terms of the series. 

4, Professor Nordgaard stated that: Our present method of extracting arith- 
metical roots by the orderly evolving of the digits of the root (evolution) depends 
upon the inverse of the expression a? + 2ab + 0? and a’ + 3a7b + 3ab? + b° and 
upon our decimal place value notation including zero. By illustrations from the 
source materials from Theon of Alexandria, Aryabhata, Brahmagupta, Mahavira, 
Sridhara, Bhaskara, Leonardo of Pisa, Peurbach, Chuquet, Gemma Frisius, and 
Cardan, he traced the gradual crystallization of our present method, including 
the periodization of the radicand, the trial and complete divisor, and the setting- 
up schema. 

5. Professor Brandeberry’s paper dealt with certain non-credit courses In 
mathematics given in evening school at Toledo University. These courses are 
offered in connection with courses given by other departments, such as the 
departments of drawing, electricity, etc., and are designed especially for men 
engaged in the industries. Certain experimental courses were described, and it 
was stated that as a result of the experiences at Toledo University, the best 
program to follow consisted of an introductory course in shop arithmetic; a course 
in formula work, which would enable the men to use formulas ordinarily encoun- 
tered in their handbooks; a course in trigonometry, wherein is taught the solution 
of right and isosceles triangles, and the solution of triangles by the law of sines 
and cosines, by naturals; a course in practical mechanics, with emphasis on 
graphic solutions; a course in strength of materials given In connection with 
machine and tool designs. 

6. The formula of Reuleaux for the work lost by friction when two gears are 
meshed together, 


1 1 
W; = maf (+ x Je 


where Wy = work lost by friction, m = pressure coefficient, f = coefficient of 
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friction, N and N, are the number of teeth on the two wheels, € = angle of con- 
tact, ¢ = pitch, is transformed for helical gears (N = N;) into 


(N + 2 cos’ a) cos E + sin! (ros) 
W/=K N + 2 cos? a 
COS a 
where K = mf/cos’ y, y = constant angle of the involute at the pitch circle, 
a = angle of the helix. A plot of this shows that W,’ decreases as a increases. 

7. The object of Professor Tripp was to offer suggestions for emphasizing 
geometric instruction in college in such a way as to be of direct benefit to the 
prospective high school teacher. The writer insisted that geometry is of great 
educational value because of the splendid training it gives in the use of language; 
spherical trigonometry and descriptive geometry were mentioned as subjects 
well adapted to the development of space intuition. A course in synthetic 
geometry which would serve as a sequel to euclidean plane geometry and an 
introduction to projective geometry was recommended. 

8. Professor Rasor’s paper introduced the theorem on the necessary and 
sufficient condition for the convergence of a sequence of numbers. For the 
DuBois-Reymond theory this theorem was proved and the real number system 
considered as identical with the totality of all infinite decimal fractions. If the 
decimal sequence is periodic, it was shown that the number is rational and con- 
versely, and if the sequence is non-periodic the number is irrational. On the 
contrary, it was pointed out that the Cantor theory starts with the consideration 
of sequences of rational numbers and then lays down as a definition of a regular 
sequence what was taken as a theorem in the other theory. 

9. At the 1922 meeting, following the suggestion of Professor B. F. Yanney, 
chairman, six committees to study and report on the mathematical situation in 
Ohio were formed, with Professor C. N. Moore general chairman. Four of the 
committees presented reports covering much painstaking work: “College 
entrance requirements,” Professor E. H. Clarke, chairman; “Teacher training 
in mathematics,”’ Professor C. L. Arnold, chairman; “College courses,’’ Professor 
W. E. Anderson, chairman; “High school courses,’ Professor R. B. Allen, 
chairman. The section expressed its thanks to these committees for their work 
and requested them to continue their investigations and report further. The 
general chairman and sub-chairman were requested to edit the reports and 
summarize the findings for the files of the secretary so that they may be useful 
to the section and also to the state department of education. 

10. In response to a request from the executive committee, many members 
had sent in reasons why high school freshmen and college freshmen should con- 
sider electing mathematics. These were canvassed briefly and a committee 
consisting of Professors Armstrong, Arnold and Pitcher was appointed to prepare 
statements addressed to the two classes named and to undertake to place these 
before the public school pupils concerned before the close of this school year. 

11. The basis of this report was a set of questionnaires sent to twenty-six of 
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the Ohio colleges and universities. The main point of interest was that the 

number of hours required for a mathematical major ranges from fifteen to thirty- 

eight hours. So wide a range indicates that the colleges are not certain as to the 

basic values of many courses. The author urges that more interest should be 

taken in geometrical subjects, such as modern geometry and descriptive geometry. 
G. N. Armstrona, Secretary-Treasurer. 


ANNUAL MEETING OF THE ROCKY MOUNTAIN SECTION. 


The seventh annual meeting of the Rocky Mountain section was held at the 
University of Colorado, Boulder, Colorado, on March 30 and 31. 

The attendance was twenty-four, including the following fourteen members 
of the Association: I. M. DeLong, G. W. Finley, P. Fitch, J. C. Fitterer, G. W. 
Gorrell, C. A. Hutchinson, Claribel Kendall, O. C. Lester, G. H. Light, F. H. 
Loud, S. L. Macdonald, J. Q. McNatt, W. J. Risley, H. E. Russell. 

The section voted to accept the invitation of the Colorado Fuel and Iron Co. 
to hold the next meeting at the Steel Plant in Pueblo, Colorado. Mr. J. Q. 
McNart was elected chairman for this meeting. 

At the close of the Friday session, the section was favored with a talk by 
Dr. SAUL EPSTEEN on certain phases of the Einstein Theory. 

The following nine papers were read: 

(1) “Certain associativity conditions in linear algebras”? by Assistant Pro- 
fessor CLARIBEL KENDALL. (Asst. Professor G. W. SmitH, Collaborator.) 

(2) “The curve of the price of lumber” by Professor 8S. L. Macpona.p. 

(3) “The intrinsic equation for a family of curves possessing a certain prop- 
erty’ by Professor G. H. Licurt. 

(4) “The bearing which the work in the grades has upon college mathe- 
matics”? by Professor G. W. GORRELL. 

(5) “Parabolic grouping of pythagorean triangles’? by Professor W. J. 
HAZARD. 

(6) “To calculate the radius of a circle inscribed in a concave triangle’’ by 
Mr. J. Q. McNarrt. 

(7) “A nomographic perpetual calendar” by Mr. W. K. NELSon. 

(8) “Graphical methods for complex roots”? by Professor W. J. Hazarp. 

(9) “A game of solitaire for an arithmetician”’ by Dr. F. H. Loup. 

In the absence of the author, a paper by Professor C. H. Sisam was read by 
title only. All the papers led to considerable discussion. Abstracts of the 
papers follow below, the numbers corresponding to the numbers in the list 
of titles: 

(1) In this paper it was shown that the associativity conditions 


A site = ZV ik Vim —_ Y inmY jk) = 0 (a, ds k, m=1::-:n) 


for a linear algebra of order n are highly redundant. Forn = 2 eight independent 
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syzygies among A ijim have been found. Four of these are linear and four quad- 
ratic. In the general case there will be at least n* — n? such relations. 

(2) Taking the price of all commodities for the year 1913 as a standard, 
lumber included, the ratio of the price of lumber to this standard was computed 
for each year, beginning with 1865. Plotting a curve from the results thus ob- 
tained gave as a “most probable” equation that of a straight line. It was 
found that a more accurate equation was that of a parabola. Upon further 
investigation it was found that a logarithmic curve was a trifle better. 

(3) Professor Light derived the general equation of the curves whose polars 
with respect to a fixed circle cut off a segment on the normal proportional to the 
radius of curvature. When the circle becomes a point, the intrinsic equations 
for logarithmic spirals, cardioids, parabolas, circles, lines and hyperbolas are 
obtained. 

(4) It is the belief of a number of college teachers of mathematics, judged by 
the expressions at association meetings, that the instruction in high schools is 
of inferior quality. The writer believed this to be largely unfounded. High 
school teachers are usually well prepared to do their work. The amount of re- 
quired work. in high school is not sufficient to give to the high school teacher 
the time necessary to make much impression upon his students. 

Grade teachers are not specially prepared in mathematics and are unable to 
give clear explanations in many instances. They are likely to fall into the practice 
of mere formal work in arithmetic. 

A test was given to college freshmen in which problems were taken from a 
gerade text in arithmetic. Several students did not-attempt certain problems 
and very few attempted any analysis, though explanation was requested. The 
writer was inclined to believe that the student’s customary approach to a problem 
follows his practice in the grades rather than that required in high school. 

(5) In his paper Professor Hazard showed that when such triangles are 
plotted in the first quadrant with one acute vertex at the origin and with the 
base and altitude of the triangle as the coérdinates of the other acute vertex, 
then the triangles having a common property have their vertices on a parabola. 
Triangles with a common unit difference between the hypotenuse and one side 
lie on one parabola; those with a difference of 9 lie on another parabola, etc. 
All possible integral differences represent, also, integral sums of the hypotenuse 
and one side. There are four families of parabolas, confocal at the origin, being 
the loci of the vertices of triangles having a constant integral odd difference, 
odd sum, even difference, and even sum of the hypotenuse and one side. Possible 
odd differences and sums are given by the squares of the odd numbers. Even 
differences and sums are given by twice the squares of all the integers. 

(6) A unique method was shown in this paper for computing the radius of a 
circle inscribed in the area enclosed by three mutually tangent circles, when the 
radii of these circles were known. 

(7) This paper showed how some equations of three or more variables may 
be represented very simply by the methods of Nomography, while the cartesian 
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representation is hard to construct and hard to read. A method was given of 
constructing a chart for an equation which represents the day of the week as a 
function of the year, month and day of the month, thus producing a graphical 
perpetual calendar. 

(8) Professor Hazard commented on the fact that most text books of algebra 
give graphical methods for the real roots of quadratic and other equations, but 
either state or imply that the graphical method fails in the case of complex roots 
because the plotted curve does not cross the axis of YX. When the roots of a 
quadratic are represented by (7 + nz) the vertex of the graph is the point (r, n?), 
so it is only necessary to find the square root of the ordinate to have the roots 
determined. This may be done by the geometrical method. Reference was 
made to the straight line and circle construction for the real roots of a quadratic, 
used by L. E. Dickson and attributed by him to D’Ocagne and Lill. It was shown 
how this construction may be extended to find the complex roots of quadratics. 
Reference was also made to a construction given by Schultze for complex roots. 

(9) This paper dealt with problems in the theory of numbers and considered 
the examination of primes with a view to the relation as modulus sustained by 
each to smaller numbers, the exponents to which the latter belong, and similar 
inquiries bearing upon the properties of repetends in both the decimal and 
binary systems. The author’s examination, beginning with the smallest primes, 
has reached the prime, 2161. 

Puiurp Fircu, Secretary. 


MARCH MEETING OF THE SOUTHEASTERN SECTION. 


The second meeting of the Southeastern Section of the Mathematical Asso- 
ciation of America was held at Agnes Scott College, Decatur, Georgia, March 10, 
1923. The meeting was held in the college chapel with Professor FIELD presiding. 

There were eighty-five present, including the following twenty-four members 
of the Association: 

D. F. Barrow, 5S. M. Barton, J. B. Coleman, T. R. Eagles, Floyd Field, 
Tomlinson Fort, Miss Leslie Gaylord, J. P. Hill, A. W. Hobbs, J. W. Hinton, 
Miss Ruby Hightower, J. F. Messick, Miss Fannie S. Mitchell, R. E. Mitchell, 
A. B. Morton, I. C. Nichols, M. T. Peed, W. W. Rankin, Jr., D. Rumble, David 
Eugene Smith, D. M. Smith, R. P. Stephens, A. H. Stevens, Miss Rose Wood. 

The following officers were elected: R. P. StePpuEens, chairman; ToMLINSON 
Fort, vice-chairman; W. W. Rankin, Jr., secretary-treasurer. The executive 
committee decided to hold the next meeting at the University of Georgia, Athens, 
Ga. 

Agnes Scott College entertained the Southeastern Section at lunch after the 
regular program had been completed. 

Professor Davin EuGENE Smitu of Columbia University was the principal 
speaker. Professor Smith was brought to Agnes Scott College by the College 
Lecture Association. He addressed the faculty and students and many visitors 
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on Friday night, March 9, on the subject: “Ten Great Epochs in the Human 
Development of Mathematics.”’ Preceding the address a banquet was held in 
the Alumnze House in honor of Professor Smith and Professor H. E. Slaught; 
the latter, however, was unable to attend the banquet or the meeting of the 
Association. 

The following program was presented: 

(1) “Teaching the History of Mathematics in College” by Professor Davip 
EUGENE SMITH. 

(2) “Correlation of Mathematics” by Professor J. B. COLEMAN. 

(3) “Some Reasons Why I Am a Devotee of Mathematics” (by title) by 
Professor H. E. SLAUGHT. 

(4) “Unified Mathematics for Freshmen” by Professor A. W. Hoss. 

(5) “Present Reforms in College Entrance Requirements in Mathematics’’ 
by Professor Davip EUGENE SMITH. 

Abstracts of the papers 1, 2 and 4 are given below: 

1. The purpose of such courses are (1) cultural, for those who are interested 
in mathematics and wish to know something of the growth of the subject; (2) 
educational, for those who propose to teach mathematics, particularly in the 
secondary schools and colleges. They tend to show mathematics as a steadily 
advancing subject and they give encouragement to those who look to its con- 
tinued improvement. At Columbia University the work is open to seniors and 
graduates and extends over two years. The first half year is devoted to a general 
survey; the second half year to the history of the leading topics generally taught, 
and it extends through the history of the calculus. There are this year seventy 
enrollments in this class. The second year is devoted to individual work, the 
class being limited to about eight or ten. Each one in this second course works 
upon his subject of major interest, and the class period is devoted to reports 
and discussions. The libraries and private collections of material are unusually 
good in New York, and the speaker showed some of the equipment available 
for instruction. 

2. Professor Coleman presented a general discussion of the vital subject of 
correlation, or degree of causality, with particular reference to the Pearson 
“product-moment” coefficient, where straight line relationship is assumed, and 
correlation ratios, for non-linear relationship. The Pearson coefficient between 
mathematical average and general average was calculated for students at each 
of three institutions. With liberal samples at the University of South Carolina, 
the University of Virginia, and Columbia University, the coefficients were found 
to be .475, .412 and .697, respectively, indicating a close relationship. Similar 
coefficients for those with high mathematical averages were found to be .542, 
538 and .604, respectively. Any further inference with respect to students of 
exceptional mathematical ability would hardly be warranted, because of the 
limited data and lack of uniform variation of the coefficient with the data fur- 
nishing these results. 

4. There has been a great deal of trouble among college teachers over the 
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question of good texts in college algebra. The trouble is due not so much to 
the texts nor to the poor preparation of the students as to the fact that the 
subject cannot be justified as a required course for college freshmen. The 
courses in college algebra as given add very little that is essentially new to the 
student’s training. A great deal of it is review of the work done in the High 
School with the view to perfecting algebraic technique. Algebraic technique 
cannot be perfected in this way. There is no purpose nor utility evident in these 
courses and the students are “fed up” on this type of study. The best thing 
at this stage, according to Professor Hobbs, is a course in general mathematics 
that will let them see mathematics at work and not always on parade. To this 
end the function idea should be emphasized and illustrated in problems of finance 
and mechanics. These problems should not be introduced in the artificial way 
in which they appear in the traditional texts. Some elementary mechanics 
should be a part of the course, so that the students will get the physical signifi- 
cance of their work. The derivatives and integrals of some of the functions 
should be given along with elementary applications to geometry and mechanics. 
There is no claim here that students taking such courses will be better prepared 
to go ahead with advanced courses than if they take the traditional courses but 
there is the claim that if we are to preserve what mathematics has to contribute 
to a liberal education we must offer the freshmen something that is closer related 
to life than are theory of equations and Determinants. 
OW. W. Rankin, Jr., Secretary-Treasurer. 


GRAFTING OF THE THEORY OF LIMITS ON THE CALCULUS OF 
LEIBNIZ.' 


By FLORIAN CAJORI, University of California. 


Leibniz issued his first publication on the calculus in 1684, Newton in 1693. 
At that time both used infinitely small quantities which were dropped when 
comparatively small. It is one of the curiosities in the history of mathematics 
that this rough procedure was adopted, even though before this time theories 
of limits had been worked out in geometry by Giovanni Benedetti, S. Stevin, 
L. Valerius, Gregory St. Vincent and Tacquet, and in higher arithmetic by 
John Wallis. At one time Leibniz, when hard pressed by one of his critics, 
approached closely to the theory of limits; even to him the theory of limits seemed 
to be the nearest bomb-proof place of resort. But he never actually founded his 
calculus upon that theory. 

The earliest prominent worker of continental Europe to suggest the founding 
of the calculus of Leibniz on the limit concept was D’Alembert. The question 
arises, from what source did D’Alembert derive his inspiration for that project? 

1 Read at a joint session of the Association with the American Mathematical Society and 


Section A of the American Association for the Advancement of Science at Cambridge, Mass., 
December, 1922. 
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He himself had been brought up on the text books of Reyneau and De |’Hospital; 
he was familiar with the papers of Leibniz and the Bernoullis. All these sources 
were based on the use of infinitely small quantities. What predecessors in- 
fluenced him in the study of limits? We find an answer in D’Alembert’s great 
article “ Différentiel’’ in Diderot’s Encyclopédie, 1754, where he mentions two 
publications on limits. One of these is Newton’s Quadratura curvarum of 1704: 
D’Alembert interprets Newton’s “Prime and ultimate ratios” as being really 
limits. The second publication is De la Chapelle’s Institutions de géométrie, 
1746, a text-book which enjoyed great popularity in France. Through De la 
Chapelle, D’Alembert connected with the pre-Newtonian theory of limits, as 
found in Stevin, Gregory St. Vincent and others. 

From De la Chapelle, D’Alembert quotes the theorems that “if two magni- 
tudes are the limits of one and the same quantity, the two magnitudes are equal 
to each other,” also the theorem that the limit of a product equals the product 
of the limits. 

Newton’s prime and ultimate ratios do not contemplate primarily one con- 
stant which one variable approaches; the prime and ultimate ratios are ratios 
of two quantities just springing into being or else vanishing. Only secondarily 
does Newton, in applying his theory, consider in the right member of his equations 
what we would call the limit of a ratio.! Accordingly Newton in his Quadratura 
curvarum of 1704 did not quite present what is ordinarily called the method of 
limits. He considered the ratio of two quantities each of which was approaching 
the limit zero, rather than the limit of one quantity that was the ratio of the two 
quantities. In England it required the talent of Benjamin Robins to transform 
Newton’s fluxions of 1704 into a calculus founded on limits; on the continent 
this transformation exercised the ability of D’Alembert who laid the emphasis 
upon the limit of a ratio, and gave only secondary consideration to the ratio of 
limits that were zero. D’Alembert conceives the relation of infinitesimals to 
limits in this manner: “One feels that the supposition made here of infinitely 
small quantities is only for abridging and simplifying the argument, but that at 
bottom the differential calculus does not necessarily postulate the existence of 
these quantities; that this calculus really consists only of the algebraic deter- 
mination of the limit of a ratio.”’ 

In the article “Limite”? D’Alembert states that one calls a magnitude a 
limit of another magnitude “when the second may approximate to the first closer 
than by a given magnitude, however small one may suppose it, without however 
that the approaching magnitude may surpass the magnitude that it approaches, 
in such a manner that the difference of such a quantity and its limit is absolutely 
unassignable.”’ 

From the explanation that follows it is evident that D’Alembert’s variables 
did not reach their limits. Let us proceed to consider one of the weak points in 
D’Alembert’s exposition of limits. He takes the parabola y? = ax and forms the 
difference-quotient which in modern notation is Ay/Av = a/(2y + Ay). As Ay 


1See Newton’s 7'ractatus de Quadratura curvarum, Introductio, where he finds the fluxion of x”. 
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approaches zero, the limit of the right member a/(2y + Ay) is a/2y, which must 
also be the limit of Ay/Az. Thus dy/dz is the limit of the ratio of Ay/Axv. ‘But, 
it will be said,” one must make both Ay = 0 and Az = 0, which gives 0/0 = a/2y. 
“What does that mean? I answer (1) that there is nothing absurd in this, for 
the reason that 0/0 may be equal to anything you wish and therefore equal to 
a/2y; I answer (2) whatever the limit of the ratio of Ay to Av, when Ay = 0, 
Ax = 0, this limit is not properly the ratio of 0 to 0, because this does not present 
a clear idea; one cannot form a ratio of two terms of which both are zero.”’ 
D’Alembert suggests that the ratio of Ay to Az be considered in the neighborhood 
of zero, without letting Ay and Ax become actually zero. Thus in the nght mem- 
ber of Ay/Axv = a/(2y + Ay), Ay is zero, but on the left side Ay and Az do not 
quite reach zero. Here we have the incongruity which troubled conscientious 
mathematicians during more than a century. It is the same difficulty as that 
in the theory of prime and ultimate ratios which Newton saw full well, for in 
1687 he said, “it is objected that there is no ultimate ratio of evanescent quanti- 
ties, because the ratio, before the quantities have vanished, is not ultimate; 
and when they have vanished, is none.” How does Newton meet this, his own 
unanswerable argument? He does so by an appeal to sensuous intuition: “It 
might as well be maintained that there is no ultimate velocity of a body arriving 
at a certain place, when its motion is ended. . . . But the answer is easy; for 
by ultimate velocity is meant that . . . at the very instant when it arrives.” ” 
If “instant,” as used here, is not an infinitesimal constant, the passage is difficult 
or impossible of interpretation. “That method,” said Lagrange, “has the great 
inconvenience of considering quantities in the state in which they cease, so to 
speak, to become quantities; for though we can always well conceive the ratios 
of two quantities, as long as they remain finite, that ratio offers to the mind no 
clear and precise idea, as soon as its terms become both nothing at the same time.” 

Recently the hypothesis has been advanced that Newton’s definition is 
“logically sound, for a fluxion is defined by a Schnitt.”* This explanation does 
not seem valid, for in effecting the Dedekind cut, the commentator uses a range 
of ratios which is different from the range actually described by Newton. 

It seems to the present writer that Newton’s ultimate ratios and D’Alembert’s 
0/0 left students of the calculus still in the clutches of the infinitely little. But 
there was no dropping of quantities because they were infinitely small as com- 
pared with others. For that reason both Newton and D’Alembert declared 
that the infinitesimal constant was not necessary in developing the calculus. 

During the thirty years between 1754 and 1784 there appeared on the Con- 
tinent more than 28 publications on the calculus. It is not always easy to 


1 Newton, Principia, Book I, Section I, Lemma XI, Scholium. 

2The Latin passage is as follows: Per velocitatem ultimam intelligi eam, qua corpus movetur; 
neque antequam attingit locum ultimum et motus cessat, nequa postea, sed tune cum attingit. 

3 J. M. Child, Mathematical Gazette, vol. 11, 1922, p. 27. 

4We have made extensive use of G. Vivanti’s ‘Infinitesimalrechnung” in M. Cantor’s 
Vorlesungen wiber Geschichte der Mathematik, Bd. 4, 1908, Abschnitt XXVI; also of Vivanti’s 
Il Concetto d’Infinitesimo, Naples, 1901. 
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classify these with respect to the fundamental principles used. Sometimes there 
is a fusion of methods. Of the 28 texts a rough approximation to the facts 
assigns 15 to the infinitesimal method of Leibniz and De |’Hospital, 6 to limits 
not divorced from infinitesimal constants, 2 to Newtonian fluxions! expressed 
in the notation of Leibniz, 4 to the treatment of dx and dy as zeros, 1 (Lagrange), 
in 1772, to the use of algebra and function theory. The six authors avowedly 
using limits are Kastner (1761), Karsten (1760), Tempelhoff (1769), Martini 
(1761), Frisi (1782-5) and Cousin (1777). Of these Kastner and Cousin were the 
more important. Kastner did not sever all connection with the infinitely small. 
He used the limit concept for the purpose of justifying the rules relating to the 
infinitely small of different orders. It will be noticed that these six names are 
not among the great leaders of mathematical thought of that time. Euler 
published in 1755 his very influential Jnstitutiones calculi differentialis which 
looked upon dy and dz as absolute zeros. Lagrange in 1761 defended infini- 
tesimals on the theory of the compensation of errors, and in 1772 first based the 
calculus on algebra and Taylor’s theorem. Nor were the six texts using limits 
popular and widely used; the most popular were those using infinitesimals. During 
these 30 years the theory of limits did not attract students of the calculus on the 
Continent as affording a haven of refuge against the assaults of logicians. And 
why should it? Was not 0/0 as mysterious as anything that Leibniz and De 
l’Hospital presented? Nor did the theory of limits, as then presented, altogether 
free the calculus from the infinitesimal constant. 

In 1784 Lagrange induced the Berlin academy, of which he was president, 
to offer a prize for a satisfactory exposition of the calculus. Evidently he was 
not fully satisfied with his own production of 1772. The academy demanded 
“a clear and rigorous theory of what in mathematics is called infinity’; “the 
higher geometry,” continued the academicians, “frequently uses infinitely great 
and infinitely small quantities; but the ancient scientists have carefully evaded 
the infinite, and a few celebrated analysts of our day admit that the words 
infinite magnitude are contradictory. Therefore the Academy demands that 
it be explained, how from an inconsistent assumption so many correct theorems 
have been deduced, and that a secure and clear fundamental concept be given 
which can take the place of the infinite without making the calculus too difficult 
or too long.”’ 

The prize was won by 8. A. J. Lhuilier who in an earlier book had used 
indivisibles, but now (1786) proceeded to modify the ancient method of exhaustion 
so as to make it a sound foundation for the calculus. We pause a moment to 
consider the Greek method of exhaustion. This method employed all the 
machinery of the modern theory of limits as ordinarily presented. Antiphon 
originated the idea of exhausting the circular area by means of inscribed regular 
polygons with an ever-increasing number of sides. Upon this Eudoxus founded 

1 The only text on the calculus known to me as written and printed on the continent, which 
uses the notation of Newton exclusively and develops the subject in the manner of the English 


mathematicians of the eighteenth century, is the Fluwie-Rekening of Arnoldus Bastiaan Strabbe, 
Amsterdam, 1799. 
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his method of exhaustion, that was employed later by Euclid and Archimedes. 
Euclid proves (XII, 2) that two circles are to each other as the squares on their 
diameters, by inscribing a square, then successively doubling the number of 
sides a finite number of times until the difference between the circle and the last 
regular polygon constructed is less than a pre-assigned value. This procedure 
is part of our modern process of showing that a constant is the limit of a variable. 
But, strange to say, the Greeks do not pass, as we do, from the variable to its limit. 
They are like a man who undertakes to cross a ditch by a running broad jump, 
but who abruptly stops short at the brink and finally arrives at his destination 
by a tedious circuitous route. They had all the modern machinery, but failed 
to make the most direct use of it. Certain recent writers! declare that the 
ancients did not possess the idea of a variable capable of taking any one of an 
unlimited number of values, that their process did not exhaust the area, and that 
the method of exhaustion is erroneously attributed to the Greeks.2 This view 
seems to rest upon a misapprehension. With only a finite number of polygons 
to choose from, Euclid could not have proved his theorems. For in the epsilon- 
test the pre-assigned value may be any small value and it might be less than the 
difference between the circle and the largest of the given polygons; in such a case 
the reductio ad absurdum proof of Euclid would become impossible. Only with 
an unlimited number of available polygons could Euclid complete his argument. 
But in that case he is exhausting the circle; the method of exhaustion was truly 
a Greek possession. 

Returning to Lhuilier, we observe that his definition of a limit makes the 
variable always greater or always less than the limit; the variable could not 
oscillate to values above and below the limit. However, Lhuilier is more liberal 
than D’Alembert in disregarding the mooted question whether the limit is reached 
or not. Lhuilier establishes a procession of theorems on limits with a care never 
before displayed on the Continent, but some of his demonstrations involving 
infinite series would now be considered insufficient. He avoids the infinitely 
small. He starts with an algebraic treatment of differentiation and introduces 
geometric figures later. He considers lim Ay/Az as the limit of one variable, 
not the ratio of the zero-limits of two variables, and thereby takes an important 
step in advance of D’Alembert. Lhuilier’s diffuse monograph did not greatly 
impress the mathematicians of the time. There is nothing to indicate that it 
was read as widely as it deserved to be read. 

Eleven years passed. The year 1797 brought three events of importance: 
Lagrange’s publication of his Théorie des fonctions, Lazare Carnot’s Réflexions sur 
la métaphysique du calcul infinitésimal, and S. F. Lacroix’s two treatises on the 
calculus. All three authors were Frenchmen. Lagrange rejects infinity and 
infinitesimals and, using only the imperfect algebra of his day, endeavors to 

1C. R. Wallner, Bibliotheca Mathematica, Series 3, vol. 4, 1903, p. 250; H. Suter, Viertel- 
jahrsschrift der Naturforschenden Gesellschaft in Ztirich, vol. 638, 1918, pp. 226-228. 

2 Wallner, loc. cit., p. 252, says: “Es ist dabei wohl zu beachten, dass dieser Begriff des Aus- 


schépfens vor Gregorius nirgends vorkommt, weshalb das Verfahren der Alten ganz mit Unrecht 
so haufig als Exhaustionsmethode bezeichnet wird.” 
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establish Taylor’s theorem and base the calculus upon it. Interesting is 
Lagrange’s characterization of the methods used by his predecessors. He! 
says that “one knows the difficulties offered by the supposition of the infinitely 
little,” that Euler’s interpretation of dx and dy as zeros “reduces their ratio to 
the vague and unintelligible expression zero divided by zero.”’? In one place 
Lagrange objects to limits as applied to sub-tangents, for the reason that “the 
sub-tangent is not strictly the limit of the sub-secant, since nothing prevents the 
sub-secant from continuing to increase after it has become a sub-tangent.”’ ® 
Evidently Lagrange had here in mind a more general law which governs the 
variable than those allowed in the treatment of limits, for he proceeds to state 
that “veritable limits are quantities which one can not pass, although one can 
approach them as near as one wishes.” He acknowledges that after the manner 
of Maclaurin, D’Alembert and others, one can rigorously demonstrate the prin- 
ciples of the calculus with the aid of “limits considered in a particular manner,”’ 
but he adds that “the kind of metaphysics that one is to employ, if not contrary, 
is at least foreign to the spirit of analysis which does not need any other meta- 
physics than that which consists of the first principles and the fundamental 
operations of calculation.” 4 As Camille Jordan ® expressed it, arithmetic and 
algebra allow four fundamental operations: addition, subtraction, multiplication 
and division. Passing to the limit, where a variable is replaced by its limit, is 
a fifth operation. To Lagrange this fifth operation seemed superfluous, if not 
actually foreign to the spirit of analysis. Hence, his program to eliminate limits 
from analysis altogether. 

Still more unfriendly to the theory of limits was Lazare Carnot. His famous 
Réflexions were written at a period full of political turmoil. That circumstance 
explains perhaps why he did not familiarize himself with the work of all of his 
predecessors—that of Berkeley, Robins, Maclaurin and others. The main point 
of the first edition of his tract is the “compensation of errors’ in the system of 
Leibniz, an explanation which he believed to be new. As a matter of fact, he 
was anticipated by Berkeley, Maclaurin, and Lagrange. Carnot discusses limits 
more from the standpoint of D’Alembert than of Lhuilier; he fails to eliminate 
that troublesome 0/0. He decides in favor of the infinitesimals of Leibniz. 
Referring to limits he asks, “shall we prefer a thorny path in which it 1s difficult 
to avoid being bewildered, to the plain and easy road by which this analysis 
conducts us to discoveries?”’ Carnot’s book was widely read, but it: was not a 
great contribution to the better understanding of the philosophy of the calculus. 

Friendly toward the theory of limits were Lacroix’s two treatises, his large 
Traité du caleul différentiel et du calcul intégral (1797-1800) in three ponderous 
volumes, and the briefer treatise, the Trazté élémentatre de calcul différentiel et 


1 Lagrange, Oeuvres, vol. 7, p. 325. 

2 Tbid., p. 325. 

3“‘narce que rien n’empéche la sous-sécante de croftre encore lorsqu’elle est devenue sous- 
tangente.” Ibid., p. 325. 

4 Ibid., p. 326. 

’C. Jordan, Cours d’analyse, vol. I, 3. éd., Paris, 1909, p. 15. 
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de calcul intégral. In the larger treatise the author gives great prominence to 
Lagrange’s point of view as found in his paper of 1772, but in the introduction 
Lacroix gives also the method of limits. In the briefer treatise he begins with 
the theory of limits, a theory which, as he says, “best reconciles brevity with 
rigor in reasoning.” ! 

The briefer text enjoyed much greater popularity than the larger text. It 
was at once translated into German by Griison; in 1816 it was translated into 
English. In France the briefer treatise was used during three fourths of a cen- 
tury; the eighth edition appeared in 1874, edited by C. Hermite and J. A. Serret. 
In explaining the derivative, Lacroix dwells upon the limit of the ratio, but 
unfortunately also upon the ratio of the limits when the two limits are zero. 
He discusses 0/0 also in his Elémens d’ Algébre and thus unnecessarily stresses 
this symbol which was casting disrepute upon the logical foundations of the 
calculus. 

At the opening of the nineteenth century the conceptions of limits, as held by 
the mathematical public, labored under at least seven defects. 

The first criticism is that the fixed infinitesimal frequently appeared in the 
early nineteenth century treatment of limits. Cauchy,’ who gave a great impetus 
to the use of limits, defined in 1821 a limit thus: “ When the successive values 
attributed to a variable approach a fixed value indefinitely, so as to end by differ- 
ing from it as little as wished, this fixed value is called the limit of all others.” 
The words “approach . . . indefinitely’’ would be objected to by Whitehead ° 
on the ground that they apparently suggest infinitely small quantities. But in 
the actual determination of limits Cauchy uses (p. 29) the epsilon mode of proof. 
Cauchy was perfectly clear and avoided infinitesimal constants. The same 
cannot be said of many other writers. The phrase “approaches indefinitely 
near’ ran through many texts of the last century,* a dark stream rendering turbid 
the courses of mathematical reasoning. B. Williamson ° uses the theory of limits 
and at the same time defines the differential dx as “less than any assigned quan- 
tity, however small.” In this interpretation, Williamson follows L. M. H. Navier’s 
Lecons d’analyse. A. N. Whitehead ° and Bertrand Russell’ both declare that it was 
K. Weierstrass who banished the infinitely little from the calculus. Although 
one must acknowledge the wide influence wielded by Weierstrass, this statement 
is not historically correct; for as early as the eighteenth century Robins, Mac- 
laurin and Lhuilier demonstrated that the calculus can be built up without the 
use of the fixed infinitesimal. It is true that there were nineteenth-century 
texts before Weierstrass that used the theory of limits and yet fondled the mystic 
infinitesimal, just as there were texts after Weierstrass that yielded to the enticing 
simplicity of these creatures of more than electronic minuteness. 

1§. F. Lacroix, Traité du calcul différentiel et du calcul intégral, Paris, 1810, vol. I, p. xxxv. 

2 Cauchy, Cours d’ Analyse, Paris, 1821, p. 4. 

3A. N. Whitehead, Introduction to Mathematics, New York, 1911, p. 226. 

4 See, for instance, W. Whewell, The Doctrine of Limits, Cambridge, 1838, p. 18. 

5B. Williamson, Differential Calculus, New York, 1884, p. 10. 


6 A. N. Whitehead, op. cit., p. 226. 
7 Bertrand Russell, Introduction to Mathematical Philosophy, Cambridge, 1919, p. 107. 
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A second defect in the early nineteenth-century treatment of limits was the 
failure to eliminate 0/0 from the explanation of the fundamental concept of a 
derivative. Bledsoe,! a West Point graduate and Professor at the University 
of Virginia, pronounced this symbol “the most formidable of all the symbols 
or enigmas in the differential calculus - -- which has kept thousands from adopting 
that method.” The failure to exclude division by zero and the consequent failure 
to observe the proper limitations of the assumption that the limit of a quotient 
of two variables is equal to the quotient of the limits prevailed in many books 
that appeared even later than the third quarter of the nineteenth century. The 
Leibnizian notation for the first derivative was peculiarly adapted to encourage 
this mysticism. Bledsoe in his Philosophy of Mathematics criticizes Charles 
Davies for considering two kinds of zeros and gives this matter prolonged con- 
sideration without being able himself to throw much light. The treatment of 
the first derivative in modern books considers simply the limit of the quotient. 

A third defect was the absence of a scientific number-system which made 
itself felt in the course of the arithmetization of mathematics. From this stand- 
point a variable involved a series of numbers, not of quantities. A scientific 
treatment of variables and limits presupposes a satisfactory theory of real 
numbers, including the irrational. Such number-systems were worked out 
through the labors of Méray, Weierstrass, Dedekind and others, since the year 
1869. 

A fourth defect was a failure to consider the question of the existence of a 
limit. Fortunately, the early studies related to functions of comparatively 
simple character, “verniinftige Funktionen,” so that correct results were usually 
obtained. 

A fifth imperfection of long standing was the adherence by many writers to 
the famous but faulty doctrine that “what is true up to the limit is true at the 
limit.”” English and American writers usually attribute this doctrine to William 
Whewell,? but De Morgan? ascribes it to S. D. Poisson. It was used in the 
eighteenth century, without being at that time specifically formulated.4 It was 
accepted by DeMorgan and in the United States by Davies and Peck.® It was 
discussed by Bledsoe ° and defended by Simon Newcomb’? against the attacks 
upon it made by C. H. Judson,® but Newcomb excluded from it the consideration 
of descriptive relations and limited it, as did Poisson, to quantitative relations. 

A sixth defect of the theory of limits, as it existed in the first half of the 
nineteenth century, was the failure to observe uniform convergence. The 

1A. T. Bledsoe, Philosophy of Mathematics, Philadelphia, 1867, p. 215. 

2'W. Whewell, Doctrine of Limits, Cambridge, 1838, p. 21. 

192 3A, De Morgan, Transactions of the Cambridge Philosophical Society, vol. 8, Part 2, 1844, p. 

4 See, for instance, Guido Grandi, Quadratura circuli et hyperbolae, Pisa, 1703; G. W. Leibniz, 
Acta eruditorum, 1718, vol. 5, Suppl. pp. 266, 267, 269. These writers discuss 1 + (1+) =1—2+2? 
— 7+ ..., whens = 1. 

5 Davies and Peck, Mathematical Dictionary, Art. “Infinity.” 

6 Bledsoe, op. cit., pp. 35, 36. 


78. Newcomb, Analyst, vol. 9, Des Moines, Iowa, 1882, pp. 114-115. 
8C. H. Judson, Analyst, vol. 8, 1881, p. 109. 
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removal of this subtle blemish is due to the keen insight of G. G. Stokes ! in 1847, 
P. L. Seidel 2? in 1848 and A. L. Cauchy ? in 1853. 

The last imperfection in the treatment of limits that we mention here was the 
most serious to the rank and file of mathematicians. There were conflicting 
opinions on the question whether a variable could reach its limit. There is 
involved in this a conflict between imagination and thought. Can any thing 
be true which we cannot imagine? Can there be coherent thinking on processes 
which transcend the imagination? The question is brought to a sharp issue in 
Zeno’s arguments against motion. Upon it depends the race-track controversy 
as to whether Achilles ever caught the tortoise. If we admit that there are 
logical processes of the mind which transcend our imagination, then the tortoise 
is caught after a brief race, then we can explain motion, we have a mind process 
which is able to interpret what goes on in nature, we can say with Newton, 
“these generations really take place in the nature of things and are daily seen 
in the motion of bodies.” 

As expressed by Couturat, the nerve of the argument that the limit cannot 
be reached consists in the axiom which has been accepted as evident by many 
good heads: “The actual infinite cannot be realized.” Any movement must 
contain an actual infinity of parts, which some thinkers have declared impossible. 

In the eighteenth century the question whether the limit can be reached was 
hotly debated by B. Robins and J. Jurin. D’Alembert declared that the limit 
was not reached and thereby assumed an attitude which has pedagogical advan- 
tages over that which transcends the imagination and thereby perplexes the 
young mind. In the nineteenth century the matter continued to be debated. 
Cauchy put no restriction upon variables reaching their limits. In 1817 Bolzano,° 
whose writings did not at the time receive the attention they deserved, was con- 
cerned with the limits of continuous functions which attain their limits. In 
Germany, Kliigel ® places no restriction in his definition, but, in the comments 
which follow, the variable is pictured as not reaching its limit. In 1871 Hermann 
Hankel’ starts out in his article “Grenze’’ by defining limit so that it is not 
reached; he uses infinitely small quantities. But to remove certain contra- 
dictions, he proceeds to develop a new definition which is free from restriction 
as to the attainment of the limiting value. In France, J. M. C. Duhamel ® 
held that the limit is never actually attained. This same view was adopted in 
England by De Morgan® and Todhunter,” and in the United States by Bledsoe. 


1G. G. Stokes, Transactions Cambridge Philosophical Society, vol. 8, 1847, p. 533. 

2P_L. Seidel, Abhandlungen der Math.—Phys. Classe d. Bayer. Akademie, Miinchen, vol. 5, 
1850, p. 381-398. 

3A. L. Cauchy, Comptes Rendus, vol. 36, Paris, 1853, pp. 454-459. 

4“ |. hae geneses in rerum natura locum vere habent et in motu corporum quotidie cer- 
nuntur.’? From Newton’s Quadratura curvarum, 1704, Introduction. 

5P. E. B. Jourdain, ‘‘The Development of the Theory of Transfinite Number,” Archiv der 
Mathematik und Physik, vol. 14, 1909, p. 297. 

6G.S. Kliigel, Art. “Grenze” in Mathematisches Worterbuch, Leipzig, 1805, vol. 2. 

7H. Hankel, art. “Grenze” in Ersch u. Gruber, Encyklopaedie, Series I, vol. 90, 1871. 

8 Duhamel, Llémenis de calcul infinitésimal, vol. 1. 

9A. De Morgan, “Limit,’’ Penny Cyclopaedia, 1839. 

10 J, Todhunter, Differential Calculus, 7th Ed., London, 1875, p. 6. 
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On the other hand, William Whewell! in England and Charles Davies,? another 
West Point graduate and professor at that institution and at Columbia, held 
that the variable does reach its limit. Davies says, “if these two quantities 
are thus to be separated, how can they be brought under the dominion of a 
common law, and enter together in the same question?”’ 

I illustrate the difficulties encountered by reciting views expressed in this 
country only forty years ago. If half a debt is paid, then half the remaining 
debt, and so on, Simon Newcomb argued that “since the debt is halved at every 
payment, if there was any payment which discharged the whole remaining debt, 
the half of a thing would equal the whole of it which is impossible.” “This is 
fallacious by proving too much,” says De Volson Wood,’ “Thus, by precisely 
the same argument, it may be proved that the minute hand of a watch can never 
overtake the hour hand, that two intersecting right lines can never intersect, that 
bodies at rest can never move, ete.” Newcomb‘ taught that the limit cannot be 
reached; hence, he said, uniform motion “entirely removes the problem from the 
class to which the method of limits applies.”” De Volson Wood declares that regu- 
lar polygons inscribed in a circle reach their limit under the following conditions: 
“Tf the apothem of an inscribed square should grow in length at a uniform rate, 
and if polygons of double the number of sides be conceived to be instantly 
described as the growing line becomes the apothem of an octagon, then of a poly- 
gon of 16 sides, and so on, the inscribed polygons will reach the circle in a finite 
time.” These are difficult questions on which not all mathematicians agree 
even at the present time. These are real difficulties that perplex students, and 
add mystery to the theory of limits. 

Modern authors relieve the student’s mind of this perplexity by ignoring 
altogether the question whether the limit is reached or not. It is now seen 
that the question is one of pure assumption. If we choose to make the limit a 
term in the range of the variable, the limit is reachable; otherwise it is not reach- 
able. Thus what was a brain-harrowing question for centuries now causes no 
more mental strain than does the deciding upon an extra lump of sugar for our 
tea. But the advances in the theory of limits due to Weierstrass and some of his 
followers have brought changes far more profound. The very idea of a variable 
has been remodeled. While capable of performing certain acts, there is one feat 
it can not perform: the variable cannot vary. Of a certain number of prescribed 
values, it takes, not every one collectively, but any one disjunctively. In general 
the concept of a variable moving from one value or position to another is 
abolished. ‘The modern variable has been stripped of every dynamic idea. No 
longer does it have to pass over an infinite number of steps in a finite time, or 
else wearisomely keep on stepping forever and ever. This modern theory of 
limits does not consider directly the question how the minute hand catches up 
with the hour hand. There is no attempt to reproduce in thought the image of 

1W. Whewell, Doctrine of Limits, Cambridge, 1838, p. xx, 18. 

2 Charles Davies, Nature and Uttlity of Mathematics, New York, 1873, p. 326. 


8 De Volson Wood, Analyst, vol. 9, 1882, p. 80. 
48. Newcomb, Analyst, vol. 9, 1882, p. 115. 
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what actually transpires in the motion of physical bodies. Some modern pure 
mathematicians listen with impatience when attempts are made to harness their 
theory of limits with time and space, with velocity and acceleration and other 
motions relating to the physical universe. They do not care whether Achilles 
won the race against the tortoise or not, for this paradox is due to a lack of 
precision of statement as to what constitutes the range of the variable. Theirs 
is a beautiful, but very abstract theory, possessing great logical perfection, in- 
volving concepts of “class,” “range of variable,” “neighborhood,” “difference,” 
“sequence.” We fear that this great gain has been made at considerable sacrifice 
of objectivity. These modern pure mathematicians cannot say with Newton: 
“These generations really take place in the nature of things and are daily seen 
in the motion of bodies.”” This modern limit-theory cannot be recommended 
to beginners of the calculus. The physical notion of “velocity” and the “slope 
of a curve”’ must be retained as great aids to the young student. 

Some defects of the old theory of limits were truly thorns in the flesh. For 
that reason it is not strange that the infinitely little constants of Leibniz, admitting 
of great simplicity of manipulation, were actually preferred by many able nine- 
teenth-century mathematicians. S. D. Poisson?! used infinitely small quantities 
in his Tratté de mécanique and he gave what seemed to him valid reasons for the 
real existence of such quantities. A. A. Cournot in 1841 gave what has been 
called the clearest philosophy of infinitesimal analysis that has ever been written.” 
Augustus De Morgan in London, and Bartholomew Price at Oxford believed in 
infinitesimals. Benjamin Peirce, the greatest pure mathematician of America 
before 1880, was an enthusiastic champion of the fixed infinitesimal. He said 
“With all the boasted rigor, the ancient Geometry can indeed lead to no result 
more accurate, none more to be depended upon, than those of the infinitesimal 
theory: and I doubt if any well constituted mind, well constituted at least for 
mathematical investigations, ever reposes with more confidence upon the one 
than the other.”” However, the consensus of mathematicians now favors the 
method of limits as more nearly meeting the ideals of logical rigor. While it has 
saved the calculus from being considered only a crude system of approximation, 
we can not deny that the treatment involving limits, even in its modern perfected 
form, lacks directness and simplicity, as compared with the system of infini- 
tesimals. In fact all experience testifies that it would be a pedagogical mistake 
for us to confine ourselves to the exclusive use of the derivative and to discard 
the differential. Lhuilier is the only prominent Continental writer who pursued 
that course. Nineteenth-century writers using the method of limits have 
habitually employed differentials as well. That is to say, from the derivative 
dy/dx = f'(x), they passed freely to the differential expression dy = f’(x)dz. 
But great diversity prevailed on the explanation of the differential. How can 
it be brought into consistent relation with the derivative? The view that dx 

18. D. Poisson, T'raité de mécanique, 2. Ed., vol. 1, Paris, 1833, p. 14. 


2Max Simon, Abhandlungen zur Geschichte der Mathem. Wissenschaften, vol. 8, Leipzig, 
1898, p. 128. 
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and dy were zeros was not satisfactory. With many writers dz and dy were 
fixed infinitesimals, the very kind of quantities which the method of limits aimed 
to eliminate. Some looked upon dz as an arbitrary finite increment of x, and dy 
as the corresponding increment of f(x)—a view that was in conflict with the 
definition of the first derivative. Only in this century have our text books 
reached substantial agreement by accepting as satisfactory an explanation 
given about a century ago by Lacroix and Cauchy. In 1797 Lacroix, after 
defining a derivative as a limit, defined a differential dy as being only a portion of 
the increment of the function; namely, that portion represented by the product 
of f’(x) and dx. Cauchy! brings out very clearly that the differentials thus 
defined have a ratio that is equal to the first derivative; that dy is completely 
determined when one has found the first derivative and agreed upon the value 
of dx; that dz is purely arbitrary and may be taken to be a finite constant or a 
variable infinitesimal. 

In brief retrospect, we see on the European continent the grafting of the 
Newtonian and pre-Newtonian concepts of limits upon the calculus of Leibniz; 
we see during the nineteenth century the gradual elimination of the mystic 
features and the hampering restrictions that clustered about the limit concept; 
we see the changes from a naive treatment to severe arithmetization. Enough 
of the modern movement is embodied in our elementary text books to relieve the 
mind of the embarrassment which the older defective theory engendered. 


THE FOUR-COLOR PROBLEM.’ 
By H. R. BRAHANA, University of Illinois. 


1. Origin. Of the origin of the problem, A. B. Kempe? in 1879 says: “It 
has been stated somewhere by Professor De Morgan that it has long been known 
to map-makers as a matter of experience—an experience however probably 
confined to comparatively simple cases—that four colors will suffice in every 
case. . . . Whether this statement was one merely of belief, or whether Professor 
De Morgan, or anyone else, ever gave a proof of it, or a way of coloring any 
given map, is, I believe, unknown; at all events, no answer has been given to 
the query to that effect put by Professor Cayley to the London Mathematical 
Society on June 13, 1878.” A later reference to an earlier date is made by 


Guthrie * in which he says, “Some thirty years ago . . . my brother,’ who had 
been attending Professor De Morgan’s class, “showed me the fact that the 
greatest necessary number of colors . . . is four.” Professor De Morgan was 


pleased with the result and was in the habit of acknowledging to his classes the 
source of his information. The brother’s proof, however, “did not seem al- 
together satisfactory to himself.”’ 

1Cauchy, Lecons sur le Calcul Différentiel, Paris, 1829; Oeuvres, 2. Serie, vol. 4, p. 289. 


2For additional references, see Encyklopddie der Math. Wiss., III, AB3; also Errera (cf. 


reference § 5). 
3 American Journal of Mathematics, 2 (1879), p. 193. 
4 Proceedings of the Royal Society of Edinburgh, 10 (1880), p. 727. 
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The problem is still unsolved. It has afforded many mathematicians experi- 
ence and very little else. 

2. Statement of the problem. The problem may be stated as follows: Given 
on the surface of a sphere any map, each region of which is such that any two 
points on its boundary can be joined by an are made up wholly of points of the 
boundary, is it possible to color the map with four colors so that no two regions 
which touch along an arc have the same color?! 

3. The problem in general. It is obvious that there would be a similar 
problem for a surface of genus 1, the anchor ring; another for a surface of genus 
2,andsoon. A natural conclusion to draw off-hand would be that if the problem 
in the case of the sphere is difficult, the similar problems would become in- 
creasingly more difficult as the value of the genus increases. This conclusion is 
contrary to experience. The problem has been completely solved for each value 
of the genus ~, between 1 and 6, and the way pointed out for p > 6. Heawood? 
solved the problem for p = 1, and indicated the method of procedure for each 
other case. His method is given here because the point of difference between 
the problem on the sphere and that on a surface of higher genus is interesting. 
First we need only consider maps on which there are three and only three 
lines at every vertex—such a vertex is said to be of degree 3. For, suppose P 
(Fig. 1) is a point at which there are n (n > 3) lines, we may move one end of a 
along b to the position indicated by the dotted line. This 
introduces a new vertex of degree 3 and reduces to n — 1 
the degree of P. It is evident that if the second map M, 
can be colored with k colors, the first one M may be given 
the same colors, for on returning from M, to M we introduce 
no new contacts between regions. Now if M, contains a ver- 
tex of degree n greater than 3, we may obtain an M, that has 
one more vertex of degree 3 and has a vertex of lower degree in place of the 
vertex of degree n in M,. This may be continued until there are no vertices 
of degree greater than 3. The system of vertices and lines joining pairs of ver- 
tices is called a lenear graph. If the vertices are all of the same degree the graph 
is regular, and the degree of a regular graph is the same as the degree of one of 
its vertices. We may note that in a regular graph of degree 3, 2H = 3V, where 
Eis the number of lines and V is the number of vertices. 

Next Heawood obtains a number that he calls the average number of contacts 
for the map. This is 2H/F where F is the number of regions in the map. Since 
each line is on the boundary of two regions, it is evident that if we count the 
number of sides ® of each region and add all these numbers, the sum will be 2E. 
Now, making use of the generalized Euler formula V — H+ F = 2 — 2p, where 
p is the genus of the surface, and of the relation 2H = 3V, we get an expression 


Fig. 1. 


1 We do not consider the problem of giving the same color to two distinct regions; we con- 
sider no countries of more than one region. 

2 Quarterly Journal of Mathematics, 24 (1890), p. 332. 

’ By side of a region we mean an arc along which it borders a single region. 


236 THE FOUR-COLOR PROBLEM. [ July—August, 


for the average number of contacts in terms of p and F as follows: 


2b (p — 1) 
= 6+ 12 a 

For each value of p it is possible to find a value for F that makes 2E/F a 
maximum. The smallest integer n, greater than this maximum is evidently a 
maximum for the number of colors required for any map on a surface of genus p. 
For, consider the map M of & regions where & is a number such that any map of 
fewer than & regions can be colored with n, colors; M must contain at least one 
region of fewer than n, sides since ny is greater than the average. Let a;? be 
such a region and a; one of its sides with ends at a;° and a,®.! Let ae! and az! 
be the other two lines with ends at a,°, and a4! and a;! the lines with ends at a,°. 
Then by removing the side a,' replacing ao'a1°a3' by a line ag', and a4'a°as! by a 
line a7! we get a new map whose linear graph is regular and which contains one 
fewer regions than the original map. ‘This map may therefore be colored with 
Ny colors; only n» — 1 of them can appear about the region a;’?, and so we may 
return the region a, giving it the n,th color. Obviously & > ny, so our induction 
is complete. 

The following are values of n, for small values of p. no = 6, ni = 7, no = 8, 
n3 = 9, lg = 10, ls = 11, ne = 12, ny = 12, lg = 13, ng = 13. 

Next Heawood sought a minimum m, for the number of colors that would be 
required that one might be assured that any map on a surface of genus p could 
be colored with m, colors. His method is to determine a number m, which is 
such that the average number of contacts ism, — 1 (in general, a map for which 
this is true does not have a regular graph). The proof of the validity of m, for 
a minimum is complete only when a map of m, regions each touching each other 
region on a surface of genus 7 is given. He gave the map for p= 1.2. The 
value of mo is 4, m1 = 7, m2. = 8, and he showed that this number m, is the same 
aS N» for p > 0. The sphere is the only surface for which the two do not agree. 

4. Kempe’s solution. Not only did Heawood treat rather successfully the 
problem for surfaces of higher genus, but he pointed out an error in the solution 
of the problem for the sphere that had been given by A. B. Kempe (cf. § 1) and 
that had been generally accepted as correct. Kempe showed that we need 
consider only maps whose graphs are regular and of degree 3. He introduced 
the notion of chains which has probably come in for consideration by everybody 
who has worked on the problem since. 

The work which follows uses the same considerations as Kempe used but is 
in a different form. We will use a method of induction. Four colors suffice for 
any map of four regions. Then either four colors suffice for any map, or there 
exists a map of & regions that cannot be colored with four colors, where & is such 

1 By this notation we designate with a superscript the dimensionality of the element,—thus, 
a;° is a point, a;' is an are, a,? is a region. 

2 Heffter gave the maps for p = 1, 2, --- 6. Mathematische Annalen, 38 (1891), p. 477. 


Another set of ‘‘maps of verification” is given for p = 1, 2, 3, by the author in a paper soon to 
appear. 
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a number that any map of fewer than & regions can be colored. We investigate 
this hypothetical map M of & regions. 

Now M contains no two-sided region, also no triangular region, for if it 
does contain one of either kind, we remove one side and combine it with one of 
the surrounding regions; the resulting map can be colored. No more than 3 
colors are used around the region. We introduce it again giving it the fourth 
color and so get M colored in four colors. 

Likewise, it can have no four-sided region. Here we make use of the notion 
of chains. Suppose M has a four-sided region. We remove one side of it com- 
bining it with one of the surrounding regions. The resulting map can be colcred. 
The regions surrounding the four-sided one may be colored in order A, B, A, and 
C’, in which case we give the fourth color D to the four-sided region. Or they 
may be colored A, B,C, and D (Fig. 2). In this case 
let us consider the group of regions, each region hav- 
ing the color A or the color C, that can be reached 
starting with region a7 of the figure and adding to it 
every C' region which touches it, then adding each A 
region that touches one of these C’ regions, and so on. 
This group of regions Kempe called an AC chain. Two 
AC chains can have no vertices in common, and no regions in common. No 
BD chain can cross an AC chain. 

Now either the AC chain beginning at a,” contains region a3? or it does not. 
If it does, then the BD chain beginning at a2? does not contain a4’, and if we 
interchange B and D on that chain we have but three colors about a;? and may 
give it the color B. In the opposite case we interchange colors A and C on the 
chain starting at a,” and give a,” the color A. 

Next, as Kempe showed, there must be five-sided regions in M. Let a; be 
the number of 7-sided regions in the map, and suppose there is no region with 
more than I sides. Then >~)-.a; is the number F. Also, 2H = >°justa:, for the 
latter is the sum of the sides of countries, which gives every line twice. Also 
2h = 3V. Using the Euler formula, we get 


Cg 


Fia. 2. 


Ada + 38a3 + 2a, + as = 12 + >i — 6)a;. 


We have already shown that az = a3 = a4 = 0, So as is at least 12.1 

Let us make a short digression to observe that five colors are sufficient for 
any map on a sphere. It is evident that the minimum map which cannot be 
colored in five colors must contain a five-sided region. Let one such region a,’ 
be removed as above and let the map be colored. The only possibility that 
need engage our attention is the case where the regions a2”: - -a¢” about a;” have 
the colors A, B, C, D, and E respectively. The AC chain beginning at a” con- 
tains a,2 or does not. In the first case the BD chain beginning at a;” does not 


1 By considering the number of lines, Wernicke (Mathematische Annalen, 58 (1901), p. 413) 
shows that there must be a pentagon adjacent to another pentagon, or else to a hexagon. 
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contain a;, and after permuting B and D on this chain we may give the color 
B to a2; in the opposite case we interchange A and C on the AC chain beginning 
at do” and give a,” the color A. 

Returning to our problem, let a,? be the five-sided region (Fig. 3) surrounded 
by do?-++a62. The only case to consider is the one 
where d2---ag? take the colors A, B, A, C, and D 
respectively. 

First let us notice that the BC chain beginning 
at a3? must include a;?, otherwise we may inter- 
change colors B and C on this chain and then give 
the color B to a2. Also, the BD chain beginning 
at a3? must include a”, otherwise we may interchange 
B and D on it and give a;? the color B. As a result 
of the first chain it follows that the AD chain 
which contains a, does not contain as’ and that by interchanging A 
and D on it we have two D countries and only one A country touch- 
ing a2. Or, as a result of the second chain we may interchange A and C 
on the chain beginning at a2, without changing the color of a;”._ Kempe inter- 
changed the color on the AD chain, giving a,’ the color D, and leaving the others 
unchanged, and then he interchanged the colors on the AC chain, giving a,” the 
color C and leaving the others unchanged. Thus he was able to give a,’ the 
color A. As Heawood pointed out, he failed to notice that after the first change 
it is no longer necessary that the BD chain beginning at a3' shall contain ag’. 
If this chain does not contain a2, then an interchange of A and C on the chain 
beginning at ao? would put C at a2” and A at a;’ and there would still be four 
colors about a;2.. Heawood not only pointed out this fault in the argument but 
he presented a map where the difficulty suggested above was actually realized. 
This map did not, however, disprove the theorem that four colors suffice, for he 
gave a way of coloring it. 

5. The results obtained by use of chains. In a paper entitled du Coloriage 
des Cartes et de quelques Questions d’ Analysis Situs 1 Errera carries to its conclusion 
another method of attack. The conclusion is, as often happens with this problem, 
an example which shows that the method will not solve the problem. His 
method is as follows: Make the first interchange of colors as in the paragraph 
above. This gives the color D to a. Then we may suppose that there is an 
AC chain containing both a)? and a;*. Interchange B and C on the chain be- 
ginning at a22. He continues in this manner; each step, once the first change 
has been made, is determined. If at any time any of these chains joining certain 
pairs of regions are missing, the map can be colored. Either that must happen 
or else the process continues indefinitely. Errera hoped to prove that the latter 
was impossible. 

There are but a finite number of ways of putting four colors on a finite number 
of regions, so the operation he describes must lead at some stage to the original 


1 Paris, Gauthier-Villars et Cie. (1921). 


Fig. 3. 
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map. He notes that only after the twentieth operation do the same colors 
occupy the same positions around a,’ as at the beginning. This does not mean 
that the whole map has taken its original coloring, but rather that the number of 
operations required to return the map to its original state is a multiple of 20. 
He hoped to show that no map could have twenty substitutions as the whole or 
part of its period, and thus that the process would always lead to a map that 
could be colored. He ended by constructing a map of 17 regions which took on 
its original coloring after 20 operations. Also he gave a way of coloring the 
map, thus leaving the problem as much a problem as ever. 

In a paper “On the Reducibility of Maps’’! Birkhoff uses the notion of 
chains. He defines a ring as a set of & regions ajd2 --+ a, “such that each of these 
regions has a boundary line in common with the one preceding and following it 
in cyclical order, but with no other region of the set. A ring R of regions of this 
kind divides the map into two sets of regions M, and M, which together with R 
make up all the regions of the map.” He then attempts to color the partial 
maps M,+ R and M,+ R in such a way that the regions of R will have the 
same colors in both cases or in such a way that by the use of the Kempe chains 
the regions of R can be given the same colors in both cases. Then putting the 
partial maps together, one could get the original map colored. He is able to 
show that the minimum map &M (§ 4) contains no rings of four regions; no ring 
of five regions except about a single region; no ring of six regions surrounding 
onlv five-sided regions where the number of such regions is greater than 3; and 
no ring of nm regions within which are n 5-sided regions surrounding a n-sided 
region; and no ring of 4n regions within which are 2n 6-sided regions about a 
single region. 

6. Other forms of the problem. There are other interesting forms of the 
problem. We are considering only the problem of regular maps—maps whose 
linear graphs are regular and of the third degree, and which contain no 1-, 2-, 
3-, or 4-sided regions. 

One way to treat the problem is to consider only the linear graph of the map. 
Tait ? was the first to notice that the problem was identical with the problem of 
assigning numbers 1, 2, and 3 to the lines of the graph in such a way that a 
line bearing each number would be at each vertex. 

To see that the two problems are equivalent suppose first that a given map 
has been colored in four colors and consider the countries at any vertex. If we 
number the lines according to the following scheme, 


1-4 ¢ 
BD 
9-A_B 
C D 
A B 
3 == @ 


1 American Journal of Mathematics, 35 (1913), p. 115. 
2 Proceedings of the Royal Society of Edinburgh, 10 (1880), p. 501. 
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by which we mean that a 1-line is between an A country and a B country or 
between a C country and a D country, and so on, we see that every vertex will 
have a l-Jine, a 2-line and a 3-line. 

Conversely, suppose we have the numbers 1, 2, and 3 attached to the lines 
in the above-described manner. We may assign the color A to any region a? 
and the color of every other region is determined. 

To see that no two adjacent regions are given the same color, consider two 
consecutive sides of the region a,;? which was given the color A. One of those 
sides must be either a 1-side or a 2-side. Such a 1-line or a 2-line will be included 
in some (1 — 2) circuit—z.e., a set of lines I,l2---1, where 1, and l. have a vertex 
in common, /, and /3, and so on to J, and J, and where J, is a 1-line, J, is a 2-line, 
lz is a l-line, and so on. Such a circuit must contain an even number of lines 
and an even number of vertices; there must be a 3-line at every vertex of the 
circuit. All of the 1-lines and 2-lines constitute a set of circuits of the above 
type. <A (1 — 2) circuit divides the sphere into two regions, one of which may 
be called the inside of the circuit and the other the outside. There may or may 
not be (1 — 2) circuits inside of a given (1 — 2) circuit C; if there is a single 
(1 — 2) circuit C; inside of C, then C; is connected to C by an even number of 
3-lines. For C, has an even number of vertices and an even number (which 
may be zero) of those are joined in pairs by 3-lines. The remaining vertices, of 
which there are an even number, must be joined to C by 3-lines. If C isa circuit 
with n circuits Cy, Co, ---, Cy, inside, no one of which contains more than one of 
the others inside it, then C is joined to the system by an even number of 3-lines; 
for each C; (1 <7 S n) has an even number of vertices joined by 3-lines to some 
circuit outside it, and so there will be an even number for the whole system, 
and each 3-line joining two of them reduces by 2 the number of 3-lines joining 
the system to C. Thus we see that there are an even number of 3-lines going 
outward from C. 

Now let the circuit which touches the region a;2 be C. The region a, is 
given the color A. Then color every region that touches the circuit C and that 
can be reached from a,’ by crossing 3-lines. If this method ever leads us back 
to a,” we must have crossed an even number of 3-lines and so a,2 would not be 
given a color different from A. If this set of regions which has just been colored 
touches any other (1 — 2) circuit, we may continue crossing 3-lines and coloring 
regions A and D without ever coming to a contradiction. When this has been 
carried as far as possible we will have obtained a Kempe chain. Now cross a 
1-line or a 2-line from any region of this chain. According to the table above, 
this leads to a B region or a C region. From this continue crossing 3-lines as 
before and assigning colors according to the table. This gives a BC chain. 
Continuing in this way as long as there are any uncolored regions, we finally 
arrive at a coloring of the map. Thus we have shown that the two problems 
are equivalent. 

We will now introduce the following definitions: 

The number of vertices of a linear graph is called the order of the graph. 
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A regular graph is said to be factorable if it is possible to select a set of lines 
of the graph that constitutes a regular graph of the same order but of lower degree; 
the set of lines selected is one factor, and the remaining set of lines is the other. 

A leaf is a part of the graph that is connected with the remainder by a single 
line provided it contains no such part itself. 

An affirmative to the map problem is equivalent to the following theorem: 

Any regular graph of degree 3 which contains no leaves and which can be put on 
a sphere can be factored into three first degree factors. 

Tait, accepting Kempe’s solution and believing that he had solved the problem 
in several ways himself, stated this theorem as a corollary. (Cf. reference above.) 

The most that has been accomplished in this direction is the statement and 
proof by Petersen ! of the following theorem: 

Any linear graph containing less than three leaves can be factored into a first 
degree factor and a second degree factor. 

It follows a fortior: that the linear graph of a regular map on a sphere can be 
factored into a linear and a quadratic factor. This second degree factor is made 
up of a number of circuits, which may, however, contain an odd number of ver- 
tices and lines. 

We may go a step further in refinement. The problem of attaching numbers 
1, 2, and 3 to the lines of the linear graph so that one of each kind is at every 
vertex is equivalent to the problem of attaching + 1 or — 1 to each vertex so 
that the sum of the numbers on the vertices of any circuit is equal to zero (mod 3). 
Heawood? was the first to put the problem in this form. Veblen® applied 
modular equations to the problem and so translated it into a problem in finite 
geometry. 

Let the number of vertices be ao, the number of lines be a1, and the number 
of regions be ae. Suppose we were to attach a number to each region, each 
number to represent a single color and no two distinct numbers to represent the 
same color. The condition that two adjacent regions have the same color could 
be expressed by the modular equation 


Ya t+ yo = 0 (mod 2), (1) 


where ya and yp, are the numbers attached to the regions a and b which touch 
along a particular line. For every line we may write an equation of the above 
type. The problem may then be considered as the problem of finding a set of 
a2 values (y1, Ya, °** Yo,)) Where y; may have any one of four values, which does 
not satisfy any of the a; equations (1). 

He then takes the field GF(2) consisting of 0 and 1 combined modulo 2 and 
extends it by the Galois imaginaries + satisfying the relation 2 + 7+ 1= 0.5 
1 Acta Mathematica, 15 (1891), p. 193. A second proof was given by the author, Annals of 
Mathematics, (2) 19 (1917), p. 59; and later a proof was given by Errera (loc. cit.). 

2 Quarterly Journal of Mathematics, 29 (1898), p. 270. 

3 Annals of Mathematics, 25, 14 (1912), p. 86. 

* For a discussion of Galois imaginaries see Dickson: Introduction to the Theory of Algebraic 


Equations, p. 42 ff. 
54 is no longer used as an index. 
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The extended field GF(2?) has four elements 0, 1,2 andz-+ 1. A set of values 
(Yi, 2) *** Yo,) may be considered as a point on a finite projective space of a, — 1 
dimensions provided we exclude the set (0, 0, --- 0) and consider (kyi, hye, 
-+» ky,) to be the same point as (yi, Y2, *** Yo,)- If the variables y; range over 
the GF (2) there will be 2% — 1 points in the space, if they range over the GF(2”) 
there will be (4% — 1)/3 points. The first space is included in the second and 
the points of the second not included in the first may be regarded as imaginary 
with respect to the first space. 

Each of equations (1) represents an (a: — 2) space. Any point which does 
not lie on any one of these (a2 — 2)-spaces represents a solution of the problem. 
In general, no real point can represent a solution because then the map would 
require but two colors which is impossible when the map contains a vertex at 
which there are an odd number of regions. Every imaginary point is on one 
and only one real line. But if (yi + ty1’, yo + tye’, °° Yor + Yoo) Satisfies one 
of the above equations, so must (yi, yo, °** Ya.) and (y1', Yo, *** Yoo), and con- 
versely. Hence a solution is given by each real line which does not le on any of 
the (a2 — 2)-spaces which are represented by equations (1). 

He also states the problem in terms of modular equations in a form equivalent 
to the theorem on linear graphs, and still again in a form equivalent to the 
problem of attaching numbers + 1 and — 1 to the vertices. The only question 
remaining is whether or not the systems of equations have solutions. Similarly, 
Birkhoff ! gives a formula for P,(A), the number of ways in which a given map 
of n regions may be colored in Xd colors. This, however, does not settle the 
question, for we have vet to find out whether or not P,(4) is positive for all 
values of n. 

Finally, Franklin? arrives at the rather disheartening conclusion that the 
most we can say about the minimum uncolorable regular map, taking account 
of all the reductions that have been made and many more which he makes 
himself, is that it contains at least 26 regions. He gives a map of 42 regions to 
which none of the reductions apply. He establishes by a method similar to that 
used by Birkhoff (see § 5) that the minimum uncolorable regular map does not 
contain: 

(1) A side of a hexagon surrounded by the hexagon and three pentagons; 

(2) A pentagon in contact with three pentagons and a hexagon; 

(3) A pentagon surrounded by two pentagons and three hexagons; 

(4) An even sided region completely surrounded by hexagons and (some or no) 
pairs of pentagons, the two of each pair being adjacent; 

(5) A pentagon surrounded by four pentagons and two hexagons; 

(6) A 2n-sided region surrounded by 2n — 2 pentagons and two other adjacent 
regions; 

(7) A (2n — 1)-sided region surrounded by 2n — 2 pentagons and one other 
region. 

1 Annals of Mathematics, 25, 14 (1912), p. 42. 

2 American Journal of Mathematics, 24 (1922), p. 225. 
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By a method similar to that used by Wernicke (see footnote, § 4), he shows 
that, as a result of the above and other like restrictions on the minimum un- 
colorable map, it contains one of the three arrangements which follow: 

(1) A pentagon adjacent to two other pentagons; 

(2) A pentagon adjacent to a pentagon and a hexagon; 
or 

(3) A pentagon adjacent to two hexagons. 


A GRAPHICAL TREATMENT OF MIXTURES. 
By F. E. WOOD, Northwestern University. 


1. Introduction. Mixtures of Two Substances. Let the points of a line 
segment P,P, of unit length represent mixtures of two materials P; and P2, the 
mixture of a; parts of P; and a2 parts of P, being represented by the point whose 
distance from P,; toward P,» is ae/(ai1 + a). Evidently its distance from P2 will 
be a;/(a; + a2), and the points P,, Pe will represent 100 per cent. of Pi, Pe 
respectively. We take as the codrdinates of the general point P the values 
a;/(ay + a), d2/(a, + ae). In order to find the point corresponding to a mixture 
of a, parts of P; and a parts of Pe. we divide the segment P,P. by a point M such 
that P;M/MP, = az/a;, the point M being the desired point. 

Corresponding to each point between P,; and P» there is a possible mixture 
of the two materials P; and P., and conversely for each possible mixture there 
will correspond a point between P; and P,. To find the mixture corresponding 
to a point M between P,; and P, we determine the ratio P}M/MP, =r; then 
the mixture is composed of p/(1-+ 7) parts of P,; and pr/(1-+ 1) parts of Pe 
(9 being a proportionality factor). Two mixtures will have the same corre- 
sponding point if and only if they have the same value of a2/ai, so that the point 
corresponding to a mixture depends upon the composition only, and is not 
affected by the amount of the mixture. Due to this correspondence between 
mixtures and points on a segment, we shall in the sequel speak of the point 
M(a,, a2) where the codrdinates of M are a; and de respectively (a; + a: = 1), 
and the mixture M(a;, a2) where the mixture M is made up of a parts of Py 
and a2 parts of P, and a; + a2 = 1; between the point M and the mixture M 
there is a unique correspondence. To a point upon the line P,P2, but not 
between P; and P2, there would correspond an impossible mixture, since a negative 
amount of one material would have to be taken. 

Consider two mixtures of P; and P2, Mi(a1, a2) and Mo(bi, be). Let M denote 
a mixture of k; parts of A and ky parts of B, where ki + kp = 1; the mixture 
M(m, mz) contains kya; + keby parts of Py and kid, + kebe parts of Ps. Since 
P,A = a, PiM = m, P,B = be we find that M,M/MM, = ke/k,; therefore 
the point corresponding to a miature of any two mixtures of P, and P, may be found 
in the same way as the point corresponding to a mizture of P1 and Po, the required 
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point being the one which divides the segment corresponding to the two mixtures in 
the inverse ratio to the parts of each mixture taken. 

To each point upon the segment J/,M~> there corresponds a possible mixture 
M, and Me, and for each point on the line M,M,. but not on the segment M,M, 
there corresponds no possible mixture. 

2. Mixtures of Two Diluted Solutions. Some mixtures contain two valuable 
or important substances and a third unimportant or valueless one (as an ore 
containing lead, silver and refuse, or a stock food containing protein, carbo- 
hydrates and “roughage’’) where the percentage of the amount of the valuable 
constituents to the amount of the whole mixture is relatively unimportant. We 
will denote the substances regarded as valuable “active’’ and the one which 
dilutes them “inactive’’; in such mixtures only the ratio of the one active sub- 
stance to the other active substance is important, so that ratio mixtures only are 
to be considered. Two ratio mixtures will be said to be equivalent when the 
percentages of the active substances which enter are in the same ratio for each 
mixture. The concentration of a ratio mixture is defined as the ratio of the amount 
of active substances to the total amount of the mixture. It is the sum of the 
percentages of the active substances. The concentration of a mixture containing 
two undiluted substances is unity. It is evident that an equivalent mixture to 
any ratio mixture which can be obtained from two substances of concentration 
unity can also be obtained when the concentrations of the active substances 
have been altered by the addition of an inactive substance, and conversely. 
The only changes which arise will be in the formulas. 

Let the concentrations of P; and Pz be denoted by a; and ae respectively; 
then to a mixture of a; parts of P; and a2 parts of P. we make to correspond a 
point M on the unit segment P,P. such that PiM = aea2/(aia; + aea2), whence 
MP. = ayay/(a;01 + dea). For, suppose P;’ and P,’ to be ratio mixtures made 
from P; and P», by the addition (or extraction) of the inactive substance to such 
an extent that the concentrations of P,’ and P,’ are each .01, then one part of 
P, will have as much of the active substances as 100a; parts of P;’, and one part 
of Pe as much as 100a¢ parts of Pe’; so a ratio mixture M’ equivalent to M can 
be made 100a;q; parts of P,;’ and 100d2q2 parts of Pe’ whence the codrdinates of 
M’ would be aya;/(aia1 + Gece), Gea2/(aia; + deae). Since the point M’ corre- 
sponds to all mixtures equivalent to the mixture M’, it will coincide with M, 
whence P,M = Ade / (ara + ee) as stated. 

To determine the point M corresponding to a ratio mixture M of a; parts 
of P; of concentration a; and a2 parts of P. of concentration a, we divide the 
segment P,P. by a point M such that PiM/MP2 = azaz/aia;. To determine 
the ratio mixture which corresponds to a point M upon the segment P,P, we 
determine the ratio P}M/MP, = 1, then deae/aja, = r, ay + a2 = 1; so we find 
G1 = a2/(a2 + rai), dg = rai/(a2 + ra;). As in paragraph 1, we can show that 
a mixture of any two diluted mixtures has its corresponding point upon the 
segment determined by the diluted mixtures, and the position of the point for a 
given mixture can be similarly obtained. 
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3. Mixtures of Three Substances.! If mixtures of three substances Pi, Pa, 
Ps are to be considered, we take an equilateral triangle whose sides are each of 
unit length and whose vertices are P;, Po, 
P;. A mixture of a; parts? of Py, a parts 
of Pe, and a3 parts of P3 will be represented 
by a point Q within the triangle, which 1s 
determined as follows: upon the segment 
P,P. determine a point Qs; such that PeQs 
= @,. Similarly upon the segment P2Ps 
determine the point Q; such that P3Q) = ae; 
draw a line through Q3 parallel to P2Ps 
and a line through Q; parallel to P3P,; 
these two lines meet in Q, the required point. 
We denote by (a1, Ge, a3) the codrdinates 
of Q, which lies within the triangle when the coérdinates are all positive. 

Through @ draw a line parallel to P,P, meeting P,P3 in Qe and P3P. in M, 
and a line through Q; parallel to P:P. meeting P,P; at N. Then P3Q; = P3N; 
P1Qo = P1Qe; PQs = QM = QQ: = Q2N so that P3Qi + PiQe + P2eQs = PiPs 
= 1]. Since P3Q1 = ae, P2Q3 = di, G1 + ae + a3 = 1, it follows that PiQo = as, 
so that the same point Q would be obtained by using any two of the three values 
Qi, do, a3. This justifies calling (a), ae, a3) the codrdinates of @. In the sequel 
we shall call Qi, Qo, Q3 the projections of Q upon the sides of the triangle Pi P,P; 
in the proper order. The vertices of the triangle P,;P2Ps3 correspond to the 
substances Pi, P. and P3; the points on each of the three sides correspond to 
mixtures of two substances only, and the points within the triangle to mixtures 
of all three substances. 

To determine the point Q(qi, g2, g3) corresponding to a mixture Q(q1, qe, qs) 
we proceed as already indicated;* to determine a mixture corresponding to 
point Q within the triangle we find the projections of Q, namely Qi, Qs, Q3, upon 
the three sides of the triangle, then qi, go, g3 are obtained from the equations 
P.Q3 = qi, P3Q1 = go, PiQe = qs, and give the required parts. 

4. The Use of a General Triangle for Mixtures of Three Substances. It is 

1 Methods of setting up a correspondence between the points of a triangle and mixtures of 
three substances have been given by Gibbs, Transactions, Connecticut Academy, vol. 3 (1876), 
p. 176, and by Roozeboom, Zeitschrift fiir physikalische Chemie, vol. 15 (1894), p. 145. See also 
Bancroft, The Phase Rule. 'The method used here is capable of easy generalization (see paragraph 
4) and leads to some results (see paragraphs 5-8) which the writer believes to be new. The 
codérdinate system set up is the one usually known as Areal; see C. A. Scott, Modern Analytic 
Geometry, and Askwith, Analytic Geometry of the Conic Sections, chapter XIV. A recent treatment 


of the applications of this method can be found in Haskell, How to Make and Use Graphic Charts, 
pp. 30-36. 

2 In the remainder of this paper by “‘parts”’ will be meant percentages of the whole mixture. 

’In this representation of mixtures of three substances by points within an equilateral tri- 
angle, one may start in either of two ways. The intersection of the line through Q parallel to 
P.2P3 with PiP; instead of P:P: might have been taken. In either case the three lines through Q 
must be taken parallel to the three sides of the triangle in a cyclic order, and the distance to the 
projection on each of the three sides must be measured from the vertex which is on the side parallel 
to the projecting line. 
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evident that the equilateral triangle with unit side, which has been used in the 
previous paragraph, might be replaced by an equilateral triangle with side equal 
to p, provided the distances measured upon the sides were pay, pd2, pa3 instead 
of dj, G2, a3 respectively, as this would merely magnify (if p > 1) the original 
configuration. In such a case one measures a; along the side of the triangle, 
regarding the side of the triangle as of unit length. 

If one wishes to consider a mixture of three substances, each of which is a 
mixture of three fundamental substances, difficulty is encountered because the 
three points which correspond to the three mixtures will not in general form an 
equilateral triangle; so that we need a method for determining the point corre- 
sponding to a mixture of three substances when the corresponding triangle is 
arbitrary (except that the three vertices must not be collinear). This method 
follows: Let PiP:P3 be a triangle with sides P,P. = d, Po.P3 = pw, P3Pi = v. 
The point @ corresponding to a mixture Q whose percentages of Pi, Po, P3 are 
1, Az, a3 respectively is determined as follows. On the segment P,P, determine 
a point Q3 such that PoQ3 = Aai, upon PP; determine Q; such that P3Q1 = ude, 
draw a line through Q3 parallel to P:P3, and a line through Q; parallel to P3P,; 
these two lines meet in Q, the required point. 

In order to justify this method, one needs to show that if a line through Q 
parallel to PiP, meets P;P3 in Qe, then PiQ. = vas, for then the point Q is the 
same whichever pair of the coordinates (a, a2, a3) is taken. To show that this 
is true, prolong QQ. to meet P2P3 at M, and draw a line parallel to PiP, through 
Q, meeting P3P; at N. Then using similar triangles 


Nar = PQs = QM = * 00: ~ XQ, 
whence Q2N = vai, 
udy = PQ, = ” PAN, 


whence P3N = pao, so that PiQo = v — vay — vag = va3. 

The method in this case is merely to measure from the proper vertices the 
distances a1, de, 43 upon the three sides regarding in each case the length of the 
side as unity, and to draw lines through these points parallel to the sides of the 
triangle in the proper order, the three lines so drawn meeting in the required point. 

5. Mixtures of Mixtures of Three Substances. Let 4, B, C denote mixtures 
of Pi, Ps, P3 and also denote the points corresponding to those mixtures; let 
the codrdinates of A, B, C be A(a1, a2, a3), B(bi, be, b3) and C(e1, cs, ¢3). Let 
M denote a mixture of A, B, C with coordinates M(u1, ue, ws) with respect to 
the triangle ABC (see Figure), the point M corresponding to the mixture M 
being determined with respect to the triangle 4 BC by the method described in 
paragraph 4. We wish to show that the point M so determined corresponds to 
a ratio mixture M of the substances P,, Po, P3 which is made up of m, parts 
of A, uw. parts of B and ys parts of C. We denote the composition of A by the 
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symbolic equation A= a1P 3 + doP» + a3P3;3 similarly B= 6,P, + bo Ps ~+ b3P3, 
C= cP, + coP. + o3P3, M = mA + weB + p3C, whence 


M = (Mid4 ++ Moby ++ MsC1) Py 
+ (Mids ++ [obo + [s3C2) Ps 
++ (u1d3 ++ Lod ++ UsC3) Ps. 


We wish to show, then, that the codrdinates of M with respect to the triangle 
P,P,P3 are (uidy + obi + MsC1, bide + Lobe + psC2, Mid3 + Mobs + [sC3). Let 
As, Bs, C3, Qs be the projections of A, B, C, M upon the side PiP:; draw MM; 
parallel to BC and meeting AB at Ms, and let 7 denote the projection of M3 
on the side PiP:. Then P2A3 = a; — hi, and by similar triangles 


AsB3 _ Ag3l's or ay — by A3l'3 
AB AM; —hX A(1 — pw) 


whence A373 = (1 — pi)(b1 — a1); also 


MMs; _ Qs T's or Mos _ Q37'3 
CB C3B3 yg Cy — Oy 


whence Q31'3 = u3(Cy — by). 

Therefore PQs = P,A3 + Ag3l’s + T3Q3 = M101 + poy + M301, which is the 
first codrdinate of M with respect to PiP,P3; a similar method will determine 
the other two coordinates. 

The theorem just proved has several important corollaries: 

1. If the points corresponding to three mixtures A, B, C of three substances 
P,, Ps, P3 are plotted and taken as the vertices of a triangle, then a fourth mixture 
M can be made from the mixtures A, B, C if and only if the point M corresponding 
to this mixture M lies within or on the boundary of the triangle ABC. 

2. If the point M corresponding to a mixture M lies within the triangle 
corresponding to three mixtures A, B, C, the parts of A, B, C which will give 
the mixture M may be determined as follows (see Figure): draw the projections 


of M upon the triangle ABC, viz., Ms, Mi, Ms; then 


_ BM; _ CM, AM, 
Mm BA’ Be OR’ MB = TO 
are the required values. 

3. If the point M lies on one side of the triangle ABC, then the mixture M 
can be made up of two of the three mixtures A, B, C. 

4, The various mixtures which result from taking a fixed proportion of A, 
and varying the proportions of B and C, have their corresponding points upon 
a line which is parallel to BC. 

5. If the points corresponding to three mixtures lie upon a line, then one of 
the mixtures can be obtained from the other two, and all the mixtures of the 
three will have their corresponding points on a line. 
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6. Mixtures of Three Diluted Substances. A treatment of mixtures of four 
substances would require the use of a tetrahedron in. space. However, the 
previous discussion and results may be extended to include mixtures of three 
active substances and one inactive substance. If the concentration of each of 
the substances considered is the same, the extension is immediate; otherwise 
some additional argument is necessary. 

Let A, B, C be three mixtures of the active substances Pi, Po, Ps and an in- 
active substance; let the codrdinates ! of the corresponding points be A (a, as, as), 
B(bi, bs, bs), C(e1, C2, ¢3) and the concentrations be a, 6, y respectively. Let 
A’, B’, C’ be mixtures equivalent to A, B, C, each having a concentration of .01. 
Then a mixture M’ equivalent to a mixture M made from wi, pe, ms parts of 
A, B, C respectively could be made from 1001, 100428, 100usy parts of A’, B’, C" 
respectively. Hence the codrdinates of M’, and so of M, are proportional to 
uid, p28, wsy. The point M may therefore be found by the method explained 
in paragraph 4, and will lie within the triangle 4BC, or upon some side of it. 

Conversely, let the points corresponding to mixtures A, B, C form the vertices 
of a triangle and let M denote a point within the triangle ABC; then a mixture 
corresponding to M can be mixed from A, B, C and the relative proportions of 
each found from the equalities BM3/BA = pyia, etc., where M; is the projection 
of M upon BA, p a factor of proportionality, a, 6, y the concentrations of A, B, C 
and 1, M2, 3 the required proportions. 

7. Mixing Fertilizers. The situation studied in paragraph 6 arises when it is 
desired to mix a given ratio fertilizer from three standard ones, if possible.’ 
The method in this case would be to plot the points corresponding to the three 
standard fertilizers, then to see whether the point corresponding to the desired 
fertilizer is within or upon the boundary of the triangle formed by the first three. 
If not, the desired mixture cannot be obtained from the standard ones; if within, 
the mixture can be obtained, and the proportions found as indicated in para- 
graph 6. If one imposes the condition ui -+ pe + ws = 2000, the number of 
pounds of each standard fertilizer required to make a ton of the mixture is 
obtained. The concentration of the fertilizer must then be obtained from the 
concentrations of the standard fertilizers and the proportions used. If this for 
example is .1 when the desired fertilizer should have .2, then twice as much of 
the mixture should be used as would be used if the strength were .2. 

It may also happen that one wishes to form a mixture of two standard ferti- 
lizers A and B in such a way as to obtain a fertilizer as nearly equivalent as 
possible to a given mixture M;* the foot of the perpendicular dropped from M 
upon AB corresponds to the required mixture. 


1 Here we take as the coérdinates of a point the values of the percentages taken of the three 
active substances in a definite order. The sum of the codrdinates of a point will equal the con- 
centration of the corresponding mixture. Two equivalent mixtures will have the same corre- 
sponding point. 

2 Here P,, P2, P3 are Nitrogen, Potash, Phosphorus, and the inactive substance is usually 
called filler. 

3 A mixture P will be said to be more nearly equivalent to a mixture Q than a mixture Rk 
when the distance PQ is less than the distance QR, the points P, Q and RF being plotted as indicated 
in paragraph 6. 
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8. Solution of Three Linear Simultaneous Equations by Graphical Analysis. 
Let three active substances be denoted by P;, Ps, P3 and three mixtures of them 
by A(ay, 2, a3), Bb, bo, bs), C(e1, Cay C3). Further let M (u1, Ma, U3) denote a 
mixture made from 2, 22, x3 amounts of A, B, C respectively; then 2x1, x2, 23 
are solutions of the three equations 


+ X2 + 23 = ry 

aye, TP Orte TF Cis _ oa _ 4 
(A) ast, + bgto + cats Ws 

Got + deat, + Cos _ M2 _ vi 

A3ty + bao + Cearg M3 


where )y, Ao, Ag, G1, «** C3 are positive (or zero except that A; ~ 0) constants. 
Conversely, given a set of equations of the form (A), there will correspond a 
problem in mixtures which can be solved graphically, and so the equations also 
can be solved graphically. 

The methods employed in this paper may be extended to include points 
with negative codrdinates, an extension useful in solving equations but not in 
making mixtures. Moreover, a set of equations 


a+ By + y12 = 64 
(B) aor + Boy + Yo2 = Oe 
asx + B3y + 3% = 03 


where a3, 83, Y3, 63 are all different from zero may be put into the form (A) by 
the substitution a3z = u, Bsy = v, ¥32 = w, becoming 


uto+ w= 6s, 
O71 Bi V1 
_* ——y + — 
Q3 T Bs ¥3 Oy 


uto+w ~ $5 


and so may be solved except in special cases. These special cases will arise 
when three of the points (a1, a2, a3), (81, Be, Bs), (Yi, Yo, Y3), (61; de, 63) are 
collinear. Finally if in set (B) at least one equation actually contains an a, at 
least one a 8, at least one a y, and at least one a 6, a linear combination of the 
three equations can be obtained containing no vanishing constant, and this 
equation can be used in place of 


asa + Bsy ++ Y30 = b3. 
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ON THE CIRCLES OF ANTISIMILITUDE OF THE CIRCLES 
DETERMINED BY FOUR GIVEN POINTS. 


By R. A. JOHNSON, Hamline University, St. Paul, Minn. 


1. The following discussion 1s restricted to the finite real plane, except as imagi- 
nary elements are specifically mentioned. By definition, the word circle is 
extended to include straight lines. An inversion in a proper circle is a transfor- 
mation by reciprocal radii. An inversion in a straight line is a reflection. A 
circle of antisimilitude of two circles is a circle, with regard to which they are 
mutually inverse. It is known that two intersecting circles always have two 
circles of antisimilitude which intersect orthogonally at their common points, 
and have their centers at the centers of similitude of the given circles. When 
two given circles do not intersect, one circle of antisimilitude is real and one is 
imaginary. If an inversion is performed with regard to a center of inversion 
which is on a circle of antisimilitude, the given circles invert into equal circles. 
Hence two circles can always be inverted into equal circles; and three given 
circles can be so inverted, provided that any circle of antisimilitude of any pair 
meets a circle of antisimilitude of another pair. 

2. It is proposed to study the circles of antisimilitude of the four circles 
determined by four arbitrary points not on a circle. The figure may be simplified 
by an inversion whose center is one of the given points; the four circles in question 
then become the sides and circumcircle of a triangle. We shall consider the 
simplified figure first. 

3. Let the vertices of a triangle be Ai, As, A3; its incenter U, its excenters 
Vi, Vo, V3. Let P; be the mid-point of that arc A;A; of the circumcircle which 
is opposite A;, and Q; the mid-point of that 
which contains 4; By a well-known theo- 
rem,’ P; is the center of a circle through A,, 
Ax, U, Vz; and Q; is the center of a circle 
through A;, Az. V;, Vz. We shall designate 
these circles by p;, q; respectively. The line 
A;A, shall be designated as usual by a;, and 
the circumcircle by ec. 

The circles of antisimilitude of the lines a; 
and a, are the bisectors of the angle A;. The cir- 
cles of antisemilitude of the line a; and the circle 
c are the circles pi, q;. These circles of antisim- 
whitude are concurrent by sixes at the points U, 
Vi, Vo, V3. Hence af any one of these pornts 
as taken as center of inversion, the inverses of a1, 
G2, 3, ¢ are equal circles, and the inverses of Ax, 
Aa, As, together with the center of inversion, form 
Fig. 1 an orthocentric system.? 


1 For references, see R. C. Archibald, this Montuiy, 1921, 229. 
2R. A. Johnson, this Monruty, 1916, 161; Arnold Emch, ibid., 1916, 162. 
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The circle g; meets the interior bisector of A; at two points which we will 
call X;, X;. The circle p; does not meet the exterior bisector of A; in real points; 
we may say for convenience that this line and circle meet in two imaginary 
points Y;, Y,;. These twelve points complete the tally of points of intersection 
of the twelve circles of antisimilitude. 

The six points (X) lie by fours on three circles s1, $2, 83 whose centers are respec- 
tevely Vi, Vo, Vz, and which are mutually orthogonal. Each of them is orthogonal 
to three angle bisectors and three p- and q-circles. 

For 


whence X,;, X;, X;, X; are concyclic. The center of the circle is obviously V;; 
there are three such circles, and since 


Z VX Vi = Zz V; AV. = 90°, 


any two of them are orthogonal. Obviously also U is their radical center. We 
designate by s; the circle through X;, X;, X1, Xx. 7 

By an inversion in s;, the circle V;X;X; inverts into the line X;X,; that is, 
by this inversion 4;, A;, 4, exchange positions respectively with U, Vi, V;. It 
follows that s; is orthogonal to the circles qi, p;, pz, as well as to those angle 
bisectors which pass through V;. Each of the other three bisectors inverts into 
a p- or q-circle. Thus: 

Each circle s; 1s orthogonal to six of the twelve circles of antisimilitude, and the 
other six are by pairs inverse with regard to it. It is therefore coaxal with each of 
the three pairs. 

For instance, s; is coaxal with V;A;V; and p;, and therefore passes through 
the imaginary points Y;, Y; mentioned above. Wé easily see that an inversion 
in the center U, with radius given by 


r= UA;-UV; (a negative constant), 


interchanges each A; with the corresponding V;, and also each Y; with X;. 
(In terms of real elements only, this transformation is an inversion whose radius 


is VA,U-UV;, followed by a rotation through 180°.) By this inversion, then, 
each circle s; is unchanged, and the circle of inversion is therefore their common 
orthogonal circle. This same inversion moreover interchanges the two circles 
which intersect at Y; and Y;; hence the six imaginary points (Y) lie on this 
imaginary circle, and are its intersections with 81, 52, 83. 

The twelve points (X), (Y) are the total intersection of a set of four mutually 
orthogonal circles whose centers are U, Vi, Vo, V3. The six imaginary points (Y) 
lre on the rmaginary circle whose center is U. 

We may see incidentally that the four circles each of which passes through three 
of the four points U, Vi, Vo, Vs are equal; their twelve circles of antisimilitude are 
precisely the same angle bisectors and p- and q-circles as those of the given four circles. 
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4. By an inversion with regard to an arbitrary center, which does not lie on 
any of the lines or circles of the figure, we are led to the following more general 
results. 

Let four arbitrary points be Ai, As, A3, Ag; denote by ci, the circle through 
A;, Aj, Ay, and designate by t:;, ti’ the ctrcles of antisimilttude of ej, and ¢;;1. 
These twelve circles of antisumilitude are concurrent by sixes at four real points 
B,, Bo, Bs, By. Further, of the primes are suitably assigned, any circle t:; meets 
ty1’ on two real points (X), and the corresponding pair t;;’, tyr meet in two wmaginary 
points (Y). These twelve points are the total intersection of four mutually orthogonal 
circles (s); on one of these four circles are the six vmaginary points (Y), and on each 
of the others are two wmaginary and four real points. 

Each circle (s) ts orthogonal to six of the circles of antisimalitude (t), and the 
other six are by pairs mutually inverse with regard to it. Wath regard to any one 
of the s-circles, the tetrads A,A,A3A4 and B,B,B3B, are mutually inverse; inci- 
dentally, these two quadrangles are four times in perspective, namely at the centers 
Si, Se, S3, S4 of the s-circles,® which latter constitute an orthocentric system. The 
t-circles are also circles of antisimilitude of the four circles determined by the four 
points By, Bo, Bs, By. 

If one of the points B; 1s taken as center of inversion, the A’s invert into an 
orthocentric system, and the remaining B’s into the feet of the altitudes of this system; 
and vice versa, tf an A; ts taken as center of inversion. If a point (X) ts taken as 
center of inversion, each quadrangle inverts into a parallelogram. The two parallelo- 
grams are congruent and have common diagonals and center. That is, on the inverted 
figure A;B;B,A, and B;A;A,B, are similar rectangles, similarly placed with regard 
to a common center. 


QUESTIONS AND DISCUSSIONS. 


Epitep By C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the Monthly is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, 
especially new problems, which are reserved for the separate department of Problems and 
Solutions. 


DISCUSSIONS. 


I. SHovuLtp Book REVIEWS BE CENSORED? 
By L. E. Dickson, University of Chicago. 


A mathematical manuscript is never accepted by a journal in America until 
it has been approved by at least one referee. But book reviews appear to escape 
such a check. This is unfortunate. An error in an original paper reflects only 
upon the author. But errors in a book review usually do not reflect upon the 
reviewer as they should, but often do great injustice to the author of the book. 


’The twelve points (A), (B), (S) are, in other words, the plane projections of a desmic 
configuration. 
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Most authors prefer to suffer in silence rather than attempt impracticable redress. 
Surely book reviews should be submitted to impartial referees prior to publication. 
Several years ago the writer found out first hand from those then writing 
most of the reviews that it was no longer the fashion to write frankly concerning 
the merits or shortcomings of books, but that one should “damn with faint praise”’ 
and carefully conceal from the dear public the reviewer’s real opinion of a book. 
Often what the reviewer said in several pages could have been said in the single 
sentence: “This is a good book, but I hate like the deuce to admit it.” 

Unfortunately the American reviewer often does not aim primarily to portray 
the degree of success attained by a book in the choice of subject matter and in 
its clarity of presentation, but rather to convince the reader that the reviewer 
himself is a person who knows a great deal about the subject and how it should 
have been presented. 

If I select a specific case for illustration, I must choose one whose consideration 
will do no harm to the reviewer, author, or publisher. These requirements are 
met in the case of the recent favorable review of my First Course in the Theory 
of Equations by Professor Bennett. This review appeared in the Monruty in 
the final number for 1922, published April 9, 1923. The text had appeared a 
year earlier and was already familiar to nearly all teachers of collegiate mathe- 
matics, as shown by the fact that it has had a larger sale than any other mathe- 
matical text beyond the calculus. Hence I cannot be accused of attempting 
here to advertise this text. 

The vague remarks comprising the first page of the review imply that the 
reviewer is dissatisfied with the traditional choice of subject matter in books 
on the elementary theory of equations, although he admits that this choice is 
acceptable to most teachers of it. The second page gives a kindly appreciation 
of the general features of the book. A far more concrete idea of the book was 
given in the same amount of space in the review by Robert d’Adhémar in the 
Bulletin des Sciences Mathématiques for 1922. 

Since the review by Bennett is exceptionally favorable to the book, why do 
I call attention to it now? Solely because the collection on the final page of 
ten “minor infelicities’’ contains instances of amazing carelessness on the part of 
the reviewer. 

In a proof (p. 18) by mathematical induction (a process explained very fully 
and simply on p. 5), I stated that “if we multiply each member of identity (9) 
by & — Qn41, it is not much trouble to verify that the resulting identity can be 
derived from (9) by changing n into n + 1, so that (9) is proved true by mathe- 
matical induction.”’ The reviewer complained that “in connection with mathe- 
matical induction the author speaks of ‘changing n into n-+ 1,’” with the 
implication that the author had committed the error often made by a novice 
in induction. 

I am at loss to know why he condemns my phrase “A point on the graph at 
which the tangent is both horizontal and an ordinary tangent is a bend point 

. ., since it is both mathematically exact and expressed clearly. 
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“The discriminant, after being defined in general on page 47, is redefined for 
the quartic on page 51.” In the earlier case the definition had been applied to 
write out the discriminant of the cubic only. In the new case there was need 
of the explicit expression for the discriminant of the quartic and it was justified 
by repeating the definition. Clearness and continuity of thought should not be 
a crime. 

On page 21 I said that “any number which exceeds all real roots of a real 
equation is called an wpper limit to the real roots.””’ The reviewer complained that 
the italicized phrase is defined as a single concept without any inquiry as to the 
meaning of the word “limit” or the sense of “upper.” Why did he fail to criticize 
for similar reasons my definition of “integral rational function”? as synonymous 
with “polynomial”? When one desires to clarify the distinction between the 
right-hand and left-hand pages of an open book, does he need to enter upon the 
anatomical properties of the hand as distinguished from the foot? The many 
teachers who are using this elementary text will approve of my abstaining from 
entering upon the delicacies inherent in the notion of a limit, and my sensible 
definition of the above entire phrase as a compound name. 

Since I spoke of the trigonometric form (in polar codrdinates) of a + bz, the 
reviewer says I should have given also a separate name toa-+ bi. But I had 
called a + bt a complex number and now found need to speak of its trigonometric 
form. 

“Immediately after emphasizing the fact that a complex number has many 
amplitudes differing by integral multiples of 360°, the term ‘the amplitude’ is 
used without a hint as to which one is ‘the amplitude.’ The facts are that, 
on the last two lines of page 3, I said, ‘For the amplitude we may select, instead 
of 6, any of the angles @ -t 360°, 6+ 720°, etc.,’ while in the succeeding fifteen 
lines I used the term ‘an amplitude’ twice and spoke of ‘the indicated ampli- 
tudes’ (i.e., amplitudes 120° and 240° indicated in the figure), but never employed 
the imputed term ‘the amplitude.’ ”’ 

“In the exercises on page 74 the letters must denote only real quantities 
although no such warning is given.”’ But the theorem under which these exercises 
fall, as well as the heading of the chapter, explicitly stated that we are dealing 
with equations with real coefficients. Moreover, all of the literal coefficients 
which appear in the exercises are explicitly squares, with the evident object of 
implying that these coefficients are not merely real, but positive. 

It happens that I am now sending eight minor corrections to the plates in 
anticipation of a new printing; a careful examination of the above “infelicities”’ 
convinced me that no correction is needed on account of them. 

Since the reviewer, himself an expert, has gone patiently through the text 
seeking faults, with no better success than the mentioned groundless infelicities, 
I conclude that the text is remarkably free from faults, thanks partly to the 
minute criticisms of the manuscript and proof-sheets by the specialists cited in 
the preface. For the trouble of writing also this second elementary text on the 
theory of equations, my real reward has been the knowledge that it is now 
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yearly inspiring thousands of students with a genuine interest and affection 
for mathematics, 


Il. INFINITE AND IMAGINARY ELEMENTS IN ALGEBRA AND GEOMETRY. 
By Tomuinson Fort, University of Alabama. 


Since the things advocated by Professor R. M. Winger in his article bearing 
the above title and appearing in a recent number of the MontTuiy (1922, 290-296) 
are at variance with the general practice followed by me in my teaching of 
freshman and sophomore classes, J am prompted to comment on what he says. 

In my opinion one of the duties of the teacher of elementary mathe- 
matics is to attempt to rid the subject of mysticism and to make it appear at all 
times in conformity with the student’s experience. Like most teachers I welcome 
elementary uses for imaginary numbers but can not believe the first course in 
analytic geometry the place for them. To the freshman, points and lines are 
more or less the pictures that he sees and are not ideals. His analytic geometry 
is truly a geometry of reals and for the instructor to confine his teaching to the 
“real domain” seems to me sound mathematically and to rid the subject of 
that element of mystery which I do not believe it possible to eliminate when 
trying to teach geometry with imaginary elements to such immature students. 
I never feel that I am telling the freshman a half truth when I tell him that 
(0, 0) is the only point satisfying 2? + y? = 0 or that a2? -+ y+ 1= 0 has no 
locus. I think that imaginary elements should be introduced at a later time when 
the whole subject can be subjected to a more critical examination. The same 
is true of infinite regions of the plane. To bring a class of freshmen to understand 
and remember their ideal nature seems to me out of the question. I simply 
never mention the subject: Parallel lines do not meet. The parabola is an 
open curve and division by zero is never permitted. 

It is with a kind of horror that I read where the author advocates the postu- 
lation of “The Number Infinity” defined by k/0 = ©, k #0. How I fight 
division by zero in my classes! How many times have I told my students that 
90° has no tangent and have forbidden this same infinity! To describe the 
behavior of the roots of an equation, 


age” + +--+ +a, = 0; ao ~ 0, 


when do, -*+, G1 approach zero seems to me sound teaching, but to speak of 
the equation as having r infinite roots when ap) = +--+ = G1 = 0 and the equation 
is only of the (n — r)th degree, as the author advocates, is to me very bad. 
It is just that from which I thought American mathematics was growing. The 
‘author states that what he advocates is in accordance with “sound European 
tradition.’ If I understand him correctly, I am sure in particular that his infinity 
was not in use in the teaching at Gottingen in 1912 or in Paris in 1913 when I 
was a student at those universities. Also in my opinion he will find that it has 
been eliminated from the better teaching in England. With reference to infinity, 
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I think the best policy in elementary teaching is to explain carefully the various 
unending processes that arise and in particular to make it clear that there 1s no 
largest real number. In more advanced courses where infinite elements are 
introduced care should be taken to explain their ideal character and to show just 
why it is wise to postulate them in exactly the form that it is done. 


III. A THEOREM CONCERNING THE CONCURRENCY OF Four PLANEs. 
By E. L. Ress, University of Kentucky. 


In a previous number of this MonTHLy (1920, 165) the author gave a theorem 
on the concurrency of three lines by means of which certain theorems of geometry 
could be proved in a very brief and simple way. In the present note a similar 
theorem is given, relating to the concurrency of four planes, with applications 
to illustrate its use. 

Let A,, Ao, As be the position vectors of three points determining a plane, 
B,, Bz, Bz those of a second plane, and soon. A necessary and sufficient condition 
that four planes be concurrent is that aA = XbB = ZcC = ZdD, where ay, ao, as, 
--+, dy, do, ds are some quantities, not all zero, satisfying the equations Za = Xb 
= Ie = Xd. 

The proof is omitted, being almost identical with that given for the theorem 
referred to. 


If SaA = --- = 0, and 2a = --- ¥ 0, the planes intersect at the origin. 
If SaA = --- ¥ 0, and Ya = --- = 0, the planes intersect at infinity. 
If SaA = --- = 0, and 2Sa= --: = 0, the vectors of each sum are termino- 


collinear and the planes are not determined. We exclude this case. 

As applications we prove the following theorems. 

The six planes determined by the edges of a tetrahedron and points taken on ithe 
opposite edges are concurrent tf the ratios in which the points divide the opposite 
edges are such that the product for each face 1s unity, and conversely. 

Proof: Let the vertices of the tetrahedron be A, B, C, D, and let the division 
points E, F, G, H, I, J be taken in accordance with the equations below. The 
hypothesis of the theorem is satisfied in the most general way in the following 
equations. 


(a+ DE = aA-+ DB, (a+ d)G = aA-+ dD, (b+ d)I = bDB+ dD, 
(a+ec)F = aA+ cC, (b+ c)H = bB+ cC, (c+d)J=cC+ aD, 


where a, b, c, d are any scalar quantities. Add eC-+ dD to each member of 
the first equation, bB + dD to each member of the second, etc. It results that 


(at bE+cC+dD= (at+ec)F+bB+dD= (a+ d)G+ bB+cC 
=(b+e)H+aA+dD= (b+ dadI1+aA+cC= (c+da)J+ aA-+ OB, 


the scalar coefficients of any four of which satisfy the conditions of the theorem. 
Hence the proof is complete. 
Corollary: The four lines joining the vertices of a tetrahedron with the 
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points of intersection of the lines which join the vertices of the opposite faces 
with the division points of the sides of these faces are concurrent. 

This corollary may also be proved independently by the theorem in the 
article referred to as follows. 

Let A’, B’, C’, D’ represent the points on the faces opposite A, B, C, D re- 
spectively. We easily find 


(b+e+tdA =bB+cC+dD, (atb+ac 
(ate+dB=aA+tcC+dD, (atb+c)D’ 


Adding aA to each member of the first equation, DB to each member of the 
second, etc., we get as before 


(b+te+a@A’+aA= (at+ec4+da)B'+ 0B= (atb+aC+cC 
= (a+ b+ c)D’ + dD. 


Since the sums of the scalar coefficients of the different members are equal the 
corollary is proved. The point of intersection of these lines is given by 


aA + bB-+ dD, 
aA + bB+ cC. 


aA+ bB+cC+dD_ 
atb+e+d 


If the points of division are the midpoints of the edges we then get the center 
of gravity of the tetrahedron which is given by 4(A+ B+ C+ D). The 
equations also show that this point divides each of the lines joining a vertex 
with the center of gravity of the opposite face in the ratio 3 : 1. 

Conversely, let b/a, c/b, a/d be the ratios in which AB, BC, and DA are 
divided by three of the given planes; then, as shown above, the points which 
divide the edges CA, BD, and DC in the ratios a/c, d/b, c/d respectively determine 
with the opposite edges planes concurrent with the other three. These planes 
are therefore among those given. The ratios satisfy the conditions of the theorem, 
hence the converse is proved. 

Very similar to the proof just given is that of the following theorem. 

The planes determined by the sides of a space quadrilateral and points taken on 
the opposite sides are concurrent uf the product of the ratios in which these sides are 
dinded 1s unity. 

As a last application we prove the following. 

A plane cuts each of the six edges of a tetrahedron; another point is taken on 
each edge, so as to cut tt harmonically; prove that the six planes through these latter 
points and the opposite edges of the tetrahedron intersect in one point. (From 
Frost’s Solid Geometry.) 

In view of the theorem of Menelaus (the vector proof of which is quite simple) 
the hypothesis of our theorem is contained in the assumption that the edges 
AB, BC, CA, BD, DA, CD are divided respectively in the ratios b/a, c/b 
— ale, d/b, — a/d, — d/e which of course depend on the position of the cutting 
plane with reference to the tetrahedron. 
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Denoting by E, F, G, H, I, J the points taken so as to cut the edges harmon- 
ically, we have 


(a—bvb)E=aA—bB, (—b+e0)F=—)B4+cC, (ec+aG=cC4+ aA, 
(-b+@DH=—0B+ dD, (dt+al=dD+aA4, (dt+oJ=dD4+cC. 


Add the terms necessary in each equation to make the right-hand member equal 
toaA — bDB+cC+dD. We then have 


(a—bdE+cC+dD= (—b+e0F +aA+dD= (c+ aG— bB+dD 
=(—-b+dH+aA+cC= (a+ dI— bB+cC = (d+o)J— bB+ aA, 


the scalar coefficients of which satisfy the conditions of the theorem, which 
completes the proof. 
The converse of this theorem may be proved by an argument similar to that 
given above. 
IV. On THE EvatuaTION oF AN Evuipric INTEGRAL. 
By Rev. M. F. Eaan, University College, Dublin. 


The following simple method gives, within narrow limits, the approximate 
value of the complete elliptic integral 


W/2 
K= { do|(1 — I? sin? ¢)!? 
0 


when k is nearly equal to unity. 
Putting sin ¢ = tanh wu, we get 


K= [ du/(1 + k” sinh? w)!?, 
2/0 


Since k”(= 1 — Kk”) is small, the term &” sinh? u is of importance only for large 
values of uw, and for these sinh wu is nearly equal to §$e%. We are therefore led to 
consider the integral 


Ky = { dull + ERP EUR, 
Putting v = e~“, we get , 
_Kko= [ dv/(v? + 4h)! = sinh (2/k’) 
i. = log, (4/k’) + k’’/16 
to the order k”. Since sinh u < Ze", K > Ko. On the other hand 
14 phe 1 k?(1 — 46-24) 
1+ k” sinh? u 2(1 + k” sinh? w) 
<1 gk <4 HY, 
so that K < (1+ 4h")Ko. Therefore 
Kyo< K< (1+4hh)K.. 
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RECENT PUBLICATIONS. 


REVIEWS. 


History of the Theory of Numbers. By L. E. Dickson. Volume III.!. Quad- 
ratic and Higher Forms. With a Chapter on the Class Number, by G. H. 
CRESSE. Carnegie Institution, Washington, D.C. March, 1923. v-+ 313 
pages. 

The astonishing rapidity with which Professor Dickson has made the manu- 
script ready for the printer and has seen through the press the first three volumes 
(1919, 1920, 1923) of his monumental history of the theory of numbers must be 
a cause for admiration on the part of every one who has witnessed the perform- 
ance; and the surprise only increases when the reader finds that each volume is 
done perhaps even more skillfully than the preceding one. In the preface to 
the third volume we are told that it has been completed promptly owing to the 
favorable reception accorded to the first two volumes. The preface to the 
second volume closed with a sentence referring to the third as the concluding 
volume; but in the third now before us we have (on page 3) a reference forward 
to volume IV. The reviewer ventures to predict that the favorable reception 
of the third volume will give the author still more reason for proceeding promptly 
with the fourth if his astonishing supply of energy is holding out well enough 
to leave him still susceptible to such influence. 

The present reviewer is not so well acquainted with the subject matter of 
this volume as he is with that of the two preceding; and consequently his judg- 
ment about it is entitled to less confidence, especially with reference to the 
question of completeness; but from what he knows of this matter for volumes 
I and II and from the fact that the third volume deals with matter which by its 
nature is more readily accessible to a full treatment and from the evident care 
of the author and those who have assisted with the perfection of the manuscript 
and the proofsheets, he feels confident that little will be found missing, so little 
in fact that it becomes a matter of importance that every reader respond to the 
author’s request by informing him of every omission or error of any sort that 
may be noticed. The work comes so near to being entirely complete that it is 
a matter of importance and common interest to supply to it whatever may yet 
be lacking. The subject-matter of the volume is such that its publication should 
give a great impetus to the development of the important arithmetic theory of 
forms. By a “form” is meant a homogeneous polynomial such as f = az 
+ bay + cy’, all of whose terms are of the same total degree in x and y, the 
constant coefficients a, b, c being integers in the greater part of the theory. 
The arithmetical theory of forms has an important application to the problem of 
finding all the ways of expressing a given number m in a given form f, that is, of 
finding all the integral solutions 2, y of the equation aa? + bay + cy? = m. 
This problem is best attacked generally by considering with f all the equivalent 
forms g which can be derived from f by applying to the variables linear substitu- 


1 For reviews of Vols. I and II, see this Montutiy, 1919, 396; 1921, 72. 
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tions with integral coefficients of determinant unity. It is by a simultaneous 
consideration of all these forms g that one is able to solve completely the equation 
f=m. It is this type of question that is treated in volume III. The results 
have obvious applications to many of the problems discussed in volume II and 
to a few of those in volume I. From these remarks it will be seen that volume 
III deals mainly with general theories rather than with special problems and 
special theorems. The investigations in question are largely those of leading 
experts and deal with some of the more advanced parts of the theory of numbers. 
All previous reports and treatises on forms are now very inadequate owing to 
the large number of important recent papers on the subject. These are perhaps 
some of the reasons which cause the author to speak of this volume as “doubtless 
the most important one of the series.” 

Of each of the first two volumes the author gave a summary in the preface, 
this being possible partly on account of the elementary nature of much of the 
subject-matter and the fact that many of the results were embodied in definite 
theorems which could be expressed without the use of difficult technical terms. 
But, in the present volume, “it is a question not primarily of explicit results, 
but chiefly of general methods of attacking whole classes of problems, the methods 
being often quite intricate and involving extensive technical terminology.” For 
this reason the preface does not contain a summary of the contents of the volume; 
but to each of the longer chapters an appropriate introduction and summary 
are attached. 

For the purpose of describing briefly its contents it is convenient to divide 
the volume (perhaps mechanically rather than logically) into three nearly equal 
parts, the first two of which deal with binary quadratic forms. One of these 
consists of the single chapter VI on class number; another, of the remaining 
chapters I to VIII, all on binary quadratic forms; and the last, of the further 
chapters IX to XIX, dealing with ternary and quaternary quadratic forms, 
quadratic forms in n variables, cubic forms, forms of degree greater than three, 
Hermitian forms, bilinear forms and related matters, representation by poly- 
nomials modulo p, and the congruencial theory of forms. 

The part first named (chapter VI, pages 92-197) is by G. H. Cresse who 
devoted five years to the preparation of this report on the difficult subject of 
the number of classes of binary quadratic forms with integral coefficients, difficult 
partly on account of the fact that it involves many branches of pure mathematics. 
It was written as a thesis for the doctorate at Chicago. L. J. Mordell read 
critically the manuscript of this chapter and also the proofsheets, comparing the 
whole with the original papers and making numerous suggestions for its improve- 
ment. Much of it was examined also by E. T. Bell. The completeness and 
accuracy of this important chapter are thus made certain by a collaboration of 
effort in revising and checking. A similar, if less extensive, collaboration marks 
the preparation of all parts of the book, the proofsheets of each chapter having 
been read carefully by at least one specialist in the subject of the chapter. 

Chapters II, III, IV, V, VII, VIII deal respectively with the following topics 
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in the theory of binary quadratic forms: explicit values of 2, y in 2? + Ay’ = g; 
composition of binary quadratic forms; orders and genera, their composition; 
irregular determinants; binary quadratic forms whose coefficients are complex 
integers or integers of a field; number of classes of binary quadratic forms with 
complex integral coefficients. The first chapter (pages 1-54), entitled “Reduc- 
tion and equivalence of binary quadratic forms, representation of integers,”’ 
contains a brief introduction and explanation of symbols and a treatment of the 
topics in the theory of binary quadratic forms not belonging to chapters II to 
VIII. The nature of the contents is made clear by a brief summary. 

The subject-matter of the last third of the volume has already been indicated 
by a summary of the principal chapter headings. It remains to add a few re- 
marks concerning certain of the chapters. The results recorded in some of these 
are obviously fragmentary; and this suggests the desirability of a systematic 
analysis of their subject-matter with the purpose of carrying out further investi- 
gations so as to put the whole into a more satisfying form. Thus chapter XIII 
on cubic forms in three or more variables (together with the corresponding pages 
594-595 of volume IT) will bring to the reader’s attention certain problems 
which it is desirable to have treated more fully, problems where certain of the 
methods of attack seem to lie rather close to hand. It may be that this topic 
is accessible to the amateur who has considerable initiative; it is certainly 
accessible to a good graduate student interested in the theory of numbers. If 
the matter of this chapter were brought to a fairly satisfactory state it would 
probably lead the way to a further treatment of certain related forms of degree 
higher than 3 and to the association of the results with further relevant matters 
in volume II. 

The last chapter, on the congruencial theory of forms, deals with some of 
the most recent contributions to the theory of numbers. It is due primarily to 
Dickson and his students. It is a safe prediction that this subject will receive 
further effective attention in the near future. 

It is pleasant to give credit to those to whom it is due when such an extensive 
and valuable work is put into our hands. First of all, of course, this goes to 
Dickson himself. Nor must one forget the work of Cresse in the long chapter 
VI. A significant service has also been rendered by those who have assisted in 
perfecting the manuscript or in the critical reading of the proofsheets; and to 
these Dickson has referred in his prefaces in a generous way. The work of those 
who help with corrections and additions to be incorporated into the promised 
supplement may also come to deserve our generous appreciation. And we should 
also remember gratefully the encouragement which has come from the attitude 
of the Carnegie Institution toward the printing of such an extensive work. 
Writing in November, 1918, at the close of the preface to volume I, Dickson said, 
“Finally, this laborious project would doubtless have been abandoned soon after 
its inception seven. years ago had not President Woodward [of the Carnegie 
Institution] approved it so spontaneously, urged its completion with the greatest 
thoroughness, and given continued encouragement.’ This should be a constant 
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reminder to us of the need of ample means of publishing comprehensive scientific 
works when persons of ability and suitable preparation are willing to undertake 
the arduous and unremunerative task of preparing them. 

While all this work is fresh in his mind, Professor Dickson, it would seem, 
is peculiarly well-fitted to prepare a concise outline history of the theory of 
numbers, indicating the major historical stages in the development of the theory 
and showing the growth and progress of ideas as the centuries have passed. If 
he should even venture into the uncertain domain of prophecy and indicate the 
probable direction of further progress, his predictions would be a matter of 
interest both now and hereafter. When a master, with the work of the past 
well in mind, tries to see the trend of the future, his judgment will be a matter 
of interest whether or not the direction of progress turns out to be such as he 
anticipates. It may even throw some light on the difficult question as to the 
way in which new discoveries arise. 

The extraordinarily varied development of modern mathematics has led 
thoughtful persons to inquire what is to be done to prevent the whole discipline 
from falling apart into chaos. Two possible solutions to the difficulty are 
thinkable. We may find new and deep-lying principles unifying great bodies of 
doctrine: this is the ideal solution, but it is not one to be had simply by asking 
for it; we have to await the discovery or invention or creation of the unifying 
conceptions. The other (partial) solution is that afforded by full and complete 
summaries of existing knowledge in certain chapters of science. This will also 
be needed even if new and deep-lying conceptions arise to unify our knowledge. 
Indeed such complete summaries as those of Dickson will be of increasing im- 
portance whatever direction the development of science may take. 

But the needs cannot all be met by these summaries alone. We require also 
extended and comprehensive expositions of these subjects. This is the more 
important in the case of disciplines which are somewhat fragmentary in significant 
parts, especially if their character in this respect leads (as it often does) to the 
production of a scattered literature containing many fragments. The great 
increase in the accessibility of the theory of numbers due to Dickson’s extensive 
work whets our appetite for more, especially as the existence of his work seems 
to render feasible a concerted effort to put the whole of the present theory of 
numbers into a connected and complete expository form. The suggested task 
is a great one—and it requires the codperation of numerous workers. But what 
better time is there to suggest the undertaking of a great enterprise than that 
time which witnesses the bringing well along toward completion of another great 
enterprise which does much to make the new one feasible? If we cannot enter 
upon the whole of the extended labor, may we not undertake the performance 
of certain parts of it—those parts which are most needed and give promise of 


the largest usefulness for the greatest period of time? 
R. D. CARMICHAEL. 
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In Chapter XVIII we have the codrdinates of spheres, both signless and 
oriented. In connection with the latter we find an acute case of the trouble 
which arises when an author is not clear as to whether he is operating in the real 
or the complex domain. If the domain be complex, the distinction (p. 344) 
that a sphere with positive radius bounds its inside while one with negative 
radius bounds its outside is meaningless, but if the domain be real, the statement 
on p. 352 that there are ©? spheres through a minimum line is erroneous. Rather 
more attention is given to systems of oriented spheres than would be warrantable 
were it not for the purpose of giving substance to the Line-Sphere transformation 
with which the chapter closes. 

The last chapters deal with projective and euclidean geometry in a space of 
any number of dimensions. The treatment of the hyperquadric seems to me 
particularly good, although I note the absence of Sylvester’s Law of Inertia which 
gives valuable information about real hyperquadrics. 

It is a mistake for one viewing a landscape not to see the wood for the trees. 
It is a mistake to fix the attention on the minutiz of a book, and lose sight of 
the general sweep. I have meticulously pointed out many small errors; it is 
the duty of an honest reviewer to do so. But now that I have them out of the 
way, I am free to say how much I admire the book as a whole. Professor Woods 
has undertaken the important and difficult task of introducing the student to 
that rich field of science called Modern Geometry. In my opinion, he has 
succeeded unquestionably better than any other writer using the English tongue. 
A book with which one might compare the present is Veblen and Young’s Pro- 
jective Geometry ' which seems to include a good part of geometry, arithmetic, 
and abstract logic within its compass. But these authors consistently place 
logical considerations before didactic ones, and he who would approach higher 
geometry for the first tume through their two closely written volumes must have 
much patience and courage, for “Jordan am a hard road to trabbel.” 

Years ago an enthusiastic French student said to me, in praise of Darboux’s 
lectures: 

“TI dit chaque jour quelque chose de nouveau, quelque chose d’intéressant.”’ 

This is essentially true of Professor Woods’ book, and the student who passes 
rapidly from one new and interesting topic to another may well say, in current 
phrase: “Day by day, in every way, it’s getting better and better.”’ 

J. L. CooLipeGs. 


The Mathematical Theory of Probabilities. Volume I, Second edition. By ARNE 
Fisher. New York, The Macmillan Co., 1922. 8vo. 29-+ 289 pages. 
Price $5.00. 

It is especially gratifying that a man with a wide experience in the applications 
of probability to statistics, life insurance and the telephone business should 
write in the English language a treatise on theoretical probability and its appli- 
cations. In an introductory note to the first edition, F. W. Frankland, one of 


1 Ginn and Co., Boston, vol. 1, 1910, vol. 2, 1918. 
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the foremost actuaries in America, wrote as follows: “ While in French, in Italian, 
in German, in Danish, and in Dutch, scientific works on statistics were available 
galore, the dearth of such literature in the English language was little short of a 
national or racial scandal. With such works as those of Yule and Bowley, in 
recent years, there has been some possibility for the English-speaking student to 
acquire part of the knowledge needed. But it is hardly necessary to point out 
what a very large amount of new ground is covered by Mr. Fisher’s new book as 
compared with such works as I have referred to.” 

These remarks apply, a fortiorz, to the enlarged second edition. Mention 
should be made, however, of the recent appearance of J. M. Keynes’s A Treatise 
on Probability, which will appeal strongly to those whose interest in probability 
is primarily philosophical or logical, this treatise being a continuation of the 
work of Boole and Venn. ‘To those who want a text in English comparable to 
some extent in scope and general treatment with the standard books in German 
and French, Fisher’s book is a godsend. ‘The need of such a book is felt most 
keenly in those institutions where the study of Spanish has assumed such exag- 
gerated proportions that a teacher of seniors or first-year graduates can not 
take for granted that his students can read either French or German. The 
reviewer has used the first edition of Fisher’s book as a text, and found it highly 
satisfactory. The enlarged second edition should be doubly so. Problems for 
students, however, must be supplied by the instructor. For statistical experts, 
too, in certain forms cf business, the book will be invaluable, as clearly indicated 
in an introductory note by Mr. M. C. Rorty, of the American Telephone and 
Telegraph Co. Mr. Rorty, after mentioning Mr. Fisher’s skill in dealing with 
statistical curves, writes: “. . . Practical experience with these curves soon 
showed that in spite of minor errors, they were close enough to the real facts to 
make them of primary importance in traffic studies of all kinds and particularly 
in the development of mechanical switching devices. ‘Their use for such purposes 
has now become a commonplace in telephone engineering.”’ 

Fisher’s book is written in an entertaining style with numerous references, 
historical and critical. Special mention is made of Czuber’s Wahrscheinlich- 
keitsrechnung as being lucid, terse, systematic, and attractive; and Fisher’s book 
in the introductory portions bears some resemblance to that of Czuber. For 
example, Czuber’s definition of mathematical probability is adopted—with 
quotation marks and reference—by Fisher. 

The first five chapters of Fisher’s book are devoted to definitions, explanations, 
and well-selected algebraic probability problems, ending with the St. Petersburg 
paradox. In Chapter VI inverse probability is discussed at length; absurdities 
arising from the indiscriminate use of Bayes’s Theorem are pointed out, but this 
theorem is deemed valid when properly used. ‘The exposition of Bayes’s Theorem 
would have been more lucid if it had been divorced at the start from considera- 
tions of repeated trials. The law of large numbers is discussed in Chapter VII, 
and the relation between mathematical probabilities and relative frequencies. 
In Chapter VIII Stirling’s Formula is deduced by Cesaro’s elegant method, 
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which gives control of the error. As preparatory to this, the Wallis expression 
for 7 as an infinite product is obtained by the use of J,, the integral from 0 to 
m/2 of sin” x. The argument on page 92 is, however, inconclusive; because J, 
is an infinitesimal. But the desired result, Lim Jom; + Jom = 1, can be easily 
obtained from Jom < Jom—1 << Jom—2 and Lim Jom», + Jom = 1. In Chapter IX 
appear the thecrems of Bernoulli, Poisson, and Tchebycheff. The next three 
chapters show how the actual dispersion may be compared with the theoretical 
dispersion to determine whether the series belongs to the Bernoullian type, to 
the Poisson type, or to the Lexis type, with normal, subnormal, or hypernormal 
dispersion, respectively. This is one of the most characteristic sections of Part I. 

The next two parts, consisting of 120 pages, are an addition to the first 
edition. In the introductory historical survey, the theory of Laplace is deemed 
the proper starting point for statistical theory. Laplace, it is noted, was not a 
computer; and the less brilliant work of Gauss received the greater attention. 
The theory of Laplace, however, has been rejuvenated, and brought to greater 
use by such writers as Charlier, who supplied suitable forms for computation. 
Fisher mentions the valuable work of Karl Pearson; but regards his method, 
which involves closed expressions, as less fiexible and effective than the develop- 
ments in series preferred by Scandinavian and German writers. In another 
publication, Fisher hopes to give some still more advanced probability theories. 
Here, no doubt, reference will be made to the monumental work of R. von Mises,! 
who, by axioms on sequences, eliminates the mystery of “equally probable 
cases,’ and by an elaboration of the Czuber method eliminates the troublesome 
a prior. probability used in Bayes’s Theorein. 

Part II gives the mathematical theory of statistical series. By the use of 
the Fourier Integral Equation, a very general form of frequency function is set 
up as an integral involving the semi-invariants of Thiele. If only the first two 
of these semi-invariants are used, the frequency function is represented by the 
well-known “normal” probability curve. A general frequency function is then 
expressed as a series in terms of the Hermite polynomials and the factor e~””, 
the coefficients c; being integrals involving Hermite polynomials. The coefficients 
are also expressed in terms of the semi-invariants, and by proper choice of origin 
and unit, c, = 0 = ¢». 

Part III is devoted primarily to applications of the theory, with numerical 
computations in detail. Here appear, also, brief expositions of the method of 
least squares, of logarithmically transformed frequency functions, of the Charlier 
B Curve, and of the law of small numbers. Of special interest is the graduation 
of the American Men Mortality Table (AM) by means of a compound Charlier 
curve. 

There is a table of the Laplacean probability function, certain of its deriva- 
tives, and its integral. But no index of titles or authors is given. This would 
have been especially useful, because of the very numerous references appearing 
throughout the book. 


1(1) Fundamentalsdize der Wahrscheinlichkettsrechnung, (2) Grundlagen der Wahrschewnlich- 
kettsrechnung, Mathematische Zeitschrift (1919), vol. 4, pp. 1-97; vol. 5, pp. 52-99. 
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Though statisticians are by no means agreed as to where emphasis should be 
placed, it may safely be said that Fisher’s book covers a wide range of very im- 
portant topics. And, in the reviewer’s opinion, it is the only book in English 
comparable with the standard works on probability in German, French, and 
Italian. 


E. L. Dopp. 


Real Mathematics. By Ernest G. Brcx. Froude, Hodder and Stoughton, 

London, 1922. 306 pages. 

The motive of the author is described in the preface as follows: 

“One of the principal objects of this book is to offer assistance to the practical engineer and 
to engineering students in the acquisition of a real, serviceable and sound mathematical equipment. 
The book is intended to augment the standard textbooks and orthodox methods of study. The 
desire is rather to bring about a change of attitude towards mathematics than to propose methods 
which shall merely be different from those in use—to show the thing as an actual, tangible reality, 
instead of as a collection of rigid and unrelated rules and formule: and to persuade students to 
touch and handle it for themselves with confidence and understanding instead of regarding it 
from afar as some rather awful and totally incomprehensible abstraction.”’ 

In his endeavor to harmonize the modern demands with the best traditions 
of the various topics, the author has been very successful. He has treated care- 
fully the foundation of each topic, and gives numerous examples to explain 
further the difficulties involved. In all cases, in order that the reader may 
learn principles and gain power, fundamental methods are set forth and applied 
to problems. 

The author has shown good pedagogical insight by trying to make the reader 
feel at the beginning of each topic under consideration that a worth-while problem 
requiring solution is before him. Interest is aroused immediately, and the 
reader is more than anxious to follow up the carefully planned explanation. 

The book is well illustrated, is written in an interesting style and will be 
valuable not only to the engineer, but also to any teacher of mathematics. 

The subject matter takes up the usual topics given during the first two 
years of college mathematics. About half of the book is devoted to Arithmetic, 
Geometry, and Trigonometry, and the remainder to the Calculus. 

To sum up, it seems to the reviewer that the author has been very successful 
in his effort to enliven and enrich the subject and to present it in such a manner 
as to develop in the reader an exact mathematical imagination. 


C. N. MILs. 
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Definition (the test for distinguishing the greater from the smaller of two unequal ratios).’’—No. 
25, June, 1922: “The influence of electrically conducting material within the earth on various 
phenomena of terrestrial magnetism”’ by 8. Chapman and T. T. Whitehead, 463-482. 
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UNDERGRADUATE MATHEMATICS CLUBS. 


All reports of club activities should be sent to E. L. Dopp, 3012 West Ave., Austin, Texas. 
CLUB ACTIVITIES. 


THe Matuematics CLus or ALBION CoLuEGcs, Albion, Mich. 
[1921, 322.] 


As officers for the first semester of the year 1922-1923, the following were elected: President, 
Judson Foust ’23; vice-president, Norma Sleight ’24; secretary-treasurer, Sybil Davidson ’24; 
member of program committee, Gordon Wheeler ’24: as officers for the second semester: President, 
Gordon Wheeler ’24; vice-president, Cleon Richtmeyer ’24; secretary-treasurer, Mary Winegar 
’23; member of program committee, Walter Moore ’24. 

The following papers were read: 

October 17, 1922: ‘A bibliography of uses and value of mathematics” and ‘Contribution of 
mathematics to the world’s progress’? by Sybil Davidson ’24; ‘‘Mathematics applied to 
professions”? by Cleon Richtmeyer ’24; ‘The cultural value of mathematics” by Mary 
Winegar 723. 

November 7: ‘“‘Human worth of rigorous thinking” by Lester Chamberlain ’24; ‘Mathematics 
in the United States previous to 1800” by Gordon Wheeler ’24. 

November 20: “Thirteen proofs of the Pythagorean Theorem” by Evelyn Scott ’24 and Elvah 
Dayton 724, 

December 24: “Psychology of errors in mathematics” by Evelyn Palmatier ’24; ‘Psychology 
of the equation” and ‘Psychology of problem solving” by Norma Sleight ’24. 

January 8, 1923: “The roots of the quartic equation” by Judson Foust ’23. 

January 23: ‘Ruler-compass construction of regular polygons” by Harold Black ’23. 

February 26: ‘Development and application of hyperbolic functions” by Walter Moore ’24; 
‘‘A discussion of circular functions”? by William Plumb ’24. 

March 2: Roll call—Who’s Who in mathematics. ‘Selling mathematics’ (presidential address) 
by Gordon Wheeler ’24; “Some of the difficulties of calculus teaching” by Professor E. R. 
Sleight. 

March 16: ‘Confocal conics”? by Mary Bachelor ’24; ‘“‘Some common fallacies in mathematics” 
by Frances Howlett ’23. 

April 17: Roll call—Theorem with name of discoverer. “Hyperspace” by Helen Camburn ’24; 
Discussion of fourth dimension—Professor E. R. Sleight, leader. 

May 1: “The nth root of arithmetical numbers” by Mary Winegar ’23; ‘‘Magic squares” by 
Frances Howlett ’23. 

May 15: A mathematician noted in some other line. ‘History and transcendency of 7” by 
Cleon Richtmeyer ’24; “Astrology” by Sybil Davidson ’24. 

May 29: Social evening and election of officers. 

(Reported by Professor E. R. Sleight.) 


Tue Martuematicat Cius, Harvarp UNIversity, Cambridge, Mass. 
[1921, 274.] 


The following officers were elected for 1922-1923: President, H. W. Brinkman, Gr.; secretary- 
treasurer, B. Z. Linfield, Gr.; faculty adviser, Dr. Joseph L. Walsh. Papers were read as follows: 
October 11, 1922: ‘Elementary definitions of the trigonometric functions” by Professor W. F. 

Osgood. 

October 24: “Continuation of analytic functions” by M. H. Stone, instructor. 

November 7: ‘The four color map problem”’ by Dr. Philip Franklin, instructor. 

November 21: ‘‘ Asymptotic series’? by Bernard Koopman, instructor. 

December 5: “A mathematician’s tour in Europe” by Professor R. C. Archibald, of Brown Uni- 
versity. 

December 19: ‘ Automorphic functions”? by Isador Sheffer ’23. 

January 5, 1923: ‘Complex plane analytics in 4-space” by Dr. James Taylor, of the Massachu- 
setts Institute of Technology. 
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February 20: ‘‘Nets and the Dirichlet problem” by Dr. Norbert Wiener, of the Massachusetts 
Institute of Technology. 

March 6: ‘The equations of elasticity”? by Julian Holley, Gr. 

March 27: “‘A method of series in elasticity’? by Carl Garabedian, Gr. 

April 10: ‘‘Some problems in algebraic geometry” by Professor J. L. Coolidge. 

May 1: ‘Squaring the circle” by David Widder, instructor. 

May 15: ‘‘The mathematical works of Professor Charles Leonard Bouton” by Professor W. C. 


Graustein. 
(Reported by B. Z. Linfield.) 


Tue MatTHeMatics CLus oF Hoop Co.Liece, Frederick, Md. 


On December 7, 1922, the Mathematics Club of Hood College was organized to stimulate 
interest in Mathematics and to present to the students extra-curriculum topics. All students 
taking elective courses in mathematics are eligible to membership. Goldae Biser ’23 was elected 
president; Miss Margaret Packer, instructor, is acting secretary; Professor Lillian O. Brown is 
faculty adviser. The following is the program for the year 1922-1923: 

December 7, 1922: ‘‘ Anecdotes about famous mathematicians”’ by all members. 
January 12, 1923: ‘“‘Mathematics and life activities’? by Professor Clara Bacon of Goucher 

College. 

February 23: ‘Three classical geometric problems” by Dorothy Eyler ’23, Pauline Beachley ’28, 

and Sarah Markley ’23. 

March 16: ‘Hindu arabic numerals” by Goldae Biser ’23; ‘Development of mathematical 

symbols” by Hazel Zimmerman ’23. 

April 20: ‘‘Mathematical prodigies” by Ruth Feaga ’24 and Ruth Michael ’24; ‘Curiosities of 

numbers” by Helen Goodfellow ’24 and Grace Allen ’24. 

May 18: ‘‘Women in mathematics” by the sophomore members. 


June 2: Picnic. 
(Reported by Miss Packer.) 


THE JUNIOR MatuHematics CLuB oF THE UNIVERSITY oF WISCONSIN, 
Madison, Wis. 
[ 1921, 391. ] 


The Junior Mathematics Club, with a membership of thirty, held meetings in 1922-1923 
as follows: 
October 26, 1922: General discussion and business meeting. 
November 9: ‘‘ Music and mathematics” by Professor A. Dresden. 
November 23: ‘‘Mathematical logic’ by Frank Bruner ’25; ‘Relation of high school mathe- 
matics to college algebra’’ by Reinhard Hein ’26. 
December 7: ‘Theory of probability’”’ by Professor L. W. Dowling. 
March 8, 1928: ‘‘Geometry in the compass plane”’ by Pearl Anderberg ’23. 
March 22: ‘‘ Hyperbolic synthetic geometry”? by Elizabeth Baird ’23. 
(Reported by Miss Viola Jenson, Secretary.) 


TO THE COMPLEX VARIABLE. 


By JoSEPHINE REpp1sH, Knoxville, Tenn. 


As I pore o’er your pages by lamplight, For there on the pages before me, 
Oh, wonderful book of my dreams, ’Mid the lore of the ancient and wise, 

I can scarce see the p’s and the @’s Gleams with wondrous unquenchable brilliance 
For the glint of those dazzling beams. The light of those marvelous 7’s. 

The v’s and y’s are commingled, When weary from long hours of labor, 
Confused with the wu’s and the v’s; I find myself starting to nap, 

And my mind and my heart are a-tremble And my mind refuses to function 


With the pangs of some strange new dz’s. In the maze of a conformal map, 
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’Round the curves of the equipotential, I cast off my growing inertia, 
Coursing in on the long lines of flow, Fickle goddess in complex disguise, 

From regions divine, holomorphic, As I bask with the heart of a lover, 
Comes stealing a quickening glow. In the light of your wonderful 7’s. 


PROBLEMS AND SOLUTIONS. 


EDITED BY B. IF. FINKEL, OTto DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N.B. Problems containing results believed to be new, or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, pro- 
posers would also enclose any solutions or information that will assist the editors in checking the 
statements. In general, problems in well-known textbooks, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuiy. In so far as possible, 
however, the editors will be glad to assist members of the Association with their difficulties in the 
solution of such problems.| 


3025. Proposed by E. H. CLARKE, Hiram College. 
Sum the infinite series 
Dky2 3'x4 4k6 nky2n-2 
Prop tap tert Goat 
k a positive integer. 


3026. Proposed by B. F. FINKEL, Drury College. 

A flat board 12 ins. square is suspended in a horizontal position by strings attached to its 
four corners, A, B, C, D, and a weight equal to the weight of the board is laid upon it at a point 
3 ins. distant from the side AB and 4 ins. from AD; find the relative tensions in the four strings. 

From Bowser’s Analytical Mechanics, p. 92. 

Is this a determinate problem? If not, why not? 


3027. Proposed by C. N. SCHMALL, New York City. 

A parabola whose base (double ordinate) is h and altitude k has a circle inscribed of diameter 
d, and a circle circumscribed, of diameter D. Show that D+d=hA+k. Note that k can not 
be < h/2. 


3028. Proposed by NORMAN ANNING, University of Michigan. 
Equilateral triangles are described on the sides of a right triangle. Dissect the triangles on 
the legs and reassemble the parts to form the triangle on the hypotenuse. 


3029. Proposed by J. ROSENBAUM, Milford, Conn. 

To locate two points, D and E, on the sides AB and BC of a triangle ABC such that 
AD: DE : EC shall be equal to p : q: r, where p, g, and r are given line segments. 

The above is a generalization of problem 2816 (1920, 134). 


3030. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 
Find the envelope of the bisector of the angle that a given segment subtends at a variable 
point of a given line. 


3031. Proposed by S. A. COREY, Des Moines, Iowa. 

On page 183 of the 1922 Monruty, Professor Bennett has given an expression for the limit 
of error in evaluating a definite integral by Simpson’s rule. Give a similar expression for limit 
of error when evaluation is made by Weddle’s rule; also when evaluation is made by the similar 
but somewhat more accurate formula: 


[fede = sip 4Uue + yo) + 216 Qn + us) + 272 + ye) + 272uAl 


(See Montuty, June-July, 1972, 125, and Feb., 1918, 88.) 
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3032. Proposed by OTTO DUNKEL, Washington University. 


If a1, de, +++, Qn are any real or complex quantities which satisfy the equation 
x” — Nae + pCoaerar? + +++ + (— 1)*nCiasta™™ + --* + (— 1)"an” = 0, 
where ,C; = n!/(n — 7)!2!, prove that a1 = dg = +++ = Gn. 


3033. Proposed by A. A. BENNETT, University of Texas. 

Prove the existence in the inversion plane, for an arbitrary positive integer n, of a configura- 
tion of 2”! points and 2” circles, n of the points lying on each circle and n of the circles passing 
through each point. Show that an arbitrary set of n points entirely unrestricted save for dis- 
tinctness may be taken as points of the configuration, and that there will then remain two degrees 
of freedom in the construction of the figure. State the Euclidean theorem in case one of the 
points is at infinity. Show.also that in case n concurrent circles of the configuration are congruent, 
all the circles are congruent. 


3034. Proposed by J. L. RILEY, Stephenville, Texas. 
If every root of the equation f’(x) = 0 be subtracted from every root of the equation f(x) = 0, 
find the sum of the reciprocals of the differences. 


SOLUTIONS. 


2871. [1921, 36]. Proposed by the late L. G. WELD. 

Weight being disregarded, a package may be admitted to the parcels post if the length plus 
the greatest girth, measured transversely to the length, does not exceed 72 inches. What is the 
size of the smallest square window through which all admissible rectangular boxes can be passed? 


SOLUTION BY A. A. BENNETT, University of Texas. 


Let a, b, c be the dimensions of the rectangular box where a =b =c. Then ais the length, 
and 2(6 +c) the girth. Thusa + 2(6 + c) =72 is the condition imposed by law for rectangular 
boxes. A box may be fitted snugly through a square window in each of two ways. The length 
does not enter this question. In one way the sides of the box are parallel to those of the window 
and the smallest square window has each edge e equal to 6b. In the other way the box fits in 
diagonally and the square window is readily seen to have each edge e equal to (b + c)/W2. The 
most troublesome box is clearly that of the most troublesome cross section so that the length a, 
by definition not less than b, must be a minimum that is equal to b in the worst case. Tor boxes 
fitted in snugly obliquely, the edge of the square window is proportional to the girth so that 
b +c must be a maximum or, a, a minimum. One arrives then at a cubical box, a = b = c. 
But this does not give the solution, since a cubical box by being put in parallel to the edges of the 
window will go through a smaller square window. The worst case is, therefore, one in which 
the box fits snugly in each way, diagonally and parallel, so that e = b = (6 + c)/W2 =a, or 
a+ 2(b +c) = (1 + 2~2)e = 72, and the square window has each edge equal to 72/(1 + 2V2) 
inches or 18.807 — inches and an area of 353.703 sq. in. 

The problem may be extended by asking for the rectangular window of smallest area. One’s 
first thought might be that no answer could be obtained. However, the smaller edge of the 
window must be 14? inches since this is only just large enough to admit a cubical box where 
a=b=canda-+ 2+ c) =72. The other, longer edge satisfies an equation obtained by a 
discussion analogous to that above. 

For convenience denote the shorter edge of the window by e, and suppose the longer edge to 
be equal to 6. The box of cross section 6 X c when just fitted in diagonally will divide the side 
of length 6 into segments 2bc?/(b? + c?) and b(b? — c?)/(b2 +c?) and the side e in segments 
26°c/(6? + c?) and c(b? — c?)/(b? + c?). Further 3b + 2c = 5e when a = b; also 2b%c/(b? + c*) 
+ c(? — c*)/(0? +c?) =e. Thus (c/e) = § — 3(b/e). Substituting in (c/e)[3(b/e)2 — (c/e)?]/[(b/e)2 
+ (c/e)?] = 1, we have 9(b/e)? + 101(b/e)? — 285(b/e) + 175 = 0, from which the trivial 
solution b/e = 1 may be at once removed, leaving 9(b/e)? + 110(b/e) —- 175 = 0. Whence 
b = 16V46 — 88, or 20.517 + in. for the longer edge of the rectangular window, giving an area 
of only 295.445 — sq. in. for the smallest rectangular window. 
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Note By Orro DunxKEL, Washington University, and H. P. Mannine, Providence, R. I.— 


We let e = 72/5 and b; = (10 ¥ 46 — 55)e/9. Then a box in which b = 6, will fit diagonally in a 
window whose dimensions are b; X e. Professor Bennett has proved this, but he has not proved 
that all boxes can be passed through such a window. 

Let u Xe be the dimensions of a window in which a box of cross section b X c (where 
3b + 2c = 5e) will just fit diagonally. wu must satisfy the equation (b — c)?(u +e)? 
+ (b+ c)?(u — e)? — 2(b? — c?)? = 0 (see 1920, 327). Eliminating c we have 


f(u, b) = 50(b — e)?(u + e)? + 2(5e — b)?(u — e)? — 25(b — €)2(5e — b)? = 0. (1) 


Ifb=e,u=e. Ifb >eand < (5 — 2V2)e this equation has one root less than e and one 
root greater than e; for f(e, b) = 25(b — e)?[8e? — (5e — b)?], which is negative. It is the larger 
value of u that belongs to our problem. 

For u = b, f becomes (b — e)?[50(b + €)? — 23(5e — b)?], which is zero when b = b;. Then 
if b < b, this is negative and the value of u which is greater than e is greater than b, and if b > by 
this is positive and the value of u which is greater than e is less than b. In the former case the box 
passes through a smaller window when it is put through in the first way, with its sides parallel 
to the sides of the window, than when passed through in the second way. In the second case 
the reverse is true. 

It will now be shown that in the second case w is also less than b;, and therefore that all boxes 
for which b > 6; will pass diagonally through a window whose dimensions are b; X e. 

For 6 = 5e/3, f reduces to 42%? (uw? — 18e?). That is, u = 4e/8, which is less than b:. Now 
the coefficient of wu? in f(u, b) does not vanish for any real value of b, and the two roots of the 
equation f(u, b) are continuous single-valued functions of b in the interval e < b < 5e. When 6 
varies from 5e/3 to bi, the value of u which is greater than e will remain less than bi, or for some 
particular value of b will become equal to 03. 

When wu equals b;, f becomes 


v(b) = 50(b — €)2(bi + e)? + 2(5e — b)2(b, — e)? — 25(b — e)2(5e — B)?. 


One root of ¢(b) is bi. We shall prove that ¢(b) does not become zero for any value of b between 
b, and 5e/8. 
(0) = 25¢?(4b;2 — 21e?), which is negative. 
g(e) = 32e7(b1 — e)*, which is positive. 
g(b1) = 0. 
g'(b1) = 4(b, — e) (by + 244b,e — 345e?), which is positive. 


This shows that when } passes from e to b;, ¢ must first be negative in order to increase to zero. 


o(5e/3) = 42%¢?(b;? — 48e7), which is positive. 
y() is negative. 


gy then has one root between 0 and e, one between e and 0,, one at bi, and one greater than 5e/3. 
All of the roots of ¢ are accounted for, and this proves that it does not become zero between 6; 
and 5e/3. 

In other words, for no value of b between b; and 5e/3 can u become equal to bi, and as wu is 
less than 6; when b = 5e/3, it must remain less than b; for all these values of b. All boxes can 
pass through the window of dimensions b; X e, those for which b S b; by the first way, and those 
for which b = b; by the second way. 

The shorter side of the window must be at least equal to e. When the shorter side is equal 
to e the longer side must be equal to b:. Now if the shorter side is made a little longer, the longer 
side may be made a little shorter, at least for some boxes. It has not been shown that we cannot 
in this way make the area of the window smaller. It will be sufficient to show that a window 
in which a box will fit snugly both ways must have a larger area when its shorter side is of length 
v > é, for with a given v no smaller window will admit this particular box. 

Writing wu + and u — v in (1) for u + e and u — e, putting u = b, and, finally eliminating 
b by putting z = bv, we find that z will be a function of v whose equation may be written 


z2gtev\y? 1 fz~-v\y 1 _ 
(ZS) +55 (5=* ) —3 = 0. 
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Now if we let U and V denote the expressions in the two parentheses we can determine their 
signs and the signs of their derivatives with respect to z and v, and so prove that 


, 
osu 24 4 yal 

dz _ Ov Ov SO 

dv oU oU ° 
25U — ++ Vv 


This will complete the proof that the window of dimensions b; X e is the rectangular window of 
smallest area that will admit all possible boxes. 


Also solved by T. M. BuaksLee and F. L. WILMER. 


2958 [1922, 82!. Proposed by R. P. BAKER, University of Iowa. 

Over a frictionless pulley a weightless cord sustains at one end a mass M, while the other 
end is wound on the axle of a wheel of mass M and moment of inertia NV. At the zero of time the 
wheel revolves with angular velocity w and tends to wind up the cord. Describe the motion 
neglecting friction. 


SoLuTIon BY J. B. Reynoups, Lehigh University. 


Let the vertical distances from some fixed horizontal line in the plane of motion down to the 
mass M and to the wheel be x and %1, respectively. Let 6 be the angle turned through by the 
wheel in unwinding the cord and let 7 be the tension of the cord. Then we have the geometric 
condition that « + x1 — ré = const., r being the radius of the axle. For the equations of motion 
we have 

Mg -T =Mi, Mg—T=Mi,, Tr =N6. 
These equations give 


- Q2Mgr_ . >  2Mgr _ 
g= oN Mr? whence g= oN + Mr A! w, 
2 
showing that the cord will wind up for w seconds and thereafter unwind. Again 
gage = and =e etn 
9" aN Mr ~ 2(N + Mr’) "" 
That is, the mass M will descend with constant acceleration. Further, 
a — Mr’? . — 9Mr 
= 0 =o Tp and hence 4; = ON + rat 7 Te 
; . 
That is, the wheel will rise until ¢ = or Now if a is the initial value of 21, 
_ gMr? 2 _, _2N+Mr , _ 2N + Mr 
"= 5ON Mr) ?—rot+a and a—-%= “Mg” where [t= aM 


2N + Mr? 
M 


That is, the wheel will rise a distance w* above its first position and will thereafter 


descend with constant acceleration. 
Also solved by PHiuip Fircu and WILLIAM Hoover. 


2965 [1922, 130]. Proposed by C. N. MILLS, Tiffin, Ohio. 

If a quadrilateral inscribed in a square has the diagonals a and b and the area A, show that the 
ab? — 4A? 

a +b? — 4A © 


area of the square is 


SoLuTIoN BY J. B. Reynoups, Lehigh University. 


Let ¢ be the angle between 6b and a side of the square into which it projects and let @ be the 
angle between a and b. We will then have, since either equals the side of the square, 
asin (@é+ ¢) =bcosg; whence tan ¢ = (b — asin @)/a cos 6 
and, if S is the area of the square, 
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S = b? cos? ¢ = a?b? cos? 6/(a? + b? — 2ab sin @). 
But A = jab sin 6; whence S = (a?b? — 4A?)/(a? + 62 — 4A). 
Also solved by J. Q. McNatt, A. PELLETIER and A. V. RICHARDSON. 


2967 [1922, 179]. Proposed by ELIJAH SWIFT, University of Vermont. 
A plane revolves about one of two non-coplanar lines as an axis. Find the locus, in the plane, 
of the intersection of the plane and the other line. 


SOLUTION BY R. S. UNpERWoop, Alabama Polytechnic Institute. 


Let the x-axis be the axis of rotation and the z-axis, the common perpendicular to the two 
lines. Then the equations of the other line may be written z =k, Y = mx. If (xz, y) are the 
coordinates in the rotating plane of its intersection with the other line, the origin being the same 
as for the space coordinates, then y? — Y? = 2? or y? — mr? = k?._ Hence the curve is an hyper- 
bola unless the two lines are perpendicular, and in this case the curve reduces to two coincident 
straight lines. Both branches of the hyperbola are traced in a complete revolution of the plane. 


NoTeE BY THE Epitors: The above results are evident without the use of equations, for we 
may suppose that the plane is fixed and that the other line rotates about the first line, fixed in the 
plane. The rotating line describes an hyperboloid of one sheet, and, since the plane passes 
through the axis of the hyperboloid, it cuts out an hyperbola. 


Also solved by A. Bocarp, H. C. BrapLey, WiLLIAM Hoover, W. J. Pat- 
TERSON, A. PELLETIER, F. L. WILMER and the PROPOSER. 
2978 [1922, 271]. Proposed by C. N. SCHMALL, New York City. 


Given the equation of the general cubic, f(z, y) = az + 3ba*y + 3cry? + dy? + aiz? 
+ Qhixzy + ci1y? + ax + bey + cs = 0, show that the three asymptotes of the curve will be con- 


current if 


a 0b ay 
b Cc bi = Q. 
c a C1 


SoLuTIon By J. B. Reynoups, Lehigh University. 
Let y = st +k bean asymptote. Substituting this in the equation of the curve we find the 
equations of condition for infinite roots to be 
a + 3bs + 3cs? + ds? = 0, (1) 
3k(b + 2cs + ds?) + (ay + 2618 + C18?) = 0. (2) 
The equation of the asymptote may then be written 
3(b + 2cs + ds*)y — 3(bs + 2cs? + ds*)x + (a1 + 261s + cis?) = 0, 
and this equation by aid of (1) as 
3(a + 2bs + cs?)x + 3(b + 2cs + ds*)y + (a1 + 2bis + cys?) = 0. (3) 
If si, Se, 8: are the roots of (1), then the determinant of the three equations obtained by inserting 
these roots in (3) is readily seen to be the product 


1 81 $72 a b ay 
18] 1 So $2 b Cc bi 
1 §3 $32 | Cc d C1 


and hence the theorem of the problem follows at once. 


Another way of obtaining the result is as follows: If the determinant in the problem is zero, 
then the three lines 
sax + 3by + a 
3bx + 38cy + bi 
scx + 8dy +a = 
meet in a point. Now (8) is a linear combination of these three lines and hence passes through 
the same point for all values of s. 
Also solved by A. Bocarp, H. A. DoBELL, R. E. Garnes, A. M. Harpina, 
Witi1aM Hoover, A. V. RicHarpson, HazeL E. SHomMAKER, F. L. WILMER 


and the PROPOSER. 
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NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general 
terest of this department by sending items to R. W. BURGESS, Brown University, Providence, 

Professor WiLLIAM CaIN, of the University of North Carolina, has been 
awarded the James R. Croes medal of the American Society of Civil Engineers 
for his paper on The circular arch under normal loads. 

Assistant Professor G. W. Mutuins, of Barnard College, Columbia University, 
has been promoted to an associate professorship of mathematics. 

Assistant Professor F. N. Bryant, of Syracuse University, has been promoted 
to a full professorship of mathematics. 

Mr. B. F. Krmsa.u has been appointed instructor of mathematics at Tulane 
University. 

Announcement is made that the Council of the American Mathematical 
Society has decided to proceed to raise an endowment fund of at least one hundred 
thousand dollars and a Committee on Endowment has been appointed, consisting 
of Julian L. Coolidge, Harvard University (Chairman); Arnold Dresden, Uni- 
versity of Wisconsin; Griffith C. Evans, Rice Institute; Robert Henderson, 
Equitable Life Assurance Society; and George E. Roosevelt, 30 Pine Street, 
New York (Treasurer). ‘While recognizing that there are many other worthy 
objects, it has been voted that income may be used for publishing of material 
pertaining to research, such as the transactions and other journals, the collo- 
quium lectures, and books and treatises. The release of a portion of the regular 
income will permit the Society to attend to some of the other pressing matters. 

A campaign for a wider circulation and for an extension of its influence is 
now being conducted by “Sctentia,” the international review published at 
Milan, Italy. This journal aims to promote the work of the philosophic synthesis 
of science and the intellectual fraternization of peoples. Its authoritative but 
non-technical articles (each published simultaneously in the language of the 
author and in French) give a summary and evaluation of scientific truth not 
found elsewhere. As such a journal necessarily makes its appeal to a select 
group of intellectual people, it can succeed in its aims only if supported by all 
those who believe in the formation of an international scientific mind infused 
with the spirit of a philosophic interpretation of scientific truth. American 
subscribers can purchase “Screntia”’ through Messrs. Williams & Wilkins, 
Mount Royal and Guilford Avenues, Baltimore, Md., at ten dollars per year 
(twelve issues). Among contributors to recent or forthcoming issues are the 
following Americans: W. D. MacMillan, S. Nearing, L. E. Dickson, W. S. 
Adams, and R. D. Carmichael. 


Mathematical Text Books 


Books in this list have been introduced, and continued in use, in a 
large number of prominent universities, colleges, and schools in the 
United States and Canada. 


Published October, 1922 


TRIGONOMETRY, by Epwin S. CRAWLEY, and HEnry B. Evans, Professors of Mathe- 
matics in the University of Pennsylvania, vi+-187 pages............. Price, $1.35 


THE SAME, bound with Crawley’s TABLES OF LOGARITHMS, as below...Price, $1.85 
Other Publications 

ANALYTIC GEOMETRY, by the same authors, xiv-+-239 pages, 714x5 in...Price, $1.60 

SHORT COURSE IN PLANE AND SPHERICAL TRIGONOMETRY, by Epwin S. 


CRAWLEY, I21 Pages, 8VO... ccc ccc ccc cece cece ccc eecceeccseccecs Price, $1.00 
THE SAME, bound with five-place tables (as below) .......ccceece. occeces- rice, $1.50 
TABLES OF LOGARITHMS, to five places of decimals, by Epwin S. CRAWLEY. Ejight 
tables, with explanations. xxxii-+79 pages, 8VO .........0.ccccceees Price, $0.90 
ONE THOUSAND EXERCISES IN TRIGONOMETRY, by Epwin S. CRAWLEY. 
VIA-70 Pages, BVO... cece cece cece cee s cnet eee ee ete neces ceeees ..-Price, $0.75 


N.B. Asample copy of any of these books (except the Exercise Book in Trigonometry) will be sent 
without charge to any teacher of mathematics for examination. It is particularly important that teachers 
writing for trigoncmetries for eraminaticn, or persons ordering trigonometries, should specify WHETHER 
BOOKS WITH TABLES OR WITHOUT TABLES ARE DESIRED. 
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W. D. Cairns, Secretary-Treasurer. 


THE APRIL MEETING OF THE IOWA SECTION. 


The twelfth regular meeting of the Iowa Section of the Mathematical Associa- 
tion of America was held, in conjunction with the thirty-seventh annual meeting 
of the Iowa Academy of Science, at Cornell College, Mount Vernon, Iowa, on 
April 27 and 28, 1923. The Chairman of the Section, Professor C. W. Emmons, 
presided at both the Friday afternoon and Saturday morning sessions. 

There were thirty-seven in attendance, including the following twenty-five 
members of the Association: O. W. Albert, E. W. Chittenden, L. M. Coffin, 
Marian E. Daniells, R. M. Deming, C. W. Emmons, Fay Farnum, C. Gouwens, 
R. B. McClenon, F. M. McGaw, J. V. McKelvey, Martha McD. McKelvey, 
E. E. Moots, E. A. Pattengill, J. F. Reilly, H. L. Rietz, Maria M. Roberts, E. R. 
Smith, C. W. Strom, John Theobald, J. S. Turner, F. M. Weida, C. W. Wester, 
W. H. Wilson, Roscoe Woods. 

Dinner was enjoyed together Friday evening, followed by a number of brief 
impromptu speeches. At the business meeting the following officers were elected 
for 1923-1924: Chairman, F. M. McGaw, Cornell College; Vice-chairman, 
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J. V. McKeEtvey, Iowa State College; Secretary-treasurer, J. F. Remzy, Univer- 
sity of Iowa. A committee consisting of Professors McClenon, Gouwens and 
Weida presented the following resolution: 

“Resolved that the Iowa section of the Mathematical Association of America 
hereby expresses its feeling of deep regret at the death of Mr. T. M. Blakslee of 
Ames. Mr. Blakslee had been for many years a member of this section, and had 
rendered excellent service to the cause of mathematics, especially through his’ 
contributions to the Montuiy. His death is a loss to our state and to the 
nation. 

“Resolved further that a copy of this resolution be spread upon the minutes 
of the Iowa section, and published in the Monruty.”’ 

The next fall meeting of the Section will be held at Des Moines in November, | 
and the next spring meeting at Ames in April, 1924. 

The following papers were presented: 

(1) “On the correction of a common error in the calculation of the mean 
deviation from a given frequency distribution”’ by Professor H. L. Rretz; 

(2) “On the geodesic in four space”’ by Professor C. GOUWENS; 

(3) “A general expression for the scedastic function for the generalized 
double frequency distribution”’ by Professor E. R. Smrru; 

(4) “Leibnitz’s contribution to the history of complex numbers”’ by Professor 
R. B. McCuenon; 

(5) “Some curves met with in the conformal representation of integral tran- 
scendental functions”’ by Professor McCLENon; 

(6) “The definite integral in a first course in calculus” by Professor J. V. 
McKELVvVEY; 

(7) “Certain preliminaries to the calculus” by Professor C. W. Emmons; 

(8) “The cochledide”’ by Professor Roscoz Woops; 

(9) “On the theory of wave filters with an application to the theory of acoustic 
wave filters’? by Professor E. W. CHITTENDEN; 

(10) “Some functional equations suggested by the mean value theorem”’ by 
Professor W. H. WILson; 

(11) “The differentiation of the trigonometric functions” by Professor 
WILSON; 

(12) “What is mathematics?”’ by Professor J. S. TURNER; 

(13) “An application of finite differences’? by Professor J. F. REILLY; 

(14) “The cycloid and its companion”’ by Professor E. E. Moots. 

Abstracts of the papers follow below, the numbers corresponding to the 
numbers in the list of titles: 

1. Professor Rietz dealt with the source and elimination of an error in certain 
familiar textbook methods for the calculation of the mean deviation when values 
are grouped into class frequencies. That the error in question is important was 
shown by examples occurring in statistical practice, where the per cent. error in 
the mean deviation would vary from 0 to 6. 

2. Professor Gouwens showed that, by making use of the fundamental lemma 
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of the calculus of variations and making one change of independent variable, 
we have a direct method for obtaining the geodesic in four-space without making 
use of the 6-process so common in the textbooks on relativity. 

3. By means of a general expansion of the double frequency function into a 
series of Hermitian polynomials, Professor Smith obtained the equation of the 
scedastic curve. The equation brings out a simple relation between the scedastic 
and the regressional functions. : 

4. The pioneer work done by Leibnitz in the study of complex numbers, 
particularly in connection with the solution of algebraic equations, does not seem 
to have been sufficiently emphasized by historians of mathematics. In this 
paper Professor McClenon gave an analysis of this part of Leibnitz’s contribution, 
and brought out the fact that he was a direct precursor of Tschirnhausen, Jean 
Bernoulli, and Euler in this field. 

5. In this paper Professor McClenon mentioned a set of curves that have 
interesting properties. The equations were obtained by setting simple rational 
functions of e** equal to a constant. | 

6. Professor McKelvey outlined a method of introducing and defining the 
definite integral by algebraic methods without any use of differentiation or the 
inverse process. A number of physical and geometrical examples were given 
which can be set up as the limit of a sum of products, the sum being obtainable 
by use of formulas for arithmetical or geometrical series or sum of the squares 
of the integers, etc. 

7. Professor Emmons showed the advantage to the beginning student of 
calculus of a thorough familiarity with the principles of curve tracing. Text- 
books generally leave the subject of curve tracing until after the derivative has 
been introduced. A more opportune time for gaining facility in curve tracing 
is found to be when the functional notation is introduced. The effect upon the 
shape, size and nature of a given curve produced by special cases of the homo- 
graphic transformation may be investigated by the student and the insight thus 
derived will have its effect upon his later progress. 

8. Professor Woods, after making some remarks of an historical nature, 
discussed the different ways of defining the cochledide. The relations between 
the cochledide and other curves were brought out as well as some of the properties 
of the curve. To the theorems concerning the tangents to the curve he added 
some remarks regarding the loci connected with the normals. Finally the 
applications of the curve were brought out and its connection with a recent 
problem in physics was given. 

9. The theories of electric and acoustic wave filters composed of a number 
of equal sections in series are based upon linear difference equations of the 
second order with constant coefficients. If the sections of the filter are unlike 
the coefficients are variable. After obtaining the necessary and sufficient con- 
ditions that a wave of given frequency be transmitted from section to section of 
a filter without attenuation, Professor Chittenden applied these conditions in 
the case of filters with alternate sections equal. It was found.-that, in general, 
filters of this type transmit two distinct bands of frequencies without attenuation. 
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10. Professor Wilson investigated certain functional relationships, some of 
which are special cases of the mean value theorem of the differential calculus 
while others are generalizations of this theorem and its extensions. ‘The most 
general continuous functions which satisfy the various equations were found 
and some of the relationships existing between these functions noted. 

11. The belief that students entering the first course in calculus have little 
or no knowledge (either theoretical or practical) of circular measure and that 
they have not a working knowledge of proportion leads Professor Wilson to 
advocate the evaluation of the limit of the quotient of the sine of an angle divided 
by the angle (as the angle approaches zero) in the form 27/R, where R is the 
number of angular units contained in the complete angle about a point. This 
limit is approached by a comparison of areas one of which, the area of a sector, 
is derived from its ratio to the area of the entire circle. The general formule 
thereafter found for the derivatives of the trigonometric and inverse trigono- 
metric functions are used in the classroom for most of the semester, emphasis being 
placed on the simplification introduced by the use of ‘radian measure (defined 
through the use of R = 27). Exercises in graphing, rate of change and expan- 
sions in series fix the ideas for the student. 

12. In this paper Professor Turner characterized the following subjects: 
common sense, categorical logic, inductive logic, logical reasoning, philosophy, 
science. Finally two definitions of mathematics were given, in which certain 
terms previously explained were employed. 

13. In the paper “An interpolation formula for equidistant frequency dis- 
tributions” by Langman in the Quarterly Publications of the American Statistical 
Association is solved the following problem: Given the frequency over each of 
the unit sub-intervals of the interval from a to ), to find the frequency over any 
arbitrary interval. Professor Reilly showed how Langman’s result can be 
obtained much more easily and briefly by applying some principles of the calculus 
of finite differences. 

14. The companion to the cycloid, x = aé, y = a(1 — cos @), has the same 
period and amplitude as the cycloid. The two curves are tangent at their highest 
point, and coincident at their lowest points. Professor Moots showed that, if 
the generating circle be divided into two parts by a diameter and placed in the 
position corresponding to 6 = 7, this circle, the cycloid and its companion divide 
the circumscribing rectangle into eight equal parts each of area wa?/2. The 
rectification of the companion leads to the elliptic integral E(¢, k), where ¢ = 180° 
and k = 1/V2, which when evaluated gives. the length as 7.6401la, or approxi- 
mately .36a less than that of the cycloid. 

J. F. Remy, Secretary-Treasurer. 


THE MAY MEETING OF THE KENTUCKY SECTION. 


The seventh regular meeting of the Kentucky Section of the Mathematical 
Association of America was held at the Physics Building, University of Kentucky, 
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Lexington, on Saturday, May 5, 1923. The meeting consisted of two sessions 
with Dr. Elizabeth LeStourgeon, the chairman, presiding. 

The attendance was seventeen, including the following members of the 
Association: R. V. Blair, P. P. Boyd, J. M. Davis, H. H. Downing, A. R. Fehn, 
Elizabeth LeStourgeon, C. H. Richardson and G. A. Seubert. 

Professor A. R. FrEHn, Center College, was elected chairman of the Section, 
and Mr. G. A. SruBERT, University of Kentucky, secretary-treasurer. The 
next meeting will be held at Center College next April. 

The following papers were read: 

(1) “Anallagmatic curves”? by Dean P. P. Boyp; 

(2) “Some remarks on statistics”? by Professor A. R. FEHN; 

(3) “A vectorial treatment of the loci of points of a moving body which are 
exceptional points of their trajectories” by Professor E. L. REEs; 

(4) “Unified mathematics for freshmen” by Professor C. H. RicHarpson; 

(5) “A treatment by vector methods of order of contact” by Mr. Augustus 
S1sk (by invitation) ; 

(6) “Illustrated lecture on astronomy” by Professor H. H. Downrna. 

Abstracts of the papers follow below. ‘The abstracts are numbered to corre- 
spond to the titles in the list above. 

1. Dean Boyd introduced his subject by recalling the necessary facts concern- 
ing circular points at infinity and the foci of higher plane curves. Circular inver- 
sion was presented as a specialization of the quadratic transformation. The 
relations between the inverse, the pedal and the polar reciprocal of a curve were 
demonstrated. Various special anallagmatic curves, bicircular quartics, espe- 
cially, were shown. The necessary condition for an anallagmatic curve was 
derived. The curve was derived as the envelope of a pencil of circles orthogonal 
to the circle of inversion. The geometric construction of points upon and of the 
foci of the anallagmatic curve, when the deferent is given,.was explained. Finally 
various theorems concerning circular cubics and bicircular quartics as anallag- 
matic curves were stated. 

3. Professor Rees derived by vector methods the equation of the third- 
order curve of inflections and the third-order surface locus of points at which the 
osculating planes of their trajectories are stationary. Methods for obtaining 
the instantaneous loci of points for which the osculating circles and the osculating 
spheres of their trajectories are stationary were also outlined. The manner in 
which these loci are related was pointed out and certain properties of these loci 
were proved in a simple way by vector methods. 

4, Assuming that a course of mathematics for freshmen should prepare the 
student for a more intelligent analysis, interpretation, and understanding of 
quantitative phenomena, Professor Richardson stated as his opinion that such 
a course should introduce the student to the more powerful methods for investi- 
gating quantitative phenomena; that in view of the recent applications of 
mathematics to many fields such as psychology, education, biology, economics, 
the problems should be selected from a wide range of topics; that, where mathe- 
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matics 1s required of freshmen, expert facility in some of the processes should be 
sacrificed in order that an acquaintance with the many applications may be 
accomplished. He also expressed the belief that such a course emphasizing 
utility would stimulate a feeling for the need of a better mathematical training, 
and retrieve for our.field some ground lost during the past decade by reason of 
misplaced emphasis. 

5. Mr. Sisk showed by vector methods that in general the tangent line has 
contact of the first order, the osculating circle has contact of the second, and the 
osculating plane has contact of the third order. 

6. Professor Downing showed about fifty views of the sun, moon, planets, 
comets, nebulas, star clusters, and star clouds. The principal features of each 
slide were pointed out. 

C. H. Ricuarpson, Secretary-Treasyrer. 


ORGANIZATION MEETING OF THE MICHIGAN SECTION. 


A meeting for the purpose of organizing a Michigan Section of the Association 
was held at the University of Michigan, Ann Arbor, on March 29, 1923. The 
Mathematics Section of the Michigan Schoolmasters’ Club had arranged to have 
its program for the session of this day of especial interest to teachers of mathe- 
matics in the colleges, this to culminate in the organization of the section. Pro- 
fessor Harold Blair of Kalamazoo Normal presided at the first part of the meeting, 
and then turned the meeting over to Professor T. H. Hildebrandt. After a 
brief discussion by Professor W. B. Ford outlining the history and purposes of 
the Association and the policy of the MonrtTuty, the organization was con- 
summated in the drawing up of a petition to the Board of Trustees for recognition 
as a section and in the adoption of by-laws. Professor L. C. Emmons acted as 
Secretary for this part of the meeting. The following signed the petition and 
were declared charter members of the section:! 


N. H. Anning, *R. C. Huffer, 
*W.S. Barlow, — M. F. Johnson, 

J. F. Barnhill, L. C. Karpinski, 
*G. C. Bartoo, *D. K. Kazarinoff, 

Harold Blair, A. E. Lampen, 
*P, N. Blessing, *C. E. Love, 

J. W. Bradshaw, J. L. Markley, 
*W. M. Coates, *Jane L. Matteson, 
*C. J. Coe, *Selah W. Mullen, 
*C.C. Craig, A. L. Nelson, 

S. E. Crowe, *Ada A. Norton, 

Albertus Darnell, H. L. Olson, 

W. W. Denton, W. H. Pearce, 
*J. M. Earl, *V.C. Poor, 

L. C. Emmons, Clair Reid, 

J. P. Everett, ; R. B. Robbins, 

Florence E. Field, *L. J. Rouse, 

Peter Field, T. R. Running, 


1 Those whose names are starred were not members of the Association at the time, but have 
since applied, and by action of the section are to be considered charter members of the section. 
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S. E. Field, *R. H. Schoonover, 
W. B. Ford, E. R. Sleight, 

J. W. Glover, *W. H. Wentworth, 
*A.G. Hall, *A. Marie Whelan. 

T. H. Hildebrandt, C. B. Williams, 

L. A. Hopkins, *Orpha E. Worden, 
J. M. Howie, .. Alexander Ziwet.. 


The following officers were elected for the ensuing year: Chairman, T. H. 
HILDEBRANDT; Secretary-Treasurer, J. P. Everett; Member of the Executive 
Committee, E. R. SLEIGHT. . 
J. P. Everett, Secretary-Treasurer. 


THE MAY MEETING OF THE ILLINOIS SECTION. 


The fourth annual meeting of the Illinois Section of the Mathematical Asso- 
ciation of America was held at Knox College, Galesburg, Illinois, on May 4 and 
5, 1923, in conjunction with the Illinois State Academy of Science. There were 
three sessions. On Friday afternoon, Chairman Sellew called the meeting to 
order at 2:20. During the latter part of the session Vice-Chairman Comstock 
presided. The Friday evening session was a joint meeting of the Academy and 
the Illinois Section. Prof. Sellew presided at the Saturday morning session. 

The attendance was forty-one, including the following eighteen members of 
the Association: 

W. E. Cederberg, C. E. Comstock, M. W. Coultrap, A. R. Crathorne, D. R. 
Curtiss, C. F. Green, Mabel M. Heren, Mayme I. Logsdon, E. B. Lytle, E. J. 
Moulton, Mary W. Newson, C. I. Palmer, G. H. Scott, G. T. Sellew, H. E. 
Slaught, M. G. Smith, E. J. Townsend and Alice Winbigler. 

The following officers were elected: C. E. Comstock, Chairman; E. J. 
Movtron, Vice-Chairman; G. H. Scott, Secretary-Treasurer. By a unanimous 
vote it was decided that the time and place of the next meeting of the Association 
will be decided by the executive committee. 

The Illinois Section and the State Academy were entertained at a banquet 
on Friday evening, at Knox College. 

After the reading of the minutes of the 1922 meeting, the following papers 
were presented: . 

(1) “Similar Perspective Triangles” by Professor F. E. Woop, Northwestern 
University (by invitation); 

(2) “Differentials, History and Uses” by Professor C. I. PatmEer, Armour 
Institute of Technology; 

(3) “Some Problems in Probability” by Professor E. J. Moutton, North- 
western University; 

(4) “Unified Mathematics for Freshmen” by Dr. C. F. Green, University 
of Illinois; . | 

(5) “The Pearson School of Statistics at the University of London” by 
Professor G. T. SELLEwW, Knox College; 
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Report of Committee “On Some Recent Changes in Mathematical Require- 
ments ’”’; 

(6) “In the Universities” by Professor E. J. Moutton, Northwestern 
University ; ; 

(7) “In the Colleges of Illinois” by Professor C. E. Comstock, Bradley 
Polytechnic Institute; 

(8) “In the High Schools” by Professor E. B. Lytix, University of Illinois. 

Abstracts of papers, numbered as in the above list, follow: 

1. Professor Wood proved that if two similar triangles are perspective with 
a finite axis, the circles circumscribing the triangles meet in two real points, one 
of which is the center of perspectivity, and the other the common Miquel point 
to each of the two quadrilaterals formed by either triangle and the axis of per- 
spectivity. A special case of the Desargues configuration was obtained, and 
from that a configuration in circles and points. Certain extensions to equilateral 
triangles, to congruent triangles, to n-sides and to space were suggested. 

2. Professor Palmer made a plea that instructors in, the calculus should give 
more attention to clarifying the meaning of a differential and should make greater 
use of the idea in teaching the calculus to students who later are to study texts 
in applied mathematics where the differential 1s of frequent occurrence. He 
gave the history of the growth of the differential idea during the eighteenth 
century, and quoted various texts showing the great confusion of the ideas 
current at the present time. 

3. Professor Moulton reported on some problems in probability which come 
up in a discussion of the accuracy of grades. The most important problem is 
described thus: If a paper were graded on many occasions by an instructor, the 
average of the grades may be called the true grade of the paper on the instructor’s 
standard of grading. Suppose now that an instructor gives grades X; and Y; 
to two students, and that X; is less than Yi. What is the probability that for 
the true grades X and Y the former is as large as the latter? The answer of 
course depends upon the probable error of a grade and the magnitude of the 
difference Y; — Xi. The solution applies to other measurements as well as to 
grades. An interesting conclusion, based on experimental determinations of the 
probable error, is that for fairly typical semester grades if one student Is given 
a grade of 80 and another 89, then the probability that the former merits as high 
a grade as the latter is less than one in a hundred thousand. Most of the paper 
is found in the Mathematics Teacher, vol. 16, pp. 141-149, March, 1923. 

4, Dr. Green’s paper was a short survey of the field of unified mathematics 
from the viewpoint of its orientation with regard to other reform movements 
towards increasing the value and significance of our freshman courses in mathe- 
matics. The aims of such courses in meeting the needs both of the students 
who will continue into further courses and of those who will not can possibly 
best be gained by more emphasis on insight and understanding of fundamental 
conceptions and modes of thought, by covering as broad a range of mathematical 
concepts and processes as feasible and by stimulating “functional thinking”’ 
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and analysis. These principles are embodied to the fullest extent in unified 
mathematics. 

Also there was outlined the plan used in an experiment with a few classes at 
the University of Illinois during the present year together with the results 
attained. 

5. Professor Sellew gave some results of his experience in investigating the 
opportunities for the study of statistics in Europe. He gave a detailed account 
of these opportunities in the Department of Applied Statistics (under the direc- 
tion of Professor Karl Pearson) at University College, University of London. 

On account of the world-wide reputation of this great center of inspiration 
for the study of statistics and the curiosity concerning it, the department is 
overwhelmed with wsitors from all parts of the world and has been obliged to 
curtail the amount of time that can be given to them. But both Professor 
Pearson personally and his twelve able assistants are most generous of the time 
and attention they give to all students in the three laboratories. 

6. As a member of a committee requested to report on’ recent changes in 
mathematical requirements, Professor Moulton reported tendencies shown by 
answers to a questionnaire sent out to a number of typical universities and large 
colleges. The questions were not restricted strictly to the field assigned. Some 
conclusions follow: In Liberal Arts Colleges entrance requirements are usually 
limited to one unit of algebra and one unit of geometry, which is a reduction from 
the requirements of ten or fifteen years ago, in many cases. In the Eastern and 
Southern states the amount of mathematics offered for admission by students 
has remained sensibly constant, but elsewhere there has been an appreciable 
decrease, solid geometry especially showing a slump. Advanced algebra, in- 
cluding quadratics, is now taught in most of the central and western universities, 
as a regular course for college credit, but not in most of the eastern and southern 
institutions. Most of the universities give a course in solid geometry, but 
seldom is it a required course. About one out of four universities have an 
absolute mathematics requirement for graduation in excess of entrance require- 
ments; most of the others have a group system of requirements, one group 
including mathematics. Some institutions give no college credit for any mathe- 
matics taken in a preparatory school before graduation, but most universities 
outside of the eastern states give college credit under some circumstances for 
trigonometry and college algebra taken in high school. Many have tried 
methods of separating students on the basis of ability, and for the most part 
they are well satisfied with results. 

7. Professor Comstock stated that fifteen colleges in Illinois (not including 
University of Illinois, University of Chicago, and Northwestern University) 
report that, due to recent changes, the entrance requirements in mathematics 
are one unit in algebra and one unit in geometry. In the last ten years there 
has been a marked decrease in the percentage of Freshmen presenting one and 
a half units of both algebra and geometry, as is shown by the figures below: 
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Years. Per Cent. Alg. Per Cent. Geom. 
1912... cc ees 83 55 
IQL7. cece ees 72 40 
1922. cee eens 56 31 


The treatment of these two classes of students varies. In some colleges they 
are put into different sections of Freshman mathematics, the missing half unit 
being made up in classes requiring more hours a week. In three colleges the 
Freshmen are divided into sections according to ability rather than according 
to the number of units presented for entrance. Three colleges hold diagnostic 
examinations near the beginning of the Freshman year. Only four.of the fifteen 
require college courses in mathematics of all candidates for graduation. None 
require solid geometry and only six provide for instruction in that subject. 

8. Professor Lytle discussed four changes going on in high schools. (1) There 
is a strong movement for less emphasis of technique and greater simplification 
of subject matter, evidenced by magazine discussions, new texts, experimental 
schools and the National Committee Report. Conservatism, drill-master type 
of teachers, poor preparation of teachers, manipulative type of examination 
questions and texts make progress slow. The movement includes better types 
of drill on the fundamental technique retained. (2) The increasing number of 
Junior High Schools is bringing about what is probably the best reorganization 
of elementary mathematics we have ever had because it eliminates some of the 
long-felt loss of time in the eighth year; this reorganization increases correlation 
possibilities and gives a more real and vitalized mathematics. (3) A popular 
approval of General Mathematics is evident, but there seems to be a lack of 
proper differentiation between “fused” or “unified,” “correlated” and “ general”’ 
courses. (4) A new appreciation of real demonstrative geometry has appeared, 
due probably to the more careful statements of belief of educators on “transfer” 
and “training” values. However, extended real demonstrative geometry courses 
are tending to come later and are more often made elective. 


G. H. Scott, Secretary-Treasurer. 


ee 


VECTORIAL TREATMENT OF THE MOTION OF A RIGID 
BODY IN A PLANE 


By E. L. REES, University of Kentucky. 


1. Introduction. Although the simplicity and brevity as well as the elegance 
of vector methods in the treatment of kinematics have long been recognized, 
few writers on this subject have made use of vector analysis, especially in works 
published in English. The advantages of the vector treatment are well illustrated 


1 The subject of this paper in so far as it relates to velocities and accelerations was treated 
from a somewhat different point of view by Professors Ziwet and Field in the Monruty, 1914, 
105-113. The method there used is that of Burali-Forti and Marcolongo. In the present paper 
the Gibbs’ notation and method have been used exclusively. 
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in the applications to the theory of the motion of a rigid system of points in a 
plane briefly sketched in this paper.! 

2. Instantaneous Center. We are to study the motion of a plane (the points 
of which constitute a rigid system) which glides upon a fixed plane. This motion 
is completely determined at any instant by the velocity of a point P-of the 
moving plane and the angular velocity of that plane. Let p(t) be the position 
vector of this point and let w(t) be the angular velocity vector; also let g(t) be 
the vector from the point P to any other point Q of the moving plane. The 
equation of the trajectory of Q is then r = p+ q and Q’s velocity is v= + q 
=p+wxXq. Placing v=0 and assuming w+ 0, we find q = w'X p. 
Hence at any instant there is one and only one point at rest (instantaneous center 
about which the plane is rotating) and its position vector is 

ptw'!X bp. 

3. Centrodes. The locus of the instantaneous center in the fixed plane and 
its locus in the moving plane are called, respectively, the fixed centrode and the 
moving centrode. The equation of the fixed centrode is obviously P = p + 
w' X p, in which ¢ is the scalar parameter. 

We refer the moving centrode to the orthogonal unit vectors 7’, j’ (origin at P) 
in the moving plane, where i’ = cos 6i+ sin 6j and j’ = — sin 6i+ cos 6j, 
0(= fwdt) being the angle of orientation with reference to the fixed vectors 
iandj. To find the equation of the moving centrode we have merely to express 
the vector Q = w X in terms of 7’ and j’; thus the required equation is 


= O71 + O77 = [wp] + [w p’, 
in which 7’ and j’ of the triple products are to be regarded as the functions of ¢ 
indicated above. 


The velocity of the instantaneous center on the fixed centrode is P = p+ Q, 

and its velocity on the moving centrode relative to the moving plane is 

—6 OH OT OF + OT + OFF = OF8. 
Hence the centrodes are tangent to each other at the instantaneous center and 
the corresponding centrodal arcs are equal. Whence the following theorem: 

The moving centrode rolls without slipping on the fixed centrode. 

4. Roulettes. When the centrodes r = P, r’ = Q’ are given, the trajectories _ 
of the points of the moving plane are called point roulettes. If the generating 
point be. taken as origin in the moving plane, we see at once that the equation 
of the roulette is 

r= P—Q=P- Qii— Qi, 
where i and 7 of the last two coefficients are to be expressed in terms of i’ and j’. 

1 The reader is referred to such elementary works as those of Gibbs-Wilson and Coffin for 
certain preliminary definitions and theorems which are omitted here for brevity. We use the 
notation there explained except that primes are used here to indicate vectors which are expressed 


in terms of the unit reference vectors 7’, j’ of the moving plane. Vectors not affected by primes 
are expressed in terms of the unit reference vectors i, j of the fixed plane. 
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If the generating point were any other point @’ of the moving plane, the equation 
would be 
r=P+(q— QO) iti+@ — OQ) VW. 

For a cusp on the roulette r = p we must have r = p = 0, «.e., the generating 
point must be an instantaneous center at a cusp. Hence in general only points 
of the moving centrode generate roulettes with cusps, and the locus of these 
cusps is the fixed centrode. 

The envelope of a line fixed in the moving plane is called a line roulette. 
Let Q be the point of the enveloping line such that the vector qg is normal to the 
line. The equation of the line is then 


ra = (PT g)-n=P/Uu tT Y. 
Differentiate with respect to the parameter ¢ and we get r-q; = b-qi + p:1, or 
rw X qi = wp-qi + p-wi X qi. Solving for r, we have 


r=reggtr:(wixXquxXna=(p-qautgdat (wip: UTP wyXqi)wiXq. 


Therefore the equation of the envelope is 


r=ptqtp-qw?X qu. 


When P is at the instantaneous center, r = ~ + q, which shows that the envelope 
of the line is the locus of the foot of the perpendicular from the instantaneous 
center to the line. 

To find the equation of a line roulette, given the centrodes (if P be a point 
of the line), we have simply to replace ~ in the equation r = p+ p-qiw! X q 
by P — Q, which gives 


r= P— Q+ (P— Q)-qw" X 
where Q = Q’-ii+ Q’-jj. 
5. Center of Acceleration. The acceleration of any point Q is 
t= ptqG=hbtwxXqt+wXxXq=ptwxq-we. 

For a point of zero acceleration (acceleration center) we have p+ w X q — w’q 
= 0. Multiply this equation by g?: and g7 X, and we obtain respectively 
pq = w and p X gq! = w, which give the angular speed and the angular 
acceleration in terms of the acceleration of any point P of the moving plane and 
the vector from P to the acceleration center. Multiply the second equation by 
p X, substitute w? for p-q! and we get w*p — p’'g! =p xX w. Whence 
qi = wp'+ wv X p+, sothat g = (wpt+ w X p")* = p(w’ + w X py, 
and the center of acceleration is A = p+ p?(w*p + w X p). 

6. Circle of Inflections. We shall now find the locus of points for which the 
normal acceleration is zero at a given instant. This is equivalent to the problem 
of finding the locus of the generating points which are inflection points of their 
trajectories at the instant considered. The condition to be satisfied by the 
points is 


(+9 X b+4 =0. 
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Let P be the instantaneous center at that instant. Then f = 0 and our condi- 
tion reduces to 


(wXq)X G+wXq—w9) = — p-qu+ ww = 0, 


and therefore p-qg"! = w*. From this equation we see that the locus of the tip 
of g1 is a line perpendicular to the acceleration p of the point P. It follows then 
that the locus of the tip of q, being the inverse of this line with respect to the 
instantaneous center, is a circle through the instantaneous center with diameter 
on p. This circle is called the “circle of inflections.” If we let & equal the 


— 
diameter || /w?, and ¢ equal the angle Pq, positive in the direction of minimum 


rotation from P to #, the equation in the scalar polar form is q = k sin ¢. 

The circle of inflections is tangent to the centrodes at the instantaneous 
center; for, differentiating P = p+ wX p we find for the centrodal tangent 
vector P= + w!X 6+ w X p, and since p = 0 we have P= w X f, 
which is perpendicular to the diameter of the circle of inflections. Incidentally 
we have shown that the acceleration of the point P at the instantaneous center 
is normal to the centrodes. 

Let us now find the locus of the points for which the tangential acceleration 
is zero. Here the condition is 


(p+ q):(6+ 9) = 0, 
which, under the assumption that p = 0, reduces to 
(wXq):(b+twxq-—wg)=pXwqt_gu-w= 0, 


and therefore w X p-q! = w-w. This likewise represents a circle; and this 
circle passes through the instantaneous center and has a diameter on w X p. 
Since w X p is perpendicular to p this circle intersects the circle of inflections 
orthogonally. | 

The other intersection of these two circles is the center of acceleration. This 
of course is obvious, but we may make a formal analytical proof by showing 
that g? = w*p!+ w X p satisfies both equations. In fact the two equations: 
(see under “center of acceleration’’) from which q was found are identically 
the vector equations of these two circles. 

7. Locus of Points of Undulation. If the generating point is a point of 
undulation (a point at which the tangent has contact of the third order) of the 
trajectory it is easy to show by means of Taylor’s series for Ar that 7, 7, 7 are 
scalar multiples of each other, i.e,7rX r= 7X r= 7TXr=0. 

Obviously at a given instant the generating point, if it be a point of undula- 
tion, must be on the circle of inflections. Regarding w as constant (a restriction 
which does not affect the geometric properties of the trajectories) we find at 
once that the condition r X Tr = 0 is equivalent to p-q = 0, when Pis at the 
instantaneous center. Hence, in general, at a given instant there is one and 
but one generating point at a point of undulation of its trajectory, and this 
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point is on the circle of inflections. The position vector of this point (origin at 
P) is perpendicular to p. 

We proceed to find the envelope of the circles of inflections. Differentiating 
the equation of the circle of inflections, r X rT = 0, we obtain r X r = 0, which, 
as we have just seen, is equivalent to p -g = 0, the locus of which is the line that 
intersects the circle of inflections in the point of undulation and the instantaneous 
center. We know from the theory of envelopes that the points of intersection 
of this line and circle are also the points of intersection of consecutive circles of 
inflections and that their locus as ¢ varies is the two-branch envelope of the 
circles of inflections. Hence the following theorem: 

The envelope of the circles of inflections consists of two branches, one of 
which is the locus of the instantaneous centers (fixed centrode) and the other 
the locus of the points of undulation. 

8. Circle of Cusps. We shall now find the locus of the cusps of the line 
roulettes which are the points of tangency of the enveloping lines at a given 
instant. Differentiating the equation of the roulette and placing p = 0, we have 
r=wXqtpqwtXq. At acusp r=0. Hence wq+ (p-q:/w) = 0, or 
g+ksin ¢ = 0. Whence the theorem: 

At any instant the locus of the cusps of the line roulettes which correspond 
to the enveloping lines is a circle symmetric to the circle of inflections with respect 
to the tangent at the instantaneous center. 

It is from this property that the circle receives its name “circle of cusps.”’ 

Obviously the cuspidal tangents all pass through the opposite extremity of 
the diameter through the instantaneous center. 

9. Formula of Savary. Differentiating r= p+ q and multiplying by -g¢ 
we find r-g = 0 when P is at the instantaneous center. Hence the center of 
curvature of the trajectory of Q, for the point Q, is on the line joining @ and the 
instantaneous center. 

The equation of the trajectory may also be written r = P + R, where P is 
the instantaneous center and R the vector from P to Q. Denoting by o the 
distance from P to the center of curvature, we have for the equation of the 
locus of the centers of curvature (evolute of the trajectory of Q) 


r= P+ oR,. 
Since the tangent of an evolute is normal to the involute, we may write 
| Get eR) |x R = 0, 
which reduces to P X R +oR,X R= 0, or to 
PX R+ZRXR=0, 


since R, = R/R. But p+q=P4+R and P=p+w'!xX #, and therefore 
R= q- w ix p. When P is at the instantaneous center, R= q and 
R=wXq-—w'X p. Substituting in the equation above, we get P X q 
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+ o(— quw-+ p-qiw) = 0. Let » be the speed of the instantaneous center. 
Our vector equation is then equivalent to the scalar equation vq sin ¢ + oqw 
— gwk sin ¢ = 0. By differentiating P = p+ w X fp, we easily find 


This is known as the formula of Savary. 

If ¢ = ©, we get as we should the circle of inflections g = & sin ¢. 

If g = ©, we have o = — ksin yg. Hence the locus of the centers of curva- 
ture of the trajectories of the points at infinity is the circle of cusps. 

If we take the time ¢ equal to the centrodal arc s, the curvatures of the fixed 
and moving centrodes are respectively 


C;=P=f+0 


and 
Cn = yO + py’ = (QO+p:it7+(O+D IF + (OD X wi’ 
+(Q+4)X wii = O+b+ (0+) Xv. 
Subtracting, C, — Cy = ( O + p) X w. Since O + p is now a unit vector 
Cm + Cy = + w, the sign of the second term being plus or minus according as 
the curvature vectors have opposite or the same directions. The sign of the 
second member of the equation must be chosen to accord with that of the first. 
({t should be remembered that C,,, C;, and w are essentially positive.) This 
formula states the more or less obvious fact that the rate of turning of the moving 
plane with respect to the centrodal arc equals the sum or the difference of the 
curvatures of the centrodes according as their directions have the opposite or 
the same sense. 


Since here » = 1, the relation » = kw gives w = 1/k and the formula just 
found may be written in the equivalent form 


Vy tig), 
Pm Pf k 
in which the p’s are the radii of curvature of the centrodes. 

10. Locus of Points of Contact of Stationary Circles of Curvature. For 
points whose circles of curvature are momentarily stationary, 2.e., have contact 
of the third order (or higher) with the trajectories of those points, we have the 
following conditions: 


(K— nr) =0, (K—r)-r=?r, (K— 1)? = 3r-7, 
where K is the position vector of the center of the circle of curvature. Eliminating 
K by solving the first two equations (simultaneously with (K — r)-k = 0) for 
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K — r and substituting in the third equation, we get r[kr7] = 37-7[Rkr7], or 
rr X rt = 3r-tr X 7 Replacing r by p+ q and letting P be at the instan- 
taneous center, we obtain after simplifying 
3[wpq)(b-q — wg?) + wp’ -qq’ = 0. 

Consequently the locus of points of contact of stationary circles of curvature is 
a third order curve This curve obviously passes through the instantaneous 
center, and since the degree of the term of lowest degree is the second, the instan- 
taneous center is a double point The equations of the tangents at this point 
are w X p-q = 0 and p-q¢ = 0. Consequently these tangents coincide with the 
common tangent and normal of the centrodes. 

Dividing the above equation by w’gq', we get 

| 3[wpq'|(b-q7? — w*) + p-q? = 
which shows that the locus of points of contact of stationary circles of curvature 
is the inverse of a conic with the instantaneous center as center of inversion. 
This conic is an equilateral hyperbola whose asymptotes have the directions of 
the tangents of the cubic curve at the double point; and since the conic passes 
through the origin, the cubic extends to infinity in the asymptotic direction 
given by ” . 
(p — 3wX p)-q=0. 

11. Locus of Stationary Centers of Curvature. Let C be the vector from the 
instantaneous center to the center of a stationary circle of curvature. Savary’s 
formula gives us 
_ wC + pci 
=o 
Substituting this expression for g™ in 3[w‘fq"](p-q"! — w”) + f-q7 = 0, we 
find 3[wpc]p-c 1+ ~p-ct=0. Thus the locus of the instantaneously sta- 
tionary centers of curvature is a curve of the third order having properties 
similar to those of the cubic found above. There is a double point at the instan- 
taneous center and the tangents of the two cubics at this point coincide with the 
common tangent and normal of the centrodes. 


gq? Ci. 


NOTE ON THE RELIABILITY OF A TEST, WITH SPECIAL REFER- 
ENCE TO THE EXAMINATIONS SET BY THE COLLEGE 
ENTRANCE BOARD.! 


By W. L. CRUM, Yale University. 


Introduction. The occasion for this study was presented by the appearance 
of the “Ben Wood Report’’? in early 1922 and the comment thereon appearing 
on page 2 of the “ Advance sheets” of the Board’s Annual Report for 1921. 


1 Presented before the American Mathematical Society, 28 October, 1922. Since the pres- 
entation of the paper, valuable suggestions have been received from Professors E. L. Dodd and 
C. N. Haskins. 

2Ben D. Wood, The reliability and difficulty of the College Entrance Examination Board 
examinations in Algebra and in Geometry, published by the Board, 1922. 
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Mr. Wood defines ! reliability as the correlation between the results obtained 
by administering two forms of the same test in succession to the same group of 
candidates. No such successive applications of the same test having been 
made, he states that the custom is to use the correlation between the results 
for the half of the test consisting of the odd-numbered questions and the results 
for the other half. To secure the reliability from this half-with-half correlation, 
he uses Brown’s? formula to “get the reliability of the whole examination from 
that of the half of it”’: 

Vir = 22 irm/(1 + Yay) (1) 


where Yyrj1 is the correlation between the halves and rj; is the reliability sought. 

The objects of this paper are to call attention to the fact that the use of 
Brown’s formula has not been justified and that the conclusions based upon its 
use are therefore of doubtful validity, and to examine further the problem of 
estimating the reliability of a test from the results of a single application of that 
test. 

1. We suppose that two forms of the same test are given in succession to the 
same group of n candidates, and that the deviations from their respective means 
of the grades of candidate 2 on parts A and B and on the whole of each test are: 


Part A. Part B. Whole. 
Test 1 2X; Yi W; 
Test 2 8; t; 24 
The desired measure of reliability is the correlation between w and z: 
lyve= 2 Wiki 
NO wo 2 
O70 sl'xs + 0x0 tl xt + OySsTys + OyO eVyt ; (2) 


Vox? + 2020 yl xy + a, Vo? + 2o0soi1st + of 
In this notation, Brown’s formula is: 


R= Yy2 = 20 ry/(1 + Tey) (3) 
and we note that one set of conditions * which will reduce (2) to (8) is: 


Oy, = Oy = Os = Ot, 
Tey = Pes = Vet = Tyt = Tys = Pst. 


(4) 


It is obvious that, if we actually administer only the first test, we can know only 
Oz, Sy, and Yz,. Not only do we not know the values of the other coefficients, 
but we have no way of knowing whether they are related by the equalities in (4). 
If the Wood Report rested upon the assumption of the equalities in (4), no mention 
was made of that fact. Moreover, it is not stated whether the two standard 
deviations which can be calculated, o, and oy, are equal. Furthermore, the 
Report does not give sufficient of the original data to enable the reader to compute 
1 Loc. cit., p. 4. 


2 William Brown, Essentials of Mental Measurement, Camb. Univ. Press, 1911, p. 101. 
’ These are the conditions suggested by Brown: loc. cit., footnote. 
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these constants; but, judging from the extreme irregularity in the standard 
deviations of the grades on individual questions, it is very doubtful if o, and a, 
can be equal in this case. In fact, Table I on page 5 of the Report enables us to 
calculate the following: 


Question number........ 1 2 3 4 5 6 7 8 9 10 
Mean grade............. 89 938 84 80 29 67 7.2 89 68 2.8 
Standard deviation....... 19 22 3383 29 39 44 3.2 28 11 £4438 
Coefficient of variation.... .22 .23 .89 .386 1.3 66.45 32 17 1.5 


Now, it may be said that the standard deviations of the two halves may still 
be equal in spite of the lack of uniformity in the dispersions of the several ques- 
tions. This is certainly true, but the conditions yielding such equality would 
be extremely exceptional. Jn fact, there is a simple algebraic relation connecting 
o, with the standard deviations of the individual questions which constitute x 
and with the correlations of these individual questions with each other. In 
order for o, and a, to be equal in spite of the non-uniform dispersion, we must 
have so great divergences in the correlations of the individual questions with 
each other as to lead us to an immediate conclusion that the test must have low 
reliability. 

It is accordingly evident that the use of Brown’s formula in this instance is 
not justified by a conformity to the requirements suggested in (4). 

2. The equalities (4) are not, however, necessary conditions in order that 
(2) may reduce to (3): they are sufficient, but the necessary condition is merely 
that the right members of (2) and (3) be equal to each other. 

It is hardly fruitful to go into an extensive analysis of this necessary condition. 
If one expresses the various symbols in terms of the 2;, y;, s; and ¢;, and simplifies 
the resulting equation of condition, one is led to a relation of the 16th degree. 
Since, by the very nature of the practical problem under consideration, we know 
nothing precisely about the s; and ¢;, it is not possible to make exact substitutions 
leading to a simplification of this condition equation. Moreover, it is suggested 
that we do not have even approximate knowledge—such knowledge as we should 
base upon considerations of a priort probability—of the s; and ¢;; for, here again 
the essence of the reliability problem is that we do not know the statistical 
distribution of the grades in the second test. It seems accurate to say that one 
can not demonstrate that the equation of necessary condition is satisfied without 
actually giving the second test, and that there are no grounds whatever for 
assuming that it is satisfied. 

It is not difficult, on the other hand, to find sufficient conditions which are 
much less restrictive than those given in (4); and which, therefore, have a greater 
likelihood of being satisfied in actual practice. Suppose we set g equal to the 
right member of the exact relation (2), and introduce the following notation: 


Di UYi = D; siti = (1 + a)p, > xs; = (1+ 4b)p, 
Vets = UI +tep, Lys=AtaDp, Lyti = 1+ e)p; 
44=b+ct+d-te, >a, = h, ~y2 = (1+ AA, 
Vs? = I+ Dh, Di? = 1+ mh, 2K =l+m, 


(5) 
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and we have: 


9 = 7-2 in <0 , (6) 
ViP(4 + 2h-+ 4K + 2kK) + 2ph(44+ 2a+kh+ 2K + ka) + 4p?(1+ a) 
2p 
(7) 


R Se _ 
AVItk+p 
and a set of conditions sufficient to reduce (6) to (7) Is: 
a=A=k= kKk=0. (8) 


Although the conditions (8) are rather severe, they are far less so than those 
imposed by (4). Two of them, a = 0 and k = 0, are included among the con- 
ditions of (4). The other two, A = 0 and K = 0, are more likely to be fulfilled 
than the remaining conditions under (4). Indeed, these two conditions may be 
stated verbally as:. the average of the four product-sums of the halves of the first 
test with the halves of the second test shall be the product-sum of the halves of 
the first test with each other; and the average of the standard deviations of the 
halves of the second test shall equal the standard deviation of a half of the first 
test. 

The examination of various hypotheses will of course lead to other possible 
sets of sufficient conditions for the reduction of (6) to (7). Aninteresting example 
is to assume that k is zero, that 7 is positive, and that b, ¢, d, e, 1, m are all small. 
It is then possible to expand the right member of (6) and show that it will reduce 
to (7), except for terms of second and higher orders, if: 


2A= K=a. (9) 


Although the conditions (9) are still less restrictive than (8), their practical 
significance is less apparent, and it is less easy to see how they might be realized 
in practice. Indeed, it is doubtful whether we can find a group of sufficient 
conditions the fulfillment of which we have a better chance of establishing on 
a prior. grounds than the set given in (8). If we confess our entire inability to 
show that the necessary condition mentioned at the beginning of this section is 
satisfied, we must fall back on reasoning about the properties of our distributions 
as revealed by the dispersions and inter-correlations; and, for this purpose, it is 
improbable that we shall find a better set of conditions than (8). 

3. The chief practical question is, then, under what circumstances we may 
expect—from a mere knowledge of the first test—the sufficient conditions we 
have discussed to be fulfilled. The requirement that k be zero, which enters in 
each group of conditions suggested above, is one which can actually be observed. 
In a particular test, we can learn by computation whether k is zero; and, with 
care and practice, we should be able to construct a test in which k is approximately 
zero. On the same grounds, we should be able to insure that K is zero approxi- 
mately. 

As for the two remaining conditions in (8), it is suggested that one can 
scarcely hope to have them satisfied in a test such as the entrance algebra or 
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any other test the parts of which are specifically designed to measure different 
intellectual capacities—capacities differing certainly in degree and almost surely, 
in many practical cases, in kind. The assumption that A reduces to zero in 
such cases is quite unwarrantable: one would expect a marked lack of uniformity 
in the four inter-correlations and consequently in the four product-sums. More- 
over, even a brief experience with the making of mathematics tests convinces one 
that the construction of two similar tests covering a range of subjects with a 
view to having the correlation between the two halves of the one test equal that 
between the halves of the other—or equal to any previously assigned value 
whatever—is an extremely difficult feat. We are led to conclude that the condi- 
tion that a should equal zero is also unlikely to be fulfilled. 

The essential point is that we can not hope to establish by a priort considera- 
tions that such a test, covering a range of capacities, will even approximately 
fulfill the conditions which we impose. There is indeed a remote possibility 
that it may happen to satisfy those conditions, and a slightly greater possibility 
that it may satisfy the fundamental necessary condition; but such possibility 
certainly gives no warrant for assuming that the conditions are met. In other 
words, it does not seem unfair to say that there can be no justification whatever 
for using Brown’s formula in the study of reliability of a test which covers a 
range of specific topics. It is on such grounds that the analysis in the Wood 
Report appears to be unsound; and the conclusions based on such analysis, in 
particular the conclusion in paragraph 2 on page 14, have not been substantiated. 

The case is somewhat different with a test designed to measure a single capac- 
ity, such as a section of a standard mental test. Here it does not seem impossible 
to design a test which shall fulfill the requirements (8). The test really consists 
of a series of similar observations of the same magnitude: the various questions 
are the instruments of measurement. Clearly, in the nature of the case, it is 
desirable to have the individual standard deviations all approximately equal and 
to have a uniformly high correlation of the individual questions with each other. 
Care and practice will doubtless enable the examiner to insure to a high degree 
the realization of this ideal. With such a test, it is not difficult to believe that 
the conditions (8) might be satisfied at least approximately. All this is, however, 
robbed of much of its importance, when we remark that such a test is after all 
but a composite of two similar tests given in immediate succession. If we can 
make the two halves of such a test have high correlation with each other, we 
should be able to make an entire new test which should have high correlation 
with the first. Thus the practical problem of estimating reliability is of relatively 
little moment in the case of a test intended to measure a single capacity. 

For the other case, in which there is a strong practical reason for seeking an 
estimate of the reliability, we have seen that the use of Brown’s formula is open 
to serious objection. Is there any other way in which we can approximate to 
the reliability of the test from the evidence yielded by a single application of 
that test? If we are to proceed by correlating one part of the test with another, 
we must bear in mind that the selection of these parts can hardly be purely by 
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chance. The Wood report designates a portion of the test consisting of alternate 
questions as a random half, but this does not accord with the usual significance 
of the term random. ‘The essential requisite for a random sample, in order that 
the conclusions of the sampling theory may hold, is that the choice of one object 
be independent of the other choices. Such a condition can not possibly hold in 
the case before us, in which we select as a sample the half of a limited group of 
objects. In addition to the special objections, which apply to the selection of 
the alternate questions in a test designed as mathematics tests usually are de- 
signed, we must raise the general objection that no random sample, in the sense 
of the theory of sampling, is here possible. 

Another available method is to select samples by design: to pick out con- 
sclously a sample which we may regard as the best representative of the entire 
test. It would appear desirable to choose as samples two halves which would 
be equally good representatives of the whole test, and this condition will be met 
if the two halves have equal standard deviations. With such a choice, it will 
be found that the correlation of the whole test with either half is given by 


V(1 + Yny)/2 (10) 


and that the partial correlation of the whole with each half is unity. This does 
not enable us to proceed to an estimate of reliability, for a knowledge of the 
correlations of the halves with the whole tells us nothing of the correlations of 
the halves with the second test. The whole first test can not be taken as a 
random sample of all the tests given, so far as correlation with the halves is 
concerned, for the direct dependence of the whole on the halves controls the 
correlation. 

We must conclude then that it is impossible to choose random samples and 
that, no matter how the samples are chosen, the essential dependence of the’ 
whole test upon the halves precludes our using the halves as representatives for 
the purpose of estimating correlation with a subsequent test. In other words, 
it seems impossible, on theoretical grounds, to solve the reliability problem: we 
must conclude that the reliability of a test intended to measure a range of capac- 
ities can not be estimated from the results of the single application of that test. 


SIMILITUDINOUS AND PSEUDO-SIMILITUDINOUS TRANSFORMA-— 
TIONS IN A PLANE. 


By W. H. ECHOLS, University of Virginia. 


1. Introduction. ‘The purpose of the present paper is to notice the trans- 
formations of certain plane figures ina plane. Ina plane two congruent triangles, 
or figures, are superposable without leaving the plane when their equality is of 
the same kind, that is, when they are both right- or both left- handedly equal, or 
as we say are both of the same generation. Otherwise the two figures must be 
said to be symmetrically equal, or of opposite generation, and one cannot be 
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moved in the plane to superposition with the other without changing its shape. 
In like manner two similar figures, in a plane, possess similarity of the same kind 
or they are symmetrically similar. When we speak of two similar figures, in a 
plane, we shall mean that they are not symmetrically similar unless otherwise 
specified. As is well known a figure can be transformed to superposition with 
any similar figure, in its plane, by movement of its points along continuous path 
curves, the paths being the members of a family of logarithmic spirals, and in 
this movement the size of the figure changes continuously while its shape remains 
invariant.t This is the well-known linear transformation. We propose to notice 
it in a slightly different form showing that there are infinitely many continuous 
path curves which effect this same transformation. | 

2. Transformations of Similar Triangles. Let 21, z2, z3 be any three complex 
numbers, represented by three points in a z-plane. Then any three points 
Wi2, W23, Ws1, which satisfy 


(21 — 22)Wig + (2. — &3)Weg + (23 — 21)Wa1 = 0, (1) 
will be the corners of a triangle similar to 212023. This equation can be written 
in the dual or reciprocal form 

(Wig — Ws1)21 + (Weg — Wi2)% + (ws1 — W23)%3 = 0. (2) 


Either of these leads to 


(wig — Wai)/ (Wo3 — W31) = (%3 — z2)/ (21 — 22), (3) 


which proves the similarity of the triangles. . 

In any given triangle ABC, whose angles are A, B, C and opposite sides a, b, ¢, 
the relation c = be** + ae~*” exists. If 21, 22, 23 are the corners of any triangle 
similar to ABC, then by (2) 


zec = gobe’* + e,ae7*. (4) 
If 21’ 29’ 23’ be any other triangle similar to 212.23, then 
23'C = 2o/bet4 + 2,'ae~?. (5) 


Let ky, ke be any two numbers subject to ki + k, = 1. Multiply (4) by hk, and 
(5) by kp and add the equations. The result shows that the points 


Ly = kyzy + Kozy’, Zo = kyz, + Keoze’, Z3 = kyz3 + kozg’ 


are the corners of a triangle similar to ABC. We notice three forms of trans- 
formation. 

3. Similitudinous Translation. If k,, ke are real numbers the points Z;, Zo, 

Z; divide the segments 2121’, 2e20’, 2323’ respectively in the same ratio \ = ko/k1, 

and as ) varies continuously from 0 to 1, the triangle Z,Z.Z3 transforms, changing 

ze continuously without changing shape, along straight lines from 2,2923 to 

212923. Such a movement may be called a similitudinous translation trans- 


formation. This admits of quite a simple proof by elementary geometry. 


1See Townsend, Functions of a Complex Variable, p. 162. 
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4, Similitudinous Rotation. If ki, k, are complex numbers and [k,| = m, 
|ke| = n, then 
A= ko/ key = (n/m)e*. 


Now Z, Zs, Zs are the vertices of triangles constructed on 2121’, 2029’, 23%3' as 
bases respectively, and which are similar to ABC. If @ is constant the points 
Z1, Zo, Zz lie on similar arcs of circles passing from 21, 20, 23 to 21’, 29’, 23’ and 
the triangle Z,Z,Z3 is transformed continuously from 212923 to 21’/29’23' along the 
arcs of circles; the points turning through the same angular rotation, the moving 
triangle changes size continuously but keeps its shape invariant. Such a move- 
ment may be called a similitudinous rotation transformation. 

5. Arbitrary Path-curve Transformation. When h;, k. are complex numbers, 
ky + ky = 1 defines a triangle whose vertices in orthogonal Cartesian codrdinates 
are (0, 0), (1, 0) and (a, y); m and n are the radial codrdinates of (x, y) with 
respect to (0, 0) and (1, 0). Let (a, y) describe any curve F(m, n) = O passing 
through (0, 0) and (1, 0) whose parametric equations can be written 


c= 3(1 + m — n?), 
y = 4V2Qm2n? + 2m? + 2n? — mt — nt — 1. 


If o(x) is an arbitrary function having ¢(0) = 0, and f(x) any arbitrary function, 
such a path curve will be 


y = o(a)[f(z) — fQ)l. (6) 


As k; varies from 0 to 1 the points Z;, Z_, Z3 describe path curves similar to (6), 
the triangle varying continuously in size, but invariant in shape, from 212223 to 
2129/23. Such a path curve could be more briefly defined by w = hye". 

6. Generalization for Similar Figures. Any two similar figures can be de- 
composed into triangles, each of which in the one is similar and similarly situated 
to a corresponding triangle in the other. The transformation of the one figure 
into the other is effected by the transformation of any one of these triangles into 
the corresponding one. 

7. Similar Figures in Parallel Planes. If there be two similar figures in two 
parallel planes and a surface be generated by a straight line which intersects 
their boundaries in two corresponding points, then all sections by planes parallel 
to the planes of the two figures are similar figures, as 1s obvious by their orthogonal 
projection on one of the planes. 

8. We may notice that, in a plane, if m masses m1, ---, my are respectively 
placed at the vertices of n similar triangles w101W1, +++, UnVnWn, then the triangle 
whose vertices are Dm;u,/Xm,, 2m,v,/2mM,, UmM,w,/Zm, is also a similar triangle. 

9. Elementary Applications. We note a few consequent geometrical problems 
which may be of interest. 

(a) The process of section 3 serves to construct the double infinity of tri- 
angles, similar to a given triangle, inscribed on three given straight lines in a 
plane. Or, the quadrilaterals similar to a given quadrilateral inscribed on four 
given straight lines. More generally, the construction of the double infinity of 
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polygons of n sides, similar to a given polygon, inscribed on n given straight lines 
in a plane. 

(b) The same process establishes the following: Given three skew lines in 
space, there are two systems of parallel planes any plane of which cuts the three 
lines in three points which are the corners of a triangle of invariant shape, the one 
system cuts triangles of one generation, the second those of contrary similarity. 

(c) The process of section 4 serves to construct the triangles of given shape 
whose vertices are respectively on three given circles in a plane. 

(d) If there be any closed boundary in a plane, whose area is A, and a similar 
boundary be placed anywhere in a parallel plane distant h, the volume of the 
solid bounded by the two planes and the ruled surface whose generators are the 
lines joining corresponding points on the two boundaries is 


V = 4hA( + 0? + p cos a), 


where a is the angular turn and p the coefficient of stretch of the similar figure. 

10. Pseudo-Similarity. We come now to examine two quadrilaterals which 
possess a certain relation to each other which we may, for lack of better designa- 
tion, express by saying they are pseudo-similar. Thus, suppose ABCD is any 
given quadrilateral and there is another one A’B’C’D’ which has the following 
property: there is a point E’ such that A E’A’B’ is similar to A CAB and 
A E'C’D’ is similar to A ACD. Then there will also be a point F’ such that 
A F'B’C’ is similar to A DBC and A F’D’A’ is similar to A BDA. All such 
quadrilaterals A’B’C’D’ are said to be pseudo-similar to each other. The four 
triangles mentioned above are not independent of each other, when any two are 
known the other two are determined and the quadrilateral constructed. That 
there are infinitely many such quadrilaterals is easily shown, for if 21, 20, 22, 24 
represent any quadrilateral ABCD, then the w-numbers satisfying 


(21 — 2) Wie + (22 — 23)Weg + +++ + (24 — 21) Wa = O (7) 


are the corners of such a quadrilateral. Equation (7) is therefore the general 
specification of the group of all pseudo-similar quadrilaterals based on 21, 22, 23, 24. 
Moreover we can interchange the z’s and w’s and rearrange (7), writing it 


(wiz — Wai)21 + (we3 — Wi2)%2 + +++ + (War — W34)24 = O, (8) 


so that the relation between the 2-figure and the w-figure is a reciprocal one and 
(8) is also the specification of all pseudo-similar quadrilaterals based on 
W12W23W34W41. The proof by means of (7) of the stated properties is quite simple, 
thus 

(21 — %2)Wie + (82 — %3)We3 + (23 — 21)w = 0 


constructs, by (1), a triangle wj.we3w’ similar to 22023. 
(23 — 24)Wea + (84 — 21) War + (1 — Z3)w = Q, 


by (1), constructs a triangle w34w.:w”’ similar to 232421. These relations put in 
(7) give (23 — 21)w’ + (21 — 23)w” = 0. Therefore w’ = w” (= wi3 say) iden- 
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tifies E’. In like manner we construct F’ (= wa). In particular, if in the quadri- 
lateral 21222324 we consider the parallelogram whose corners are the midpoints of 
its sides, this parallelogram is quite obviously pseudo-similar to the w-quadri- 
lateral, its E and F points being the midpoints of the diagonals of 21292324. 

11. Transformations of Pseudo-Similar Figures. Let there be a _ second 
quadrilateral wyo’we3’w34' wai pseudo-similar to wieWe3W34W4, then the trans- 
formations of sections 3, 4, 5 are, by the same process carried out there, true for 
these quadrilaterals, if we change the word similar into pseudo-similar. Any 
quadrilateral can be transformed into a pseudo-similar parallelogram. Quadri- 
laterals based on parallelograms, lozenges or on squares have a number of interest- 
ing properties, some of these based on squares, called skewsquares, have been 
published in the Montruty (1923, 120). 

12. Generalization. If f(z) is any analytic function throughout the region 
of its use, then its mean value between two points 2;, 2; is 


t z i) “f (t)dt, 


and w= f(2z:), when z; = z; Corresponding to each number pair 2;, 2;, or 
segment 2,2;, in the z-plane there is a point w,; in a w-plane, or if one prefers in 


the z-plane. If we choose n points 21, -+-, 2, as the corners of a closed polygon, 
then 


(9) 


For every different form of the function f(z) we derive a set of n numbers w;; 
satisfying (9) and which may be taken as the corners of a w-polygon. We may 
speak of. all such polygons as forming a group of pseudo-similar polygons and, 
for the purposes of designation, call the w-points corresponding to the diagonals 
of the z-polygon the foci. If we take f(z) = z, then the midpoints of the sides 
of the z-polygon will be the corners of a w-polygon pseudo-similar to the w-group. 
The same relation holds between the z-points satisfying (9) and the w-points, 
the midpoints of the sides of the w-polygon are the corners of a polygon belonging 
to the group of pseudo-similar z-polygons. It is also clear that any polygon 
belonging to a pseudo-similar group can be transformed into any other polygon 
of that group by the processes in sections 3, 4, 5. 

13. If in the equations of section 1 we perform the proper elimination ‘we 
arrive at the standard form of two similar triangles of the same generation 


(23 — Zo) Wig + (Ze — 3) Wag + +++ + (Zn — 21) Wnt = 0, 


(Wie — Wni)e1 ++ (Wes — W12) 89 tore (Wnt — Wn-1) n&n = 0 


| 1, @1y 21 
I, 29, 29 = 0, 
I, 235 23 


thus connecting up with the familiar linear transformation in complex variables. 
In general, if u, v, w, ---, ¢ are the n corners of a polygon satisfying (9), and 
Ur, Vrs Wry °° +, t (7 = 1, 2, -+-, nm — 1) represent n — 1 pseudo-similar polygons, 
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then on elimination from the resultant equations (9), 


1, U, U1) a) Un—1 
1, v, V1, a) Un—1 
1, W, Wi, re ety Wrn-1 | = 0, 
1, t, ti, a) tn—1 


which justifies somewhat the term pseudo-similar. 

14, We comment on the fact that we are dealing with similarity and homo- 
geneous linear equations and that we are concerned with ratios only. In section 
10, when constructing a polygon ABCD, we may choose arbitrarily a triangle 
EAB, then ECD has two degrees of freedom, size and position. If we choose 
we may make C' converge to B as a limit, and when C coincides with B the polygon 
reduces to a triangle as a special case, but now the point B = C must be counted 
as two coincident points or as a double point. This being understood, any 
quadrilateral can be transformed, as in section 3, into a -pseudo-similar triangle. 
It is useless to attempt a like reduction in the case of the triangle. But the de- 
grees of freedom in the construction of the kaleidoscope pattern of a polygon 
of a pseudo-similar group of n corners permits the transformation to one of 
n — 1 corners one of which however is a double corner. This can be continued 
until such an n-polygon may be transformed into a triangle having multiple 
vertices, the sum of their multiplicities being n — 3. 

15. The following consequences are easily established. 

(a) If two isosceles triangles have their vertical angles equal to @ and this 
vertex common, their bases are opposite sides of a quadrilateral whose diagonals 
are equal and intersect at the angle a. The other two sides are the bases of 
isosceles triangles which have a common vertex and vertex angle 7 — a. 

(b) Reading triangles counter-clockwise in a plane, if ABC, AA,Ao, BB,Bzo, 
CCC, are equilateral, then the midpoints of 4.B,, B.C1, C,A1 are the corners of 
an equilateral triangle. 

(c) If two pseudo-similar polygons lie respectively in two parallel planes and 
straight lines be drawn through their corresponding corners, there will be formed 
a prismoid in space. All planes parallel to. the bases cut the surface in pseudo- 
similar polygons. 

(d) Areas of closed boundaries being counted in the positive sense of descrip- 
tion, let any pseudo-similar polygon satisfying (9) be transformed by section 3; 
four of its positions being determined by ky, ky’, ky’, ky’’’ and the respective 
areas indicated by P, P’, P”, P’’. Then 


P 1k kf 

P’ 1 kl ky” 0 
Pp" 1 key!” ky” , 
Pp” 1 ky” key!” 
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THE METHOD OF MOMENTS.! 
By DUNHAM JACKSON, University of Minnesota. 


1. Statement of the problem. One of the simplest problems relating to the 
fitting of a frequency curve may be stated as follows. A number of measurements 
have been made of a quantity x, say N measurements inall. These measurements 
do not all agree, but give the different values 21, 2, ---, Ym, occurring yi, Y2, 

-*', Yn times respectively, so that yy + yo + --- + yn = N. It is desired to 
find a polynomial 


F(a) = Ag + aye + agu? + +--+ + ayz?, 


of given degree ~, so that the relation y = F(x) shall give a good approximate 
representation of the frequencies y;, corresponding to the various values of x. 

Since any polynomial in 2, other than a constant, becomes very large numer- 
ically as x becomes positively or negatively infinite, F(x) can not be expected to 
give a serviceable representation of a frequency distribution for more than a 
restricted range of values of xz. But it may happen that an approximation is 
required for only a limited part of a frequency curve, and in such a case a poly- 
nomial formula may be entirely satisfactory. So the problem stated has practical 
importance, in addition to the interest which it possesses as one of the simplest 
representatives of a general type. 

The mathematical discussion of the following paragraphs is of much wider 
application than the first statement of the problem would suggest. The numbers 
2x, Instead of being the quantities actually observed, may be representatives of 
groups of observations which have been thrown together to simplify a computa- 
tion which would otherwise be excessively laborious. If border-line cases have 
been regarded as distributed between adjacent groups, some of the group-fre- 
quencies y; may be fractions, instead of integers. More generally still, the 
reasoning holds without change if the statistical interpretation is abandoned 


altogether, and 21, -+-, 2, are taken to be any n distinct real numbers, while 
Y1, ***, Yn are any n real numbers whatever, distinct or otherwise, positive, 
negative, or zero. 

Let 


ae = Flap) = do + aya, + Aer? + +++ + Apa? (k= 1,2,---,n). (1) 


The goodness of fit of the curve y = F(x) is to be judged by the extent to which 
21, ***, Sn approach coincidence with y;, ---, yx respectively. The problem 
remains indefinite until it is specified just what conditions of approximation the 
numbers 2; must satisfy. 
If the degree p is taken equal to n — 1, there will be n coefficients in F(z), 
1 Presented to the Minnesota Section of the Association at Northfield, Minn., May 19, 1923. 
The first two sections of this paper do not require a knowledge of the calculus or of the con- 


tent of higher courses in mathematics on the part of the reader; the third section, in the nature 
of an appendix, is of more advanced character. 
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and they can be determined so as to satisfy exactly the n equations! 2, = yz. 
Usually, however, it will be undesirable, if not impracticable, to calculate so 
many terms, and some less exacting criterion of approximation must be used. 

One suggestion would be to determine the a’s so as to minimize the sum of the 
squares of the errors, 


(21 — yi)? + (2 — Yo)? + eee + (Zn — Yn)”. 

Whatever theoretical justification the method of least squares may or may not 
have in this connection, the suggestion is one of the first that would occur to 
anybody attacking the problem. From a purely algebraic point of view, it 
may appear open to the objection that without the use of the calculus it is not 
clear at first glance how the coefficients are actually to be found in a numerical 
case. 

Another suggestion is that the a’s be found by the method of moments,’ that is, 
that they be made to satisfy the equations 


i a? a oT Bn =41 Tye + oT Ye 
2X1 + 2% fees + Enitn = Yat + Yair, +t + Ynkn, | 
Zia? + sexe” + te lnk = yaa + yaw + + Ynkn’ (2) 


11? + Zoe” +. he ZnLn? = yey? n yt? 1. a Yn&n?. 

If the z’s are expressed by means of (1), there will be p+ 1 equations of the 
first degree, entirely explicit in form, to determine the p + 1 unknowns ag, - - -, dp. 
The first equation requires that the total number of observations, as calculated 
from the approximation formula, have the true value N. The first two equations 
together make the arithmetical mean of a set of x’s® distributed according to 
the frequencies 2, coincide with that found from the observed frequencies yz, 
and the third equation, taken with the first two, means that the calculated and 
observed standard deviations agree. The subsequent equations are perhaps to 
be regarded as suggested by analogy. It may be objected that it is not clear 
just what meaning the later equations have for the closeness of the approximation. 

The objections to both suggestions are removed, and their advantages are 
combined, by the following theorem, which it is the purpose of this paper to prove: 

THEOREM: The method of moments gives the solution of the problem of least 
squares. 

This important fact, while well known, and indeed immediately apparent to 
anybody familiar with the ordinary procedure in solving linear equations approxi- 
mately by the method of least squares, seems not to be so universally recognized 
as to render superfluous an exposition of it here, with a simple algebraic proof. 
The method of proof is one of standard utility in discussions of this nature. As 

1 These equations are of the first degree in the unknowns 4, a1, +++, @p, and their determinant 
is of a well-known type which is always different from zero; ef. third footnote to section 3 below. 

2 See, for example, W. Palin Elderton, Frequency-curves and correlation, London, 1906, Chap- 
ter III. In practice, the method of moments is-used with certain refinements, which are left 


out of account here. 
* This is of course an altogether different thing from the mean of the frequencies. 
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the moment equations are in fact simply the “normal equations”’ of the problem, 
given by the ordinary rules, the work may be regarded as an elementary algebraic 
justification of the normal equations, for the case in hand. 

It is to be noticed that the reasoning applies only to the fitting of a polynomial 
approximation curve. The conclusion as stated would not be correct for approxi- 
mation curves of other forms. ' 

2. Proof of identity. A student interested in the theoretical aspects of the 
two problems under consideration (the problem of least squares and that of 
moments) would raise the question whether it is clear in advance that each 
problem has one and just one solution. It will be shown later, necessarily by 
somewhat less elementary means, that the answer is in the affirmative! For 
the present, the fact will be assumed, as something easily believed. 

This being granted, let it be assumed that the a’s have been determined so as 
to solve the problem of least squares. It is to be proved that the same a’s must 
satisfy the moment equations (2). Suppose, if possible, that this is not true; 
that there is an exponent r, belonging to the range 0 = r & 9, for which 


Le By" + Bode” Foes Hf Ban” FE Yr Yoda” Fees + Yuan". 
t 


2d (23, —_— YReK = S = Q. 


Let h be a constant, about the determination of which more will be said presently, 
and let 
Fy(a) = F(a) — ha. 


‘Then F 1(x) is a polynomial of exactly the same form as F(x), except that the 
coefficient a, is replaced by a, — h. Let Fi(a,) = &’. Then 


dD, (ae — yx)? = Do (ae — ha? — yr)? 
k=1 k=1 


= D1 = yn)? — 2h DY (Be — yearn’ + WP DD ae, 
. k=1 k=1 k=1 
Tf >-22" is denoted by 7, 
Da (ee — ya) = Do (ee ya)? — h(2S — hI). 
The constant h has been left undetermined so far; let h now be taken equal to 


S/T. The division by T is certainly possible, because 7 is a sum of squares, 
and hence positive. Then 


Do (ee — yn)? = De ny —5. 


1T¢ is understood that n = 2, and that p <n — 1. 
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The value of S?/T being positive, it is found that 
Ds (2! — yx) < DE (ee — yn). 


But this is impossible, since the a’s were supposed determined in the first place 
so as to make 5° (2, — yx)” the smallest possible sum of squares. So the theorem 
is proved. 

3. Proof of existence and uniqueness. ‘The assumption stated in the first 
paragraph of the preceding section may be regarded as made up of four parts, 
(a) that the problem of least squares has at least one solution,! (b) that it can 
not have more than one solution, (c) that the moment equations have at least 
one solution, (d) that they can not have more than one solution. Only one of 
these parts, namely (a), was actually used; the discussion really showed that if 
the problem of least squares has a solution, then the moment equations also have 
a solution, consisting of the same set of a’s. The purpose of this concluding 
section is to complete the justification of (a), (6), (c), and (d). It will be found 
necessary here to use something more than the methods of elementary algebra. 

Let G= Vy? + ye + -+» + y2. Then? |y,| =G@ for k= 1, 2, -+-, n. 
If any one of the numbers |z;| were greater than 2G, the corresponding difference 
|22 — yx| would be greater than G, and >-(z, — y,)? would be greater than G?. 
For a specified set of numbers 2;, let the equations 


Ay + ate + s+ + Opt? = 2, k= 1,2,---,p+), 


be regarded as a set of linear equations for determining the a’s. The correspond- 
ing equations for k = p+ 2, ---, m may be left out of account. (It will be 
remembered that p+1<n.) The determinant of the p+ 1 equations is 
different from zero;? let it be denoted by D. Let the cofactor of x,” in this 
determinant be represented by X;,.. By Cramer’s rule, 

1 2! 


ar = D 2X kr- 
If H is the largest of the (p + 1)? numbers |X;,|, if the 2’s are subjected to the 
restriction that |z,| = 2G, k = 1, 2,---, p +1, and if the number 2(p + 1) 
xX GH/|D| is denoted by K, then‘ |a,| = K, r = 0, 1, ---, p. 

Since >> (2, — yz)? is a continuous function of the a’s, it follows from a funda- 
mental proposition in the theory of functions of real variables that among all 
sets of a’s subject to the restriction that |a,| = K, r= 0, 1, ---, p, there will be 


1 By a “solution” is meant a set of numbers dp, a, °+*, @p, Satisfying the conditions of the 
problem; and two solutions (do, «+*, Gp), (do’, «°°, Gp’) are to be regarded as distinct, unless 
every a, is equal to the corresponding a,’. 

2 The discussion is put in such form as to apply even when the y’s are not regarded as statistical 
frequencies, but are allowed to take on arbitrary values, negative as well as positive. 

8 If the determinant were zero, there would exist a set of a’s, not all zero, satisfying the 
equations 

Qo + A1tE + eee + Apry? = 0, k=1,2,---,pt+l1, 


and the polynomial a» + a;x + +++ + a,x? would have p + 1 distinct roots. 
4¥For the method of proof, cf., e.g., L. Tonelli, I polinomi d’approssimazione di Tchebychev, 
Annali di matematica pura ed applicata, series 3, vol. 15 (1908), pp. 47-119; pp. 61-62. 
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at least one set Go, Gi, --+, @ which reduces the sum of squares to a minimum. 
Furthermore, this minimum, which may be denoted by 9g’, is not greater than 
G?, since the sum of squares can be brought down to G® simply by taking 
dy = +++ = G4 = 0. On the other hand, if any a, is taken greater than K in 
absolute value, it follows from the preceding paragraph that at least one of the 
(first p+ 1 of the) 2’s must violate the condition |z,| = 2G, and then 
> (2% — yx)” will be greater than G?. So the value of >> (2, — y;)* can not be 
reduced below g* by any choice of the a’s whatever; that is, the numbers do, 
+++, G give at least one solution of the problem of least squares, and (a) of the 
first paragraph of the section is proved. The truth of (c) then follows from the 
work of the preceding section, as has already been pointed out. It remains to 
consider (b) and (d). 

One aspect of the result obtained so far is, that if the «’s are held fast, the 
moment equations (2) will possess at least one solution for arbitrary values of 
the numbers y;. But this is equivalent to saying that if the right-hand members 
are denoted by Yo, ---, Y», the equations will possess at least one solution for 
completely arbitrary values of the Y’s. For if the Y’s are regarded as given, 
it will always be possible to set ypi2 = ++: = Yn = 0, and then to determine 
Yi, °**, Yp+1 SO as to satisfy the p + 1 equations 


yay 1 yeaa” + ee) H Ypiitpaur” = Yo, r=0,1, ---, 2, 


the determinant of these equations being the conjugate of one which has already 
been seen to be different from zero. Consequently the determinant of the equa- 
tions (2), regarded as a set of linear equations for the unknowns ay, ---, dp, 
must be different from zero,’ and the equations will have just one solution for 
any given values of the y’s. This establishes (d). 

Finally, if the problem of least squares had two distinct solutions, each of 
these would give a solution of the moment equations, by section 2, and therefore 
(d) carries with it the truth of (6). 

It would not be difficult to prove (a) and (b) on the one hand, or (c) and (d) 
on the other hand, without the intervention of section 2, but the present treat- 
ment seems simpler when the work of section 2 has been carried through. 


ANOTHER DEFINITION OF AMICABLE NUMBERS AND SOME OF 
THEIR RELATIONS TO DICKSON’S AMICABLES.- 


By BENJAMIN FRANKLIN YANNEY, Chicago, Illinois. 


1. Professor L. E. Dickson (1913, 84-92) defines an amicable triple of numbers 
to be three numbers such that the sum of the proper divisors of each number 
equals the sum of the remaining two numbers. In a similar manner he defines 

1 Tf the determinant were zero, there would be values of the Y’s for which the equations could 
not be solved. Suppose the rank of the matrix of the coefficients wereg << p-+1. Let D, be 


a particular non-vanishing g-rowed determinant of the matrix. Let the rth equation be one whose 
coefficients do not enter into D,, and let Y, = 1, while all the other Y’s are zero. Then the 
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an amicable k-tuple of numbers, which he expresses in symbols thus: 
a(n) = o(me) = +++ = o(mn) = mtnrmt->> +m, (A) 


where o(n) denotes the sum of all the divisors of n. He then proceeds to derive 
nine sets of amicable triples, closing his paper with a list of ten sets of numbers 
r, s, with an appropriate equation in a for each set, from which a value for a 
relatively prime to each number r, s, ¢ is to be found such that ar, as, at shall be 
an amicable triple. The last one of the set he himself solves, thus giving a tenth 
set of amicable triples. He proposes (1913, 196, 1919, 214) Number Theory 
Problem 191 (erroneously numbered 187), which requires the solution of any one 
of the remaining nine unsolved equations of the list given in the paper referred to. 

The purpose of the present paper is to give another definition of an amicable 
k-tuple of numbers, and to show some relations existing between amicable 
numbers as thus defined and amicable numbers as defined by Professor Dickson. 
An application will be made in an attempt to solve one of the ten equations listed 
by him. Incidentally also, a still more general definition will be suggested, of 
which the two compared herein are special cases. 

2. Accordingly we shall say that three numbers form an amicable triple if 
each number equals the sum of the proper divisors of the other two. Thus 
N41, N2, M3 will form an amicable triple if 


ny = {o(N2) — ne} + {o(n3) — ns}, 
ne = {a(nz3) — nz} + {o(nm1) — ni}, (1) 
- 13 = {o(m) — ni} + {o(ne) — Ne}; 
or, more briefly, if 


Mi + Ne Ng = a(n) + o(m1) = o(m1) + o(m2) = o(ne) + o(ns). (2) 


Similarly, ni, ne, --+, nm, form an amicable k-tuple if 
k 
Ym = Lan) = Loln) = ++ = Loln,  (B) 
where the indices under >> indicate which n is to be omitted in the respective 


summations. 
From (B) we get 


o(m) = o(ns) = +++ 


a(n), (3) 


which expresses the same relation between the sums of all the divisors of the 
respective numbers as in (A). But instead of these being equal to the sum of all 


(q + 1)-rowed determinant of the augmented matrix which contains the minor D, and the 
element Y, is different from zero, the augmented matrix is of rank g + 1, ‘and the equations are 
inconsistent. 

? Professor Dickson, to whom the author acknowledges indebtedness for criticisms and sug- 
gestions given during the preparation of this paper, must not in any way be held responsible for 
any infelicities or inaccuracies that may have found their way into the final selection and arrange- 
ment of the material employed. It is only fair to state also that definition (B) had occurred to 
Professor Dickson when he made his investigations, but that he chose (A) because of its greater 
simplicity. 
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the numbers, as in (A), we have, from (B) and (3), 


k 
> y= (k ~ 1)o(n;), j = 1, 2, ver, Or k; (4) 
i=1 
so that (2) becomes 
| m+ n+ nz = 2o(nj), 7g = I, 2, ord. (5) 


From (4) it easily follows, as indeed it does from the definition directly, 
the same as in the case of Dickson’s amicables, that if k = 2, we have the usual 
case of two amicable numbers. There is, however, one marked difference 
between (A) and (B). It is the simplicity with which examples may be furnished 
of amicable k-tuples of numbers as defined in (B). If we let n be any prime 
number, then k (= n-+ 1) such equal prime numbers constitute a k-tuple of 
numbers amicable by (B). Thus, we have as amicable sets! of numbers the 
following: 2, 2, 2; 3, 3, 3, 3; 5, 5, 5, 5, 5, 5; and so on for "every prime. Of a 
different type is the amicable triple ! 


2?-7-11, 5-7-138, 7-83, (6) 


which set of numbers fulfills (2). The numbers 2?-11, 5-13, 83 are the three 
numbers involved in one of Dickson’s problems already referred to, and con- 
sidered later in this paper. 

We may state as follows the problem of which (6) is the solution: 

Problem. From the three numbers 2?-11, 5-13, 83 to derive a triple of 
numbers amicable by (B). 

To solve the problem, we note first that the given numbers satisfy (3). What 
we desire, then, is a number a, not divisible by 2, 5, 11, 13, or 83, such that 
(27-11 + 5-13 + 83)a = 20(83a), or such that 23a = 7o(a). This latter equation 
is evidently satisfied if a = 7. 

3. It will now be shown how we may derive from an amicable set of numbers 
fulfilling (B), another set fulfilling (A). From (B) we see that 


k k 
k( Ym) = k= DY] Yorn | (7) 


Now let a be a number such that an, ano, ---, an, form an amicable k-tuple 
in accordance with (A). Then it follows that 


k k 
k ( Yan: ) = 2, o(ans). (8) 
From (7) and (8). we obtain 
k k 
Y ofan) = afk 1) | oir |, ) 


1“Tn 1899, E. B. Escott raised the question of the existence of three or more numbers such 
that each is equal to the sum of the [aliquot] divisors of the others.” Dickson’s History of the 
Theory of Numbers, vol. I, p. 50. 
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which, in view of (3), may be written 
a(an;) = a(k — l1)o(n,), 4=1,2,---,k. (10) 


This result is a necessary condition. It is also sufficient. For if (10) is true, we 
obtain the relation (9) by adding the k equations of (10). Then by means of 
(7) we obtain (8). But from (10), in view of (3), we get, after dividing out k, 


o(an,) = a(ane) = +++ = a(anz) = ani, (11) 
=1 


which fulfills the conditions in (A). We have thus completed the proof of the 

Theorem. If ni, Ne, +++, nr, form an amicable k-tuple of numbers as defined 
in (B), then will ani, ane, --+, an, form an amicable k-tuple of numbers as defined 
in (A), if and only of c(an:) = a(k — 1)o(n,), 4 = 1, 2, --+, or k. 

There follow the corollaries: 

Corollary 1. If a is relatively prime to each n,, then the necessary and suffi- 
cient condition of the theorem may be replaced by o(a) = a(k — 1). 

For if a is relatively prime to n, (an) = o(a)a(n). 

If, further, k = 3, a must be a perfect number. In general, if k > 2, a must 
be a multiply perfect number, the order of multiplicity being & — 1. 

Corollary 2. If ais relatively prime to each n,, it can not be a prime number. 

For then a + 1 = a(k — 1), and, hence, a(k — 2) = 1, which is absurd. 

Corollary 3. If 1, ne are amicable numbers, an;, ang can not be amicable 
fora > l. 

For then surely o(an;) > ao(n;), and, hence, o(an;) > an;,1,7 = 1, 2,74 7. 

4. We now apply some of the foregoing principles to the solution of the first 
of the list of ten problems proposed by Professor Dickson. 

Problem. Given 27-11, 5-13, 83, and the equation 7c(a) = 2‘a; to find a 
value for a, not divisible by 2, 5, 11, 18, or 83, such that 2?-11la, 5-13a, 83a shall 
form an amicable triple [as defined by Dickson]. 

As already found in the problem previously considered, (6) is an amicable 
triple in accordance with (B). Hence, we let a = 7b. We have, then, from 
(10) the equation o(7b-83) = 2b0(7-83), from which we get o(7b) = 2'b. Of 
this latter equation, every known perfect number except 28 is a solution. But 
since every known perfect number is even, while the conditions of the problem 
require that b shall be an odd number, a solution of the problem seems doubtful. 
Of course, an odd perfect number not divisible by 7, if such exists, would be a 
solution provided it met also the condition of non-divisibility stated in the 
problem. There are, however, other solutions than perfect numbers for 6 in the 
foregoing equation, as 3°-5-7-13-19. But this solution of the equation is not a 
solution of the problem, since it contains two prohibited factors. 

5. As examples of sets of triples related as in (10), are 2, 2, 2 and 120, 
120, 120; 2, 2, 2 and 672, 672, 672; or, 2, 2, 2 and 2a, 2a, 2a such that 2a is any 
of the known multiply perfect numbers of multiplicity two. No example has 
yet been found in which precisely two of the numbers in each set are equal, or 
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in which the numbers in each set are all distinct. It may be of interest also to 
note that it can easily be shown that in none of the cases of amicable triples 
found by Professor Dickson and listed by him in the article referred to does 
there exist an amicable triple as defined in (B), which is related to Dickson’s 
as in (10). Furthermore, in the cases of at least two of the ten problems pro- 
posed by him for solution, viz., the second and fifth, it can be shown that there 
does not exist for either case a corresponding triple of amicable numbers as 
defined in (B). For example, in problem 2 of the list, the corresponding equation 
in a, necessary for an amicable triple as defined in (10), is 2.3?a(a) = 19a. This 
necessitates a to have some power of 2 as a factor, while at the same time one 
of the three numbers given in the fundamental set prohibits 2 from being a divisor 
of a. 

6. A More General Definition of Amicable Numbers. The following is sug- 
gested as a more general definition of an amicable k-tuple of numbers, which 
includes definitions (A) and (B) as special cases: 

A set of & numbers 71, ne, «++, 2% Shall be said to form an amicable k-tuple of 
numbers if 


» y= » og (N51) = >, 7 (Nj2) —= roe » g(Njs), s= wCrs (K) 


where each j ranges over r of the & values of i, s being the number of combinations" 
of k things taken r at a time. 

From (K) again follows (3). Hence, instead of (K) we have the simpler 
expression 


k 
> ui= ra (nj), j — 1, 2, rs, OF k. (12) 
i=l 

We shall refer to r as designating the multiplicity of the amicable set of k 
numbers. Thus, the multiplicity of the amicable set as defined in (A) is 1; and 
as defined in (B), k — 1. 

As a simple example of (12), we may take the amicable sextuple 2, 2, 2, 2, 2, 2, 
which is of multiplicity 4. Of a different type is the amicable quadruple 3-7-41, 
7-11-18, 7-11-18, 7-167, of multiplicitv 3. If each of the four numbers is 
multiplied by 2, the resulting numbers form an amicable quadruple of multi- 
plicity 2. 

In a manner analogous to that used in proving (10), it can be shown that if 
the numbers 71, m2, -:+, 2, form an amicable k-tuple of multiplicity r, which is 
to be not less than one half k&, then will ani, ano, ---, an, form an amicable 
k-tuple of numbers of multiplicity k — r, if and only if 


(k — r)o(an;) = ara(ni), a= 1,2,---,ork. (13) 
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ACTUAL SOLUTION OF SIMULTANEOUS LINEAR 
NUMERICAL EQUATIONS. 


By WILLIAM R. RANSOM, Tufts College. 


1. Introduction. The theory of the solution of simultaneous linear equations 
is well known, and can be very briefly and neatly disposed of, as in the fourth 
chapter of Bécher’s Introduction to Higher Algebra. But an actual method of 
procedure for any case where the coefficients are numerical has not been described 
in detail in print so far as.the writer is aware. It will be the purpose of this 
paper to state a set of directions in this connection. 

2. Notation. We may employ the notation 


Ey, = Gig + Ag1t1 + Agate + +++ + Agntn 
and represent a set of linear equations by 
Ey = Ey = +--+ = En = 0. 


From these equations write the n-columned, m-rowed matrix 


Qin A128 tt Mn 
M= Goi Ge2  *** Aen 
Gmi1 Gm1 °*** Amn 


from which certain determinants are to be chosen by striking out rows and 
columns. A set of a’s (from the equations, not from M) whose second suffix is 
zero will be referred to as the “absolute column.” A set of a’s whose second 
suffix is p will be called the x,-column. 

When (m — p) rows and (n — p) columns of M are struck out, the remaining 
a’s form a determinant, of order py, which will be called A,. The rows and 
columns of M which are represented in A, correspond to certain E’s and 2’s, 
and it may be supposed, without loss of generality, that the E’s and 2’s are 
renumbered so that they may be referred to as E,---E,, and w---2y. Let 
them be thus renumbered. 

Begin by finding a A, whose value is different from zero. This can always 
be done! since a single non-vanishing coefficient, a1, is a A; and may be used if 
one does not easily discover a non-vanishing determinant of higher order. : 

3. Directions. If p = m, proceed at once to (V) below, and solve. 

If p = n, change the notation, using one of the non-vanishing minors as A,, 
and proceed as in (I) below. 

(I) If pis less than m or n, border A, by means of terms from the (p + 1)st row 
and #41 column of M, and call the resulting determinant A,,;. From A,,; take 
the cofactors of the elements a1, 541° ° + @p41,p41, Calling them A1, 941° + -Apii,p41, 
and note that Aji1,941 = Ap ¥ 0. Evaluate A,:; by means of the expansion 
formula 

Anti = G1,p+1A1,ppi to +++ + Opi, p4piAr. 
At this point two cases appear: IIa and IIb. 


1 The trivial case in which the a’s are all zero is excluded. 
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(IIa) If Apii ¥ 0: begin again at (I), using this higher order determinant as 
the A, and noting that it will be the last one of the next set of cofactors. (Con- 
tinue to go back to (I) in this way until a case of (IIb) is reached. When p = m 
a row of zeros, or when p = n a column of zeros, is‘adjoined to M in order that 
a case of (IIb) may be reached.) 

(IIb) If Apyi = O: multiply Ey, Be, +++ Epsi by A1,p41-°+Apti,pp1, Tespec- 
tively, and add the results. As a check on the work thus far, note that the 
p41 column adds up to Api125;1, and therefore vanishes, and that the 1, --- a, 
columns give zero in each case. It is possible that some other columns may 
give zero: in fact, at this point three cases appear, IIIa, IIIb, IIIc, as follows. 

(IIIa) If every x column gives zero, but the absolute column gives 


a10A1,p41 + +++ d0,pr1Aptipt1 = Y ¥ 0, 


the equations are inconsistent, and in this case the work terminates by stating 
this conclusion and supporting it by the formula just found 


A1,pp1li + +++ + ApEpy1 = Q 40 


which derives from the (p+ 1) equations, Hy = --- = Eyi1= 0, a result 
inconsistent with them. 

(IIIb) If some x column, say the zp+.2 column, does not give zero (regardless 
of what happens to the absolute column): the determinant found by bordering 
the original A, with coefficients from the p42 column and the E41 row will be 
a non-vanishing determinant of order (p + 1), and having A, as minor, just as 
in (IIa), and we go back to I as directed in (IIa), renumbering the columns. 

(IIIc) If each column (including the absolute column) gives zero: the equation 
E41 = 0 is satisfied by any set of values that satisfies H, = ---H,=0. In 
this case the dependence of E,41 upon the first » equations should be exhibited 
by recording the formula just found 


Epp = (Atppili + +++Ap,pptly) + (— Ap). 


Then proceed to (IV). 

(IV) Take each remaining equation and treat it as the Ey41 in (I). What 
will happen will be that either: 

IIIa: an inconsistency will be found. 

IIIb: a higher order non-vanishing determinant will be found. 

IIIc: another formula indicating dependence will be found. (IIIc) is continued 
until each one of the last (m — :) E’s is expressed in terms of the first p of them. 
Then proceed to (VY). 

(V) The highest order non-vanishing determinant found in the last (III6) is 
now denoted A, and the corresponding p equations are multiplied each by the 
cofactor of the corresponding element in the last column of A,, and then the 
equations are added and the result divided by Ap. In this addition, the columns 
containing 71:-:2p-1 give zeros, and the result gives x», possibly in terms of 
Lpp1'* tn if n > p, or as an absolute number if n = p.’ 


1 Since A, * 0, m cannot be less than p. 
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(VI) Take from the A, just used the cofactor of ay,» as a new A, of order 
lower by one. Substitute the value of 2, just found in (V) into the first (p — 1) 
equations, and proceeding as in (V), find the value of another x, and so on until 
the value of 2; is reached. 

4. Conclusion. The complete solution will consist of either: 

A: a formula showing that certain equations are inconsistent, (IIIa),! or 

B: A set of formulas for 21---2, found from p of the equations (V), together 
with (m — p) formulas, if m > p, showing how the last (m — p) equations 
depend upon those which precede them, (IIIc). 

Although these directions give no clue as to the theory on which they are 
based, one who follows them carefully will find that the process explains and 
justifies itself as it is carried out. 


QUESTIONS AND DISCUSSIONS. 
Epirep By C, F. Gummer, Queen’s University, Kingston, Ont., Canada. 


DISCUSSIONS. 


I. Tse Ten Most Important MATHEMATICAL Books IN THE WORLD. 
By Watter C. Exrxzus, Whitman College, Walla Walla, Wash. 


This title is suggested by H. G. Wells’s article The Ten Most Important Books 
an the World in the American Magazine for April, 1923. ‘‘ What are the ten most 
important books in the world?” an interviewer asked Mr. Wells, and in his reply 
he says, “Absurd questions sometimes make the most interesting discussions. 
. . . Following the precedents, I will first show how unreasonable a question it 
is, and then give myself up to its insidious fascination.” 

The question, “What are the ten most important mathematical books in the 
world?’’, is equally unreasonable, but to the mathematician it may prove equally 
or even more fascinating. I suggested a similar question to my class in the 
History of Mathematics last term, with rather interesting results. I suggest 
this question now for discussion on the part of the readers of the MonTHLY who 
may be tempted to yield to its “insidious fascination.’ ‘To be sure, no two lists 
will agree, but this very fact will give the discussion its interest and value. 
What books, if any, will be common to all lists suggested? ? 

The result of such a discussion should be similar to that stated by Mr. Wells 
in discussing the answer to the question of the six greatest men in the world, 

1The geometrical and algebraic problems in their conventional form are distinguished at 
this stage. For most algebraic purposes a system which is inconsistent may be dismissed as such, 
while the study of a system of linear spreads does not terminate when two of the spreads are 
found to be parallel. 

2 Jt is hoped that a number of readers will follow up the suggestion made by the author of 


this discussion, either by contributing short papers, as in this instance, or by supplying lists of 
ten which may be of use when the time comes for a final summing up.—EDITor. 
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as a result of which he says “endless people were set thinking, very profitably, 
and sent to their encyclopedias and histories and biographies for refreshing and 
stimulating reading.”’ 

A list of the ten most important mathematical books is not necessarily 
synonymous with a list of the ten greatest mathematicians. Archimedes or 
Leibnitz, for instance, should doubtless be included in the latter class, but it is 
difficult to pick out a single outstanding work of either which nearly approaches 
the importance and influence of Euclid’s Elements, or Newton’s Principia. 
Much, too, of the important and influential work in mathematics of the modern 
period has appeared in scattered articles in the journals, not in books. 

Neither is a list of the ten most important mathematical books necessarily 
the ten most important ones for present-day study, any more than is Mr. Wells’s 
list suitable for a similar purpose. In fact less than half of his list does he 
recommend as valuable reading at the present time. 

It is interesting to note that four of Mr. Wells’s ten books are scientific, 
but none of them are mathematical. The nearest he comes is when he considers 
Newton’s Principia, “which brought the whole material universe under the 
domain of natural law,”’ but reluctantly he rejects it as one of his ten. 

As a first approximation toward a mathematical list, and as a basis for 
discussion and suggestion of other lists, I venture to offer the following as my 
choice, arranged in chronological order, accompanied, in some cases, by note- 
worthy characterizations of the contents of these books or of their influence 
which have been made by others. 


Evucuip’s “Elements” (Alexandria, c. 325 B.C.), which “has been for nearly 
twenty-two centuries the encouragement and guide of scientific thought” 
(Clifford), which has passed through more than two thousand editions and 
has exercised such profound influence on the teaching and knowledge of 
geometry for more than two thousand years, and which is “still regarded 
by some as the best introduction to the mathematical sciences’’ (Cajor1). 

Apotuontus’s “Conic Sections” (Alexandria ? c. 210 B.C.), the great systematic 
treatise which developed the geometrical “theory of conic sections, and was 
the prelude to the theory of geometrical curves of all degrees—and of the 
geometry of form and position”’ (Cajori) as distinguished from the geometry 
of measurement. 

LEONARDO OF Pisa’s “ Liber Abact” (Pisa, 1202), which marked the first renais- 
sance of mathematics on Christian soil, introduced Arabian algebra, and 
brought into general use in Europe the labor-saving Hindu-Arabic numerals, 
and for centuries was a storehouse of material for later writers on arithmetic 
and algebra; among others forming the basis for the first printed work on 
arithmetic, algebra, and geometry, Pacioli’s, which was printed at Venice 
in 1494. 

Napier’s “ Mirifici Logarithmorum Canonis Descriptio” (Edinburgh, 1614), 
which gave to the world Napier’s great invention of logarithms with their 
miraculous power in modern computation, than which “with the exception 
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of the Principia of Newton there is no mathematical work published in the 
country which has produced such important consequences” (Glaisher, in 
Encyclopedia Britannica). 

DeEscarRTES’s “Geometrie’”’ (Leyden, 1637), which in spite of its obscure style 
was of epoch-making importance in giving to the world the powerful method 
of analytic geometry “which far transcended everything that ever could 
have been reached upon the path pursued by the ancients” (Hankel), and 
than which “‘there cannot be a language more universal and more simple, 

. and better adapted to express the invariable relations of nature” 
(Fourier), and which contains in addition the modern exponential and literal 
notation of algebra. 

Newton’s “Principia” (Full Title: Philosophie Naturalis Princupa Mathe- 
matica) (London, 1687), which established the mathematical foundation of 
the universe, “the greatest production of the human mind” (Lagrange); 
“the brightest page in the records of human wisdom—and preéminent above 
all the productions of human intellect” (Brewster’s Life of Newton); and 
which, Laplace says, will always be assured “a preéminence above all the 
other productions of human genius.” 

LAGRANGE’s “ Mécanique Analytique’ (Paris, 1788), “an epoch-making work 

. a most consummate example of analytic generality”’ (Cajori), “a kind 
of scientific poem” (Hamilton), the foundation of all later work on analytic 
mechanics, in which Lagrange “impressed on mechanics, as a branch of pure 
mathematics, that generality and completeness toward which his labours 
invariably tended”’ (Ball). 

LapLace’s “ Mécanique Céleste’’ (Paris, 5 vols., 1799-1825), “the translation of 
the Principia into the language of the differential calculus” (Ball), which 
according to the author was intended to “offer a complete solution of the 
great mechanical problem presented by the solar system.” 

Botyal’s “Science Absolute of Space’? (Hungary, 1833), which, although only 
the appendix to a two-volume work by his father, is characterized by Halsted 
as “the most extraordinary two dozen pages in the history of human thought,”’ 
and which, together with Lobachevski’s work, opened up the whole fascinating 
and broadening field of non-Euclidean geometries. 

Hamitton’s “ Lectures on Quaternions”’ (Dublin, 1852), “the great discovery of 
our nineteenth century ... (in which) there is as much real promise of 
benefit to mankind as in any event of Victoria’s reign” (Thomas Hill), which 
is the foundation of all modern developments in the field of vector analysis, 
with its important applications in mathematical physics, including electro- 
magnetic theory and Einstein’s generalizations. 


It is with much regret that the arbitrary limit of ten forbids the inclusion of 
such works as Diophantus’s “ Arithmetic,” Alkowarezmi’s “Algebra,” Cardan’s 
“Ars Magna,” Euler’s “Analysin Infinitorum,’ Legendre’s “Fonctions ellop- 
tiques” and “Théorie des Nombres,”’ Gauss’s “ Disquisitiones Arithmetice,”’ 
Cantor’s “ Geschichte der Mathematik” and others which could easily be mentioned. 
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This list of ten important books is well distributed among the great fields of 
mathematics, as well as in time and in nationality. It ranges over twenty-two 
centuries. In it are represented two Greeks, two (or one) Italians (depending 
upon whether Lagrange is considered Italian or French), one Scotchman, two 
(or three) Frenchmen, an Englishman, a Hungarian and an Irishman—a very 
cosmopolitan group. 


Il. Note on THE ALGEBRAIC SOLUTION OF THE CUBIC. 
By E. J. Oatespy, New York University. 


Take the general cubic equation 
age? + 3ar? + 38a,7 + as = 0 (1) 
and assume that the roots 2, 22, 23 have the form ! 
m=atobte, 
at wh + we, 
tg = at w*b+ we, 


where w? + w+ 1 = 0 and a, b, and ¢ are to be determined. 


ve 


We then have the following identities: 
(at b+e)+ (a+ wht wc) + (a+ wb + we) = 3a, (2) 
(at b+ e)(at wh + we) + (a+ wb + we)(a + wb + we) 
+ (a+ wb + we)(a + b+ c) = 3(a? — be), 
(at b+ec)\(at wh + wc)(a + wb + we) = a + 6? +c? — 8abe. (A) 
From (2), (3), and (4) 


(3) 


t+ at + x3 = 3a, 
Xo + xorg + a3x, = 3(a? — be), 


Wants = aF + Fb? + c? — Babe. 
From (1) : 


ay + Xo + 3 = —-—s 
3d 
H1Xq + Lots + 2301 = Ge’ 
0 


1 This assumption may be justified in advance, since a, b, and c can always be found to satisfy 
these equations, for any 21, %2, %3.—EDIToR. 
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whence 
5 
be = —-; 
ar’ 
a® + b§ + c®? — 8abe = — te — 4, 
0 
whence 
70 
b3 3 wo. 
re 27 
Therefore 
s_ 125 _ _ 70 
72968 27 
so that 
53 = 35+ 15V6 Be 85 — 15V6 
20 27 
b= — 4435-156, co = — 44/35 + 15V6, 
whence 


m=atb+e= — 442+ 435 — 15V6 + 4/35 + 15-V6], 
me = a+ wh + we = — 2+ wi/35 — 15V6 + 04/35 + 15-V6], 
wy = a+ 0 + we = — 2+ wA/35 — 15V6 + 0/35 + 15-V6}. 


Il. Tuer “Limirine Case” tn ENuMERATIVE GEOMETRY. 
By Aubert A, Bennett, University of Texas. 


H. G. Zeuthen, in his work on Enumerative Geometry, entitled Lehrbuch der 
Abzihlenden Methoden der Geometrie, points out many significant dangers in 
enumerative methods. One of the most interesting cautions urged upon the 
reader is to approach all special cases as limiting cases. He remarks that in 
making the count of geometrical constants, usually evidenced in the order of 
the algebraic equation involved, there is a temptation to treat the special cases 
by special methods which may introduce new constants or omit, implicitly, 
significant elements of the general problem which become trivial in the special 
case. It often happens that a special case is contained in each of two general 
classes of the same number of parameters. This special case is special, but in 
a different way for the two classes, and the count must be made differently from 
the two points of view. As a precaution Zeuthen urges that one treat all such 
problems as limiting cases. Thus in the trivial case of the intersections of a 
straight line with a curve, a tangent line is to be regarded as the limit of a secant. 

When algebraic data are given and algebraic results are desired, is it too 
much to ask that algebraic methods be employed? Now passing to a limit is not 
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an algebraic method, if one restricts this term severely. One has merely to 
examine modular geometries to find examples in which secants and tangents 
exist, for which no limiting processes may be applied. One may indeed replace 
x by zero, but not by letting 2 approach zero. Enumerative results hold in finite 
geometries with suitable restrictions, but Zeuthen’s methods do not apply. 
What shall we do? 


RECENT PUBLICATIONS. 


REVIEWS. 


Theorre der Gruppen von endlicher Ordnung. By A. Spriser. Berlin, Julius 

Springer. 1923. 8vo. viii + 194 pages. 

About two years ago there appeared a small volume of 120 pages in the 
Sammlung Géschen, entitled Gruppentheorie, by Ludwig Baumgartner. The 
fact that the present volume on the same general subject appeared so soon there- 
after seems to indicate that there is now a considerable demand in Germany for 
new introductory books along this line. This is the more remarkable since the 
German student was already supplied with various useful expository works, 
including the two books by Netto, published in 1882 and 1908, and Weber’s 
classic Lehrbuch der Algebra. While the present volume has much in common 
with these earlier works its main object seems to be to lead the reader rapidly 
into some of the more modern developments, especially into those inaugurated 
by Frobenius about 1896. 

The book is divided into 15 chapters, the longest of which is devoted to group 
characteristics and covers only 20 pages. The applications to crystallography 
are especially emphasized in view of the simplicity and the precision of these 
applications. Hence Chapter 6 is devoted to the groups of crystallography, 
the subheadings being plane lattices, space lattices, and classes of crystals. The 
first five chapters are devoted mainly to the fundamental theorems relating to 
finite abstract groups. The reference near the bottom of page 2 should be to 
volume 1 of Kronecker’s Werke, not to volume 2, and on page 38 the name 
L. C. Dickson appears instead of L. E. Dickson. 

On page 17 the commutator of A and B is defined as B-44—'BA instead of 
AB AB as is done by A. Loewy on pagg 189 of volume 1 of the second edition 
of Pascal’s Repertoreum der héheren Mathematik, 1910, and by H. Vogt on page 
540 of tome 1, volume 1, Encyclopédie des Sciences Mathématiques. Our author’s 
definition is, however, in accord with the one given by R. Dedekind, who intro- 
duced this term, Mathematische Annalen, volume 48 (1897), page 553. Although 
this is not a very important matter it would clearly be desirable to secure uni- 
formity of usage so as to smooth the path of the student who desires to enter this 
field of study. The author of the present work does not seem to have adopted 
the custom followed by the majority in this respect. Similar remarks apply to 
the notation used sometimes to represent the type of a prime power group. On 
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page 38, for instance, it is noted that the group of isomorphisms of the cyclic 
group of order 2” is the abelian group of type (2”-, 2). This group is more 
commonly said to be of type (m — 2, 1). 

The brevity of the work made it necessary to select the theorems from a large 
body of known results. Hence our author found it desirable to say only little 
as regards different possible sets of independent generators of an abstract group. 
In particular, the theorem that the number of the independent generators of 
every prime power group is fixed by the group itself and is not dependent upon 
how the generating operators are selected is not treated. In the small amount 
of space at his command to lay the foundation for a study of linear substitution 
groups the author did, however, succeed in giving in a clear and attractive manner 
a considerable number of the most important theorems relating to abstract groups 
and to the so-called permutation groups. Chapter 7 is explicitly devoted to the 
latter. 

The proofs of theorems 48 and 49 are vitiated by a slight mistake in the first 
line of page 45, and the closing developments of Chapter 5 are marred by the 
use of r in place of s and vice versa, as well as by several statements which are 
likely to be misunderstood at first by the beginner. For instance, near the middle 
of page 51 the author states that it is now easy to determine all the p-groups with 
a cyclic invariant subgroup of index 7 or of index p*. In the consideration of the 
groups of index p it is not assumed that this cyclic invariant subgroup involves 
an operator of highest order but in the following paragraph this assumption is 
implicitly made since otherwise the number of the groups coming under the first 
case would be 6 instead of 3 as here stated. These slight oversights are, however, 
easily detected by the careful reader and hence are not apt to cause him much 
annoyance. 

Chapters 8 and 9 deal with automorphisms and monomial groups respec- 
tively. In the former of these the concepts of automorphism and group of 
automorphisms are clearly explained and illustrated. This is followed by the 
ordinary definition of characteristic subgroups to which attention was called 
recently in this Montuty, volume 29, page 320. The automorphisms of abelian 
groups are treated more fully than those of other groups, and at the close of the 
section on this subject reference is made to a practical method of establishing all 
such automorphisms, which seems to be due to the author of the present review: 
see Bulletin of the American Mathematical Society, volume 6 (1900), page 337. 
The statement that when the multiplying group is the same as the group itself 
each element of the group corresponds to its square is clearly not generally 
true as may be seen by considering such automorphisms of the abelian group of 
order 2” and of type (1, 1, 1, ---). 

Chapters 10 to 14 are devoted mainly to linear substitution groups and 
occupy more than one third of the space of the book, while chapter 15 is devoted 
to the theory of equations. The final chapter begins with a brief account of the 
Lagrange theory of equations. This is followed by the Galois theory and by 
applications of general group theory and substitution groups. In view of the 
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advanced character of the book, readers may be somewhat surprised to find so 
much emphasis on the literature in the German language. For instance, in the 
preface it is stated that the readers who found the presentation too brief might 
consult the books by Weber and Netto for more complete treatments. 

On the whole, the volume under review furnishes a very attractive introduc- 
tion into some of the most modern developments of the theory of groups of 
finite order, with emphasis on its applications, and we can only wish it success 
along with the other volumes of the interesting series to which it belongs now 
being published under the general editorship of R. Courant, of the University of 
Gottingen. 

G. A. MILuer. 


A Treatise on the Theory of Bessel Functions. By G. N. Watson. Cambridge 

University Press, 1922. ii + 804 pages. Price $22.50. 

“This book has been designed with two objects in view. The first is the development of 
applications of the fundamental processes of the theory of functions of complex variables. For 
this purpose Bessel functions are admirably adapted; while they offer at the same time a rather 
wider scope for the application of parts of the theory of functions of a real variable than is provided 
by trigonometrical functions in the theory of Fourier series. 

“The second object is the compilation of a collection of results which would be of value to the 
increasing number of mathematicians and physicists who encounter Bessel functions in the course 
of their researches. The existence of such a collection seems to be demanded by the greater 
abstruseness of properties of Bessel functions (especially of functions of large order) which have 
been required in recent years in various problems of mathematical physics.” 

Bessel functions are perhaps from the point of view of applied mathematics 
the most important transcendants after the exponential group and their inverses. 

It is this importance that justifies this great treatise on their theoretic proper- 
ties and while the applied mathematician might have wished for illustrations of 
their use in physical problems, such additions would have vastly increased the 
size of the book and proved disappointing to those largely interested in the 
theoretic aspects of these functions. That Professor Watson has examined a 
large amount of material is shown by the index of titles of more than seven 
hundred papers and an author index of more than three hundred names of which 
among the sixteen American mathematicians the late Professor Bécher’s stands 
out preéminent. The book does ample justice to the large contributions of 
Sturm, Lommel, Carl Neumann, Sonine and Kapteyn who have created so 
much of this theory. 

It is unfortunate that so many different Bessel functions of the second kind 
have been used by different mathematicians and still more unfortunate that the 
often elegant identities involving these functions cannot be expressed in terms of 
one type without loss of simplicity. 

It suffices to say that this book is a rich mine of methods and results and is 
full of interesting problems of which we might mention the transcendence of the 
non-zero roots of J,(x) = 0 when 7 is rational. 

Professor Watson deserves the gratitude of his colleagues for the able and 
careful manner in which he has brought together this Jarge amount of material 
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as well as for the well-balanced presentation of a subject which owes much to 
his own personal investigations. 

It is unnecessary to say that the book work of the Cambridge Press is beyond 
all praise and is absolutely unrivalled elsewhere, fine paper, beautiful printing 
and wide margins only marred by a somewhat flimsy binding. 

The book should certainly find a place, despite the high price, in every good 
mathematical library, but the cost will doubtless prevent its purchase by many 


persons desiring to own a copy of it. 
M. B. Porter. 


Algebraic Numbers. Report of the Committee on Algebraic Numbers (National 
Research Council), by L. E. Dickson, H. H. Mitcueiu, H. 8. VAnpiver, 
and G. E. Wauun. The National Academy of Sciences, Washington, D. C., 
February, 1923. Paper, 8vo. 96 pages. Price $1.50. 


The first object of this paper is to bring up to date the extensive report on the 
theory of algebraic number fields by D. Hilbert, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 4, 1894-5, pp. 175-546; French translation in 
Annales de la Faculté des Sciences de Toulouse, series 3, vol. I, 1909, 257-328; II, 
1910, 226-456; III, 1911, 1-62 (notes by Humbert and Got, and errata). This 
supplementary report deals with the articles subsequent to Hilbert’s report and 
such earlier papers as were not cited by him. 

The second object of the paper is to deal with the literature, not in Hilbert’s 
report, on fields of functions and related topics, such as Hensel’s p-adic numbers 
and modular systems. Some of these topics have already been treated in the 
French Encyclopédie. . In two special cases mentioned explicitly the present report 
leaves it to the reader to get the requisite information from the French article; 
otherwise, it is entirely independent of that article. Hence, with these two 
exceptions, the present report (taken with that of Hilbert) is intended to exhaust 
the literature of the subjects named. 

Great care has been taken to make the list of references wholly complete; 
and a most painstaking search of the literature has been made with this end 
in view. In this respect this paper and the report of Hilbert give a full direction 
to the literature of that part of the theory of numbers which is not being covered 
in Dickson’s monumental History of the Theory of Numbers. The importance of 
this report is greatly enhanced by its having this relation to that comprehensive 
work. 

In the treatment of the forty-five topics which form the subject matter of as 
many articles into which the four chapters are divided there is a great variety of 
procedure ranging from a mere listing of references to articles at one extreme to 
an outline of the theory at the other extreme. In the chapter on Hensel’s p-adic 
numbers there is a careful outline of the leading ideas with a survey of the litera- 
ture and a statement of the more important theorems. In such topics as cubic 
fields, Galois fields, Abelian fields, and units of a general field there is but little 
more than a list of references. 
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From the supplementary character of the report it is inevitable that it should 
be rather fragmentary in character in many places; for it contains merely the 
necessary additions to a previous well-made report of great importance. But this 
does not decrease the value of the paper to a man of research who wishes to get 
access to the whole literature of the subject treated. The devotees of the theory 
of numbers owe a distinct debt of gratitude to the authors of this report for their 
difficult and careful labor in bringing together and systematizing the literature 
of their subject not already cited in the report of Hilbert. 

R. D. CarMIcHaEL. 


Frequency Arrays. By H. E. Soper. Cambridge University Press, 1922. 48 
pages. 

‘“‘Since in other branches of science symbols bearing an objective or logical significance 
have been usefully employed, conjoined with symbols of number, to express quantity, it may be 
expected that in the science of statistics, which of its essence is the enumeration of logical classes, 
such symbols will find serviceable application. 

The aim, then, has been to recommend the use of logical symbols j in the enumeration of 
logical classes. It has been no material part of the purpose to establish new formule and results 
in the mathematical theory of statistics and if new conclusions have been reached these will serve 


chiefly to help point the precept, since no difficult analysis has been undertaken or is anywhere 
involved. 


It is possible that, with wider familiarity in their use, the applications of the symbols of 
denomination may bear extension and that they may be found of assistance in the development of 
the higher theory both of statistical and other distributions.” 

United States Infe Tables—1890, 1901, 1910, and 1901-1910. By James W. 

GLOVER, expert special agent of the Bureau of the Census. Washington, 

Government Printing Office, 1921. 4vo. 496 pages. Price $1.25. 


Mr. Sam L. Rogers, director of the Census, writes in the “Letter of Trans- 
mittal’’: “The Bureau has had the advice and codperation of a special census 
committee representing the Actuarial Society of America, composed of John K. 
Gore, chairman, Robert Henderson, Arthur Hunter, William A. Hutcheson, and 
Henry Moir. The tables have been prepared along lines approved by this 
committee.”’ 

It is difficult to describe in a few words a book that contains so much valuable 
information, a book valuable not only to actuaries and statisticians but to the 
general public—which must have some interest in vital statistics, in life insurance, 
in old-age pensions, in the settlement of estates involving life interests, and in 
the settlement of claims for injury or death. Indeed, Part I, consisting of 25 
large pages, is a “non-technical description and explanation of life table functions, 
graphs, and other parts of text and tables”’: it gives in a particularly lucid manner, 
by the question-answer method, with continual reference to specific tables, just 
the information sought by the general public. For the United States Tables 
(Part II), the classifications, in addition to dates, are: Male and female, white 
and negro, native and foreign-born white, urban and rural. There are tables 
for the “selected registration states,” Indiana, Massachusetts, Michigan, New 
Jersey, and New York; and for the cities of Boston, Chicago, New York, and 
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NOTES ON RECENT PUBLICATIONS. 


In Berichte iiber die Verhandlungen der Sachsischen Akademie der Wissen- 
schaften zu Leipzig, mathematisch-physische Klasse, 1922, volume 44, no. 3, 
pages 157-160, there is a “ Nachruf”’ by G. Herglotz, “Zum Gedachtnis Johannes 
Thomae 1840-1921” (1921, 336). 

A French translation of Woops and BarLry’s Analytic Geometry and Calculus 
(Boston, Ginn, 1917) is now in the press and permission has been asked to trans- 
late A Course in Mathematics for Students of Engineering and Applied Science 
(2 volumes, Ginn, 1907-1909) by the same authors. 

Under the auspices of the Society of Sciences in G6ttingen, volumes J-X, of 
Gauss’ Werke were published 1863-1917. The second part of volume X (Auf- 
sitze tiber Gauss’ wissenschaftliche Tatigkeit auf den Gebieten der reinen 
Mathematik), the first part of volume XI (Nachlese und Briefwechsel zur Physik, 
Astronomie und Chronologie) and the second part of volume XI (Aufsatze tiber 
Gauss’ wissenschaftliche Tatigkeit auf den Gebieten der reinen Mathematik) 
are in the press. Volumes X_ and XI_ are to be composed of single monographs 
separately paged. We have already referred (1921, 79) to the first edition of 
eight of these as they appeared in the G6ttinger Nachrichten, 1911-1920. Two 
parts of volume X_ have been published. The first (1922) contained Bachmann’s 
“Ueber Gauss’ zahlentheoretische Arbeiten”’ (1911) and Oskar Bolza’s “Gauss 
und die Variationsrechnung”’ (95 pages not previously printed). The second 
part (1923) contains (123 pages) an almost unchanged reprint of Stackel’s essay 
on “Gauss als Geometer”’ (1917) which the late author had intended should be 
much extended. The next essay published is to be Schlesinger’s “ Ueber Gauss’ 
Arbeiten zur Funktionentheorie” (1912) completely rewritten. Volume X]Iy is 
to contain the essays in Astronomy by Brendel (1919), on Physies by Schafer, 
on Geodesy by Galle and on “Gauss als Zahlenrechner” by Mannchen (1918). 

The first number of The Quarterly Journal of Pure and Applied Mathematics, 
volume 49, appeared in October, 1920; the fourth number issued in March, 
1923, contained a paper “Singly infinite class number relations”’ (pages 322-327) 
by E. T. Brut, of the University of Washington. We have already referred 
(1921, 1387; 1922, 224) to Professor Bell’s other papers in the volume. Number 
3 (October, 1922) contains “ Abstract definitions of the symmetric and alternating 
groups and certain other permutation groups” (pages 226-283) by R. D. Car- 
MICHAEL, of the University of Illinois. ; 

We have already referred (1921, 317-318; 1922, 222) to Fundamenta Mathe- 
matice, the remarkable annual periodical dealing wholly with the theory of 
aggregates, and published in Warsaw, Poland. Volume 4 (4+ 372 pages) 
appeared in April, 1923, and contains two papers by Americans: “On the gen- 
eration of a simple surface by means of a set of equicontinuous curves” by 
R. L. Mooret, 106-117; “Note on a paper of M. Banach”? by N. WEINER, 
136-148. The extremely low subscription price (20 French francs, less than 
$1.40) is in happy contrast to the extortionate sums demanded by the Germans 
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for their periodicals. American libraries should encourage this notable publica- 
tion by their subscriptions. 

On the two hundredth anniversary of the birth of Euler, a committee of the 
Society of Swiss Naturalists launched the project of international codperation 
for the publication of his collected works. Academies and individuals subscribed 
for about 300 sets, and about one hundred thousand (100,000) Swiss frances were 
collected, for the most part in Switzerland; the American Mathematical Society 
subscribed five thousand (5,000) frances. Eighteen (18) of the estimated seventy 
(70) volumes have been published. 

By reason of the European War, nearly one half of the subscribers have 
been unable to meet their obligations in full. Under these circumstances, a 
considerable number of new subscribers must be secured if the completion of the 
undertaking is to be possible in the near future. There are three plans for 
subscribing. Those libraries or individuals wishing for information with a view 
to joining in promoting this great international undertaking should communicate 
with the Official Representative of the Kuler Committee for the United States 
and Canada, Professor R. C. ARcHIBALD, Brown University, Providence, R. I. 


ARTICLES IN CURRENT PERIODICALS. 


ANNALES DE L*°ECOLE NORMALE SUPERIEURE, volume 58, January, 1928: ‘Les modules 
des zéros des polynomes”’ by M. P. Montel, 1-32. 

ANNALI DI MATEMATICA, series 3, volume 31, March, 1922: ‘“Nuove ricerche sulle corri- 
spondenze algebraiche fra 1 punti di una curva algebraica” by C. Rosati, 1-49; ‘‘ Determinazione 
delle ipersuperficie che ammettono rappresentazioni geodetiche”’ by E. Bompiani, 51-80; “Sulle 
equazioni integrali non lineari’”’ by A. Vergerio, 81-119; “‘Sopra due teoremi di Dirichlet’’ by 
A. M. Bedarida, 121-125; ‘“Intorno alle involuzioni situate sopra le superficie iperellittiche con 
due fasci di curve ellitiche”’ by N. Spampinato, 127-148; “TI gobbo-circolanti e i divisori di zero 
di un particolare sistema di numeri complessi ad n unita ” by V. Amato, 149-164. November, 
1922: ‘“‘Riavvicinamento di geometrie differenziali delle superficie: metriche, affine, proiettiva’”’ 
by G. Sannia, 165-189; ‘L’intorno d’un punto d’una superficie considerato dal punto di vista 
projettivo”’ by E. Cech, 191-206; ‘‘Sulle serie di polinomi di una variabile complessa. Le serie 
di Darboux”’ by N. Abramescu, 207-249; ‘I fondamenti della geometria proiettivo- differenziale 
secondo il metodo di Fubini” by E. Cech, 252-278; ‘“Sull’ indipendenza di un integrale da- 
parametri nel caso pit generale’? by G. Usai, 279-294. 

BULLETIN DES SCIENCES MATHEMATIQUES, series 2, volume 47, February, 1923: 
“Réduction des systémes algébriques de points appartenant 4 une méme courbe algébrique. 
Théoréme d’Abel”’ by B. Gambier, 76-96. 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 29, January, 1923: 
“The October meeting of the Society”? by R. G. D. Richardson, 1-10; ‘‘The October meeting of 
the San Francisco Section”’ by B. A. Bernstein, 10-13; “‘The Frank Nelson Cole prize in algebra”’ 
by R. G. D. Richardson, 14; ‘‘ Periodic solutions in the problem of three bodies” by F. H. Murray, 
15-16; ‘Note on quartiles and allied measures’? by D. Jackson, 17-20; ‘Ruled surfaces with 
director planes” by J. K. Whittemore, 21-25; “On transformable systems and covariants of 
algebraic forms”? by C. C. Macduffee, 26-33; Reviews: by A. J. Kempner of O. Perron, Irra- 
tionalzahlen (Berlin and Leipzig, 1921), 34-36; and of P. Bachmann, Grundlehren der neueren 
Zahlentheorie (Berlin and Leipzig, 1921), 36-37; by A. B. Coble of H. Malet, Etude Géométrique 
des Transformations Birationelles et des Courbes Planes (Paris, 1921), 38; by J. W. Young of E. 
H. Neville, The Fourth Dimension (Cambridge, 1921), 38; and of G. Kowalewski, Mathematica 
Delectans (Leipzig, 1921), 40; by P. J. Daniell of L. Page, An Introduction to Electrodynamics 
(Boston, 1922), 39, and of R. Gramel, Der Kreisel (Braunschweig, 1920), 40; and by H. L. Rietz 
of E. Czuber, Wahrscheinlichkeitsrechnung (Vol. II, 3d ed., Leipzig and Berlin, 1921) and Die 
statistischen Forschungsmethoden (Wien, 1921), 39; Notes, 41-42; New publications, 43—-48— 
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February: “‘An uncountable, closed and non-dense point set each of whose complementary 
intervals abuts on another one at each of its ends” by R. L. Moore, 49-50; “Total geodesic curva- 
ture and geodesic torsion” by J. K. Whittemore, 51-54; ‘“‘The name ‘divergent’ series”’ by F. 
Cajori, 55; ‘A qualitative definition of the trigonometric and hyperbolic functions” by P. Frank- 
lin, 56-64; ‘Groups in which the number of operators in a set of conjugates is equal to the order 
of the commutator subgroup”? by G. A. Miller, 64-70; “On curves kinematically related to a 
given curve” by H. Poritzky, 71-78; Reviews: by D. E. Smith of T. L. Heath, A History of 
Greek Mathematics (2 vols., Oxford, 1921), 79-84; by L. W. Dowling of F. Amodeo, Lezioni di 
Geometria Proiettiva (8d ed., 2d reprint, Naples, 1920), 85-86; by H. L. Rietz of J. W. Glover, 
United States Life Tables 1890, 1901, 1910 and 1901-10 (Washington, 1921), 86; and of F. Insolera, 
Lezioni di Statistica Metodologica (Turin, 1921), 90; by K. W. Lamson of A. 8. Eddington, Espace, 
Temps et Gravitation, French translation by J. Rossignol (Paris, 1921), 87; by W. C. Graustein 
of W. de Tannenberg, Conférences sur les Transformations en Géométrie Plane (Paris, 1921), 87; 
by J. B. Shaw of G. Juvet, Introduction au Calcul Tensoriel et au Calcul Différentiel Absolu (Paris, 
1922), 88-89; by E. W. Brown of Annuaire du Bureau des Longitudes pour ’An 1922 (Paris, 
1922), 89; by A. Emch of M. Groll, Kartenkunde (Berlin and Leipzig, 1922), 89-90; and by E. 
B. Lytle of B. Branford, A Study of Mathematical Education (2d ed., Oxford, 1921), 90; Notes, 
91-92; New publications, 93—96. 

JOURNAL DE MATHEMATIQUES PURES ET APPLIQUEES, series 9, volume 2, no. 1, 1923: 
“Differential properties of functions of a complex variable which are invariant under linear 
transformations” by E. J. Wilczynski, 1-51. The first part appeared in this journal, series 9, 
volume 1, part 4, 1922. ‘Sur un ensemble non mensurable B”’ by N. Lusin and W. Sierpinski, 
53-72; “Recherche des systémes cycliques de triples de Steiner différents pour N premier (ou 
puissance de nombre premier) de la forme 6n + 1” by 8. Bays, 73-98. 

MATHEMATICS TEACHER, volume 15, October, 1922: ‘The strength of the mental connections 
formed in algebra” by E. L. Thorndike, 317-331; ‘Fundamental principles of algebra’? by 
R. L. Modesitt, 332-346; ‘‘Rabbi Ben Ezra on permutations and combinations” by J. Ginsburg, 
347-356; ‘Introducing Mechalus to geometry” by Mary A. Potter, 357-360; ‘‘ Note on Mr. 
Evans’s paper in the March Teacher” by H. F. Hart, 360-361; “Original solution in plane geom- 
etry” by R. A. Laird, 361-364; ‘ Professor Hedrick’s report on the function concept in elementary 
mathematics” by H. E. Webb, 364-868; ‘News and notes,” 369-374; ‘Research department,” 
375-376; ‘New books,” 377-379—-November: ‘The case for general mathematics”? by W. D. 
Reeve, 381-391; ‘‘Errors in computations and the rounded number”’ by H. Rice, 392—404; 
“The constitution of algebraic abilities’ by E. L. Thorndike, 405-415; “Romance in science”’ 
by Bessie I. Miller, 416-422; “Some mathematics of the calculating machine” by L. L. Locke, 
423-428; ‘‘Mathematical clubs in the high school”’ by Sophia Refior, 434-435; ‘‘Recent articles 
of interest to mathematics teachers” by N. R. Howell, 485-439; ‘‘News and notes,’”’ 440—-448— 
December: ‘‘Non-Euclidean geometry” by W. H. Bussey, 445-459; ‘The study of mathematics 
under the individual system’’ by Mary M. Reese, 460-466; ‘‘Problems concerning the teaching 
of secondary mathematics” by A. Davis, 467-477; ‘The future development of mathematical 
education”’ by C. N. Moore, 478-488; [Quotation: “In addition to bringing home to the student 
the wide use of mathematical knowledge in the activities of the modern world, we must also give 
him some notion of its origin and growth and its important réle in the development of our civili- 
zation. We must not let him rest under the impression that mathematics was invented in order 
to provide intricate and vexatious puzzles for the adolescent mind. We must demonstrate to 
him that man was led to the pursuit of mathematical knowledge by his eager desire to understand 
the universe and to control the forces of nature, that he found the knowledge essential for the 
higher developments of trade and commerce and all the other varied developments that have 
had a place in the creation of our present-day civilization, in short that the progress of the world 
is now and always has been bound up with the development of our knowledge of mathematics.’’] 
“The function concept in high school mathematics” by J. M. Kinney, 484-495; ‘An historic 
theorem in plane geometry”? by W. H. Carnahan, 496; “Geometry speaks”? by Eva M. Palmer, 
496-500; Review by A. 8S. Otis of The Thurstone Vocational Guidance Tests: Arithmetic, Algebra, 
Geometry (World Book Company, Yonkers, N. Y.), 506-507. 

MESSENGER OF MATHEMATICS, volume 52, no. 4, August, 1922: ‘‘Notes on some points 
in the integral calculus” by G. H. Hardy, 49-58; ‘‘The dissection of rectilinear figures’? by W. 
H. Macaulay, 53-56; ‘Relations between the numbers of Bernoulli, Euler, Genocchi, and Lucas” 
by E. T. Bell, 56-64. 

NOUVELLES ANNALES DE MATHEMATIQUES, volume 80, October, 1922: “Sur l’étude 
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algébrique des problémes de division des arcs” by E. Vessiot, 1-4; “Sur la trisection d’un angle” 
by B. Niewenglowski, 4-8; “Sur une notion d’equivalence locale apte 4 préciser certains points 
de la théorie des enveloppes” by G. Bouligand, 8-21; ‘Sur les ombilics” by P. Montel, 21-23— 
November, 1922: ‘Sur une maniére simple d’obtenir géométriquement les formules de Lorentz”? 
by M. Morand, 41-49; “Introduction 4 l’étude de la mécanique et de ses principes” by G. Bouli- 
gand, 50-58; “Sur la conservation de la courbure geodésique dans la déformation d’une surface” 
by R. Brichard, 58-61; “Sur les coniques focales” by C. Bioche, 62-63; “Remarques sur les 
triédres”’ by C. Bioche, 68-65—December, 1922: ‘Monographie des polynomes de Kummer”? 
by P. Humbert, 81-92; “Introduction a l’étude de la Mécanique et de ses principes”’ (continued) 
by G. Bouligand, 93-109; ‘Notes sur les podaires” by M. F. Egan, 109—112—January, 1923: 
‘““Systéme harmonique de trois coniques”’ by J. Lemaire, 121-135; “Introduction a l’étude de la 
mécanique et de ses principes”’ (continued) by G. Bouligand, 135-147; “Démonstration de la 
formule de l’accélération dans le mouvement relatif” by B. Niewenglowski, 147-150; ‘“Remarques’ 
sur les Jacobiens” by C. Bioche, 150-153; ‘‘ Developpables formées avec les normales d’une quad- 
rique” by L. dela Roére, 153-159—February, 1923: “Un théoréme sur les équations algébriques 
entiéres” by G. Casabonne, 161-165; ‘“Remarques au sujet d’un des problémes de mécanique 
donnés au concours d’agrégation en 1921” by R. Thiry, 165-172; “Sur deux familles de courbes 
orthogonales”’ by G. Fontené, 173-180; “Introduction 4 l’étude de la mécanique et de ses 
principes’’ (concluded) by G. Bouligand, 181-188. 

SCIENCE, volume 56, December 22, 1922: ‘The Frank Nelson Cole prize in algebra” by 
R. G. D. Richardson, 710-711—December 29: Review by R. Pearl of United States Life Tables 
1890, 1901, 1910 and 1901-1910 prepared by J. W. Glover (Washington, Bureau of the Census, 
1921), 756-757—Volume 57, January 26, 1923: Reports of the Boston meetings of Section A 
(Mathematics) of the American Association for the Advancement of Science (by W. H. Roever), 
of the American Mathematical Society (by R. G. D. Richardson) and of the Mathematical Asso- 
ciation of America (by W. D. Cairns), 107-108—February 2: ‘Geometry and physics” by O. 
Veblen [address as retiring vice-president and chairman of Section A (Mathematics) of the 
American Association for the Advancement of Science, Boston, December, 1922], 129-139— 
March 2: “The American’ Mathematical Society’’ [report of the Chicago Section meeting at 
Evanston, December 29, 1922] by A. Dresden, 276—March 23: “The American Mathematical 
Society” [report of the meeting at New York, February 24, 1923] by R. G. D. Richardson, 364. 

TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY, volume 23, April, 1922 
[published April, 1923]: “Some generalizations of geodesics” by E. J. Wilczynski, 223-239; 
“On the gyroscope” by W. F. Osgood, 240-264; “The relative distribution of the real roots of 
a system of polynomials” by C. F. Gummer, 265-282; ‘A general theory of conjugate nets” by 
HK. P. Lane, 283-297; “Parallel maps of surfaces’? by W. C. Graustein, 298-332. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
volume 53, nos. 11-12, published December 5, 1922: ‘‘Die zeichnerische Ermittlung der Kon- 
stanten eines Luftlichtbildes, sowie Herstellung des Grund- und Aufrisses von Gelindepunkten bei 
unebenem Gelinde” by M. Brettar, 249-257; “Uber den Anfangsunterricht in der Differential- 
rechnung”’ by K. Bégel, 257-258; “Zur Gruppierung der Vierecke”’ by A. Gottschalk, 259-260; 
‘““Einige Anwendungen der Spiegelung” by W. Weber, 264-265; “Die Mathematikertagung in 
Leipzig’ [report of the annual meeting of the Deutsche Mathematiker-Vereinigung, September 
17-22, 1922] by M. Zacharias, 270-272; “ Biicherbesprechungen,” 274-279; “Zeitschriftenschau,” 
279-281—Volume 54, no. 1, published January 30, 1923: “Erginzungen zur Elementarmathe- 
matik” by W. F. Meyer, 1-10; ‘Die Lehre von den Wurzeln im elementaren Unterricht” by 
K. Kommerell, 10-21; “Graphische Darstellung von Sdtzen der elementaren Algebra”’ by E. 
Dintzel, 21-26; ‘Elementares Verfahren zur Bestimmung der Elektricitaétsverteilung auf dem 
Ellipsoid und zur Ermittlung der Kapazitat einer Scheibe und eines Stabes” by H. Darrie, 26-29; © 
“Physik und Mathematik auf der Oberstufe von Vollanstalten” by K. Hahn, 30-34; “Zur 
Einfiihrung der komplexen Zahlen im Mittelschulunterricht’”’ by S. Weich, 34-36; “Die artiller- 
istische Aufgabe im Unterricht der analytischen Geometrie” by H. Semiller, 37; “Zur Empfind- 
lichkeit der Wage” by Janss, 38-39; “Aufgabenrepertorium,”’ 39-45; “ Bicherbesprechungen,” 
538-61; “Zeitschriftenschau,’”’ 61-62. 
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UNDERGRADUATE MATHEMATICS CLUBS. 
All reports of club activities should be sent to E. L. DODD, 3012 West Ave., Austin, Texas. 


CLUB ACTIVITIES. 


Tue CornELL PARABOLA, CORNELL University, Iruaca, N. Y. 
(1920, 479.] 


For membership in the Cornell Parabola, the mathematics faculty and students who have 
taken elementary calculus are eligible. As officers for the year 1922-1923, the following were 
elected: President, John Wood ’24; secretary-treasurer, Violet Holloway ’23; member of the 
executive committee, Joe Nobile ’25; faculty adviser, Professor H. M. Morse. The club met at 
7:30 p.m., as follows: . 

November 17, 1922: ‘‘Theory of numbers” by Professor W. L. G. Williams. 

December 7: “The Parabola”’ by Ida Itzkowitz, Gr. 

December 16: Christmas party at the home of Professor and Mrs. F. B. Owens. 

February 15, 1923: ‘‘The mathematics of navigation” by John Wood ’24. 

March 30: “Scales of notation” by H. I. Lane, Gr. 

April 25: ‘Einstein’s theory of relativity’? by Professor Morse. An open meeting with an 

attendance of nearly 200. , 

May 24: ‘Modern mathematics in Italy’’ by Professor Virgil Snyder. 
(Reported by Miss Holloway.) 


Tue EvciiIpEAN CIRCLE OF THE UNIVERSITY oF INDIANA, BLOOMINGTON, IND. 
[1918, 228.] 


As officers for 1922-1923, the following were elected: President, Baker Hindman ’23; vice- 
president-treasurer, Joseph Sheedy ’23; secretary, Trula Sidwell ’24. Meetings were held as 
follows: 

December 11, 1922: ‘“‘Mathematical recreation” by Professor Cora B. Hennel. 
December 15: ‘Life of Isaac Newton” by Edna Ellis ’23; ‘The famous problems of antiquity” 

by George Murphy ’23. 

February 6, 1923: ‘A paper on 7” by Josephine Rich ’23. 

February 19: ‘Unified mathematics” by Joseph Sheedy ’23. 

March 12, 1928: ‘Probability’? by Marie Sangennebo ’24 and Jessie McAtee ’28. 

March 26: ‘Mathematics of the calendar” by Avie Burkett ’23; ‘‘Mathematics of astronomy” 
by Henry Yarbrough, instructor. 

April 17: “‘Women and mathematics”? by Agnes McLeaster ’24. 

April 30: ‘‘Concurrent lines and collinear points” by Lionel Martin ’24; “Proof that the angle 

cannot be trisected”’ by Mary Winget ’23. 

May 14: ‘Systems of notation” by Earl Klinger ’24; ‘Mathematical prodigies”? by Dorothy 

Munns ’24, 

(Reported by Miss Sidwell.) 


Tue Marsematics Crus or Iowa Stare TEACHERS CoLLEGE, CEDAR Fat3s, IA. 
{1920, 29.] 


With an average attendance of about thirty-five members, meetings were held in 1922-19238, 
as follows: 

October 18, 1922: ‘New solutions for equations of higher order” by Professor C. W. Wester. 

November 8: “The Burroughs calculating machine and its inventor”’ by Professor C. A. Speer,— 
with a demonstration of the machine. 

November 22: ‘‘Construction of a parabolic arch” by B. A. Jenson ’24; ‘Velocity of the earth 
in its orbit”? by Harrietta Shrimp ’25; ‘The golden section and the use of conic sections” by 
Merrill Muzzey ’23; “The area and the construction of an ellipse’? by Mildred Chatterton 
23; “Reflectors and whispering galleries’? by Harold White ’24. 

January 17, 1923: ‘A four step solution of the general form of the quadratic equation’’ by Myrtle 
Frederickson ’25; ‘Introduction of logarithms’’ by Bessie Hutchinson ’25, Edward Bark ’25, 
and Vale Dunn ’26; “The W. A. G. plane” by Professor R. G. Dougherty. 

February 7: ‘‘Radio-activity’’ by Professor Kadish. 
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February 28: ‘‘Mathematical drills and recreations” by Professor E. E. Watson. 

April 4: ‘Correlated mathematics in Iowa”’ by Professor I. 8. Condit. 

May 9: “The content of a course in freshman mathematics’’ by Professor Watson. 
(Reported by Professor Watson.) 


THe MartrsEematics Crus oF THE UNIVERSITY oF MAINE, Orono, ME. 
[1918, 453.] 


The following officers were elected for the year 1922-1923: President, Helen Shorey ’23; 
vice-president, Edwin Hadlock ’24; secretary and treasurer, Vera Savage ’24; faculty adviser, 
Mr. Frank 8. Beale, instructor. The following papers were read: 

October 4, 1922: ‘History of the Club” by Dean J. N. Hart; ‘‘Mathematics clubs” by Professor 
N. R. Bryan. 

October 25: “Rithmomachia”’ by Chester Austin ’23. 

November 8: “Reorganization of mathematics in secondary schools”’ by Professor Bryan. 

November 22: ‘Another world”? by Edwin Hadlock ’24. 

December 13: ‘‘The use of the sine function expansion in determining the area of an egg-shaped 
figure’? by Mr. Warren Loving, instructor. 

January 10, 1923: ‘A class of seven elements as applied to algebra’’ by Helen Shorey ’23, retiring 
president. Chester Austin ’23 was elected president for the second semester. 

February 14: “Recreations in mathematics.’’ General discussion. 

February 28: “The vector method used in proving some propositions in geometry” by Mr. 
Warren Lucas, instructor. 

March 14: Repetition of the talk given by Mr. Lucas at the last meeting. 

April 12: ‘‘The fourth dimension and the Bible” by Ethelyn Percival ’24. 

April 26: “Interpolation” by Professor H. R. Willard. The following were elected as officers 
for the coming year: President, Vera Savage ’24; vice-president, Ethelyn Percival ’24; 
secretary and treasurer, Donald Trouant ’25; faculty adviser, Professor Bryan. 

May 15: A short play on the fourth dimension was presented by Misses Harkness, Percival, 
Savage, and Shorey. Professor Bryan reviewed the work of the club for the current year, 
and gave suggestions for the coming year. 

(Reported by Miss Savage.) 


THe Maruematics CLus oF THE UNIVERSITY oF OREGON, EUGENE, ORE. 
(1918, 184.] 


As officers for the year 1922-1923, the following were elected: President, R. M. Elliot, Gr.; 
vice-president, Virl Bennehoff ’23; secretary, Wave Lesley ’23; treasurer, Ted McAlister ’23; 
members of the executive committee, Gertrude Tolle ’23, Don Wilkinson ’23, and Willa Loomis 
24. Meetings were held as follows: 

March 15, 1922: “The theory of numbers’? by Professor W. E. Milne. 
April 19: “Flat Land” by Laura Hammer, Gr.; ‘The fourth dimension” by R. M. Elliot, Gr. 

Election of officers. 

May 18: “Nomograms” by Professor McAlister, of the Department of Mechanics and Astron- 
omy. Problem solving. 

June: Picnic. 

October 31: “Japanese mathematics” by Professor E. E. DeCou. 

November 15: Mystery program of puzzles, stunts, and charades by Gertrude Tolle ’23 and Wave 

Lesley ’23. / 
December 8: “Einstein’s theory of relativity’? by Professor L. L. Smail, of the University of 

Washington. 

January 31, 1923: Models for physics and mathematics displayed and explained by Professor 

W. P. Boynton, of the Department of Physics. 

February 22: Social evening at the home of Professor and Mrs. DeCou. 
April 18: ‘‘Gamma functions” by Ted McAlister ’28. ' 
May 8: “Concrete bridges’’ by Professor McAlister. Election of officers for 1923-1924: Pres- 

ident, Wave Lesley ’23; vice-president, Sylvia Veatch ’25; secretary, Mary Search ’25; 

treasurer, Vera Hughes ’25. 


May 29: Picnic and installation of officers. 
(Reported by Miss Lesley.) 
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THe TuLane Matuematicat Society or TuLane University, New Orweans, La. 


The membership of this society includes many of the mathematics teachers of New Orleans. 
As officers for 1922-1923, the following were elected: President, Professor H. E. Buchanan; 
secretary-treasurer, Professor Anna M. Howe, of Newcomb College. Papers were presented as 
follows: 

Fall meeting: ‘‘ Applications of the binomial theorem” by Professor Howe. 
Winter meeting: ‘Trade mathematics” by Mr. J. P. McGuire, teacher in mathematics at Delgado 

Trade School, New Orleans. 

Spring meeting: ‘The motion of a heavy particle on the surface of a torus”’ by Mr. F. G. Eberle, 
teacher in mathematics at the Warren Easton Boys High School, New Orleans. 

The Newcomb Science Club of Newcomb College, New Orleans, La., was organized in the 
fall of 1922 to stimulate interest in science and to correlate the work of the departments of science. 
As officers were elected: President, Odessa Lastrapes ’23; vice-president, Beatrice Cosgrove ’23; 
secretary-treasurer, Vivia de Milt ’23. Papers on general science are read at the monthly meet- 
ings. At the December meeting, Carlotta Kraft ’24 read a paper: ‘A report of the Einstein 
expedition to Christmas Island.” 

(Reported by Miss Lastrapes.) 


THe Waite Matuematics Cius, UNIVERSITY oF Kentucky, Lexineton, Ky. 
[1922, 417.] 


October 4, 1922: Election of officers: President, Professor H. H. Downing; secretary, Professor 
Elizabeth Le Stourgeon. 

October 19: “Some ancient methods of multiplication”? by Dean P. P. Boyd; “Equivalence of 
equations”’ by Professor J. M. Davis. 

November 2: ‘Fourier series’? by Professor Le Stourgeon. 

November 16: ‘Descartes’ rule of signs’’ by Minnie Peterson ’24; ‘“Sturm’s theorem”’ by H. 
Mobley ’24. 

November 29: “Vector treatment of the motion of a rigid body about a point”’ by Professor E. L. 
Rees. 

January 10, 1928: “Force at a point due to a circular charge of electricity, the point being in the 
plane of the charge”’ by Professor M. N. States, of the Department of Physics. 

February 14: ‘Solution of cubic equations” by Mary Gordon ’25; “Solution of quartic equations”’ 
by Marion Brown ’24. 

February 28: ‘Foci’? by Dean Boyd. 

March 15: “Interference methods applied to astronomy”? by Norman Beese ’23. 

April 5: ‘The analytical polygon” by Mr. R. V. Blair, instructor. 

April 19: “The cissoid of Diocles’’ by Tomie Bronsbon ’23; “The conchoid of Sluse’”’ by W. 
Hutcherson, Gr. 

May 3: ‘Sylvester’s method of elimination”? by Mr. George Seubert, instructor. 

(Reported by Professor Le Stourgeon.) 


PROBLEMS AND SOLUTIONS. 


Epitep By B. F. Frnxezt, Orro DUNKEL, AND NorMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
clally sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuiy. In so far as possible 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems. ] 
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3035. Proposed by R. M. MATHEWS, Wesleyan University. 


Generalize projectively and prove that the envelope of the bisectors of the angles between 
corresponding lines of two perspective pencils is a curve of the first class. 


3036. Proposed by F. M. GARNETT, Savannah, Georgia. 

The inside dimensions of a chest are 1 X w Xd; find the greatest length of a rectangular 
piece of timber with the cross-section a X b which fits in the closed chest. Numerical application: 
l = 6 feet. w = 3 feet, d = 2 feet, a = b = 2 inches. 


3037. Proposed by E. O. BROWER, Chicago, Illinois. 
The angles A, B, C of a triangle are given. A logarithmic’spiral is tangent to AB at B and 
to AC at C; at what angle does the curve cut each radius vector? 


3038. Proposed by B. F. FINKEL, Drury College. 

A fly starts from a point on the periphery of a right elliptic cone, altitude h and equation of 
the periphery of the base b?a? + a?y? = a?b?, and walks obliquely along the surface of the cone, 
crossing the elements of the cone at a constant angle, a. How far has the fly travelled when com- 
ing, for the first time, to the element of the cone passing through the point of departure? 


3039. Proposed by J. K. WHITTEMORE, Yale University. 
Given a conic S, a point A, andalinel. Through A is drawn a variable line cutting S in P 
and Q. Find the envelope of a conic which is tangent to S at P and Q and which is tangent to J. 


SOLUTIONS. 


2877 [1921, 89]. Proposed by J. B. REYNOLDS, Lehigh University. 

A particle slides down the rough arc of a cardioid, r = a(1 — cos 6), which lies in a vertical 
plane, the initial line being horizontal. If the coefficient of friction, u, equals 1/3, find @ for the 
point where the particle leaves the curve, if it starts at 6 = 90°. 


SOLUTION BY WILLIAM Hoover, Columbus, Ohio, AND OTTo DUNKEL, Washington 
University. 

Let v be the velocity of the particle at any point of the curve, ¢ the angle which the tangent 

at this point makes with the initial line, p the radius of curvature, R the reaction of the curve, 


and mg the weight of the particle. Resolving the forces along the tangent and the normal, we 
obtain for the equations of motion 


2 
mg sin g — wR = m&, mg cos p + R= ~~; (1) 
and, eliminating R from these two equations, we have 
; dv v2 
g(sin ¢ + 4 cos ¢) = FF — ue (2) 
If s is the length of the curve measured from the cusp (¢ = 0), then 
_,-_B Bde _ ie dy _dyvde _ _ vd | (3) 
dt dedt dt’ dt dedt p dy 
By use of (8) the equation (2) becomes 
d(v? . 
ae + Que? = — 2gp(sin ¢ + p Cos ¢). (4) 


Now for the cardioid ¢ = 36/2 and p = (4a/8) sin (¢/3), and after this value of p is inserted 
equation (4) may be written 


d(v*e#") = — “a Erne sin 5 (sin g + uw cos ¢)d¢. (5) 


The integration of this equation gives 


5u cos 22 + (2 — 3y?) sin <€ (8u2 — 1) sin 22 — 4u cos 22 


3 3 
4 + 9p? + 


vy? = ke up -+ 2ag TO 


(6) 
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Inserting the value of ¢ above and uw = 1/8, this equation becomes 
y= i [cos 20 + sin 26 — sin 6 — 2co0s 6 + 2 e(™/2)—9] (7) 


where the constant k has been determined so that v = 0 when 6 = z/2. The particle leaves the 
curve at the moment when & = 0, and this value of R and v? above inserted in the second equation 
of (1) gives 

cos 20 + 2 sin 26 — 2 sin 8 — 2 cos 6 + 2Qe(m/2)—-8 = 0), (8) 
If we set f(6) = e—@/2)(cos 20 + 2 sin 20 — 2sin 6 — 2cos 6) + 2, then f’(0) = e8—(/2)(5 cos 20 
— 4cos6). When 6 = 0, both f (6) and f’(@) are positive, and when 6 = a/2, both are negative. 
Now f’(6) vanishes only once in this interval, 7.e., when cos 6 = (2 + ~V54)/10. Hence f(6) 
vanishes once and only once in this same interval. This root is found to be 6 = 1.36019 or, in 
degrees, 9 = 77° 56’. 


Also solved by F. L. WiLMeEr. 


2904 [1921, 277]. Proposed by N. P. PANDYA, Amreli, Kathiawad, India. 
Pairs of tangents to a conic intersect on a fixed straight line; find the locus of the middle 
points of the chords of contact. 


SOLUTION BY Otto DuNKEL, Washington University. 


Let P be the pole of the fixed line and suppose that the conic has a center C and a diameter 
A’CA passing through P. Let M be the middle point of a chord through P. Draw the chord 
AN parallel to PM. Then CM produced bisects AN in M’. It follows then from similar tri- 


angles that PC PC AN 0 
P 
PM = 7G AM = 46-9 = aa AN. 


This shows that, as N describes the given conic, M describes a similar conic with the ratio of 
similitude PC/AA’. 

In the case of a parabola PC/AA’ = 4 and the locus of M is also a parabola. 

Also solved by T. M. BLAKSLEE, A. M. Harpine, WittiaM Hoover and A. 
PELLETIER. 


2914 (1921, 326]. Proposed by HARRIS HANCOCK, University of Cincinnati. 


If ai, G2, ++, Gn are n positive integers, a;; the greatest common divisor of a; and a;, dm the 
greatest common divisor of all products of every m of these numbers (m = 1, 2, ---, n — 1), 
then is 


Ta:; = dideg- + +dn_1; GG >%4;7=1,2,---,n; 7 = 2,3, +--+, 7). 
aj 


In general, show that this theorem is true if Ai, As, ---, An are any functions integral in any 
number of variables, with rational integral coefficients, or with algebraic coefficients. 

Remark: This is a generalized statement in positive rational integers of the following 
theorem of much importance in the theory of algebraic numbers and due to Dedekind (Dirichlet, 
Zahlentheorie, Supplement XI): Let A, B, C be three moduls (Dedekind). Denote the greatest 
common divisor of A and B by A + B and their product by A-B. Dedekind proves that 

(A+ B)(B+C)(C +A) =(A+B+C)(AB + BC + CA). 
Denote the greatest common divisor of two moduls A; and A;, that is, A; + A;, by A:;; and 
write 
D, = Ay + Ao +--+ +An, Dz = AiAo + AiA3 + °°+ + AntAn, 
Dz = AiAoA3 + AiA2Ag + +++ + An 2An-iAn, °°*, 
Dry = AcAg:++An + A1A3°**Ans+> + AirA2** Anu. 
Show that 
Ay2Ai3¢**AntAn = DyDe-++Dy_1. 


SOLUTION BY THE PROPOSER. 


The following proof is found in one of my note books entitled ‘‘Miscellaneous.”? The proof 
is probably due to or suggested by Frobenius. 
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Let p be any prime integer that enters a) to the k, power and arrange the integers a1, de, --+, An 
so that 
ky kgo HZ hg S++ + Zk. 
Denote the greatest common divisor of a; and a; by ai; Itis clear that p appears to the k; power 
in a;; and consequently to the power (n — 1)ki + (n — 2)ko +--+ + 1-Kkn_1 in the product 
Ila;;, this product being defined in the statement of the problem. On the other hand p appears 


ij ; 
in d; to the k, power; in dz to the (k; + ke) power; +--+ in dn_1 to the (ki + ke + -++ + Kn_1) 
power. 


With this the correctness of the formula as stated in the problem is established.. 


2916 [1921, 327]. Proposed by HARRIS HANCOCK, University of Cincinnati. 

If p is any rational prime integer, and if a(# 1) is any root of 7? — 1 = 0, show that p 
= P,-P.-++P 5_1, where P; (¢ = 1, 2, 3, --+ p — 1) are the ideals (p, 1 — a*), whichin turn may 
be reduced to principal ideals. [Remark: This is rather a good elementary example to show 
that an integer prime in one realm is factorable in a more extended realm.] 


SOLUTION BY THE PROPOSER. 
Let ao = 1, a1, a2, +++, @&p_1 be the roots of x? — 1 = 0, so that 
xP — 1 = (a — 1)(@ — a) ++ (@ — ap_y). 
Differentiate with regard to z, and then put « = 1, with the result 
= (1 _ ay)(1 _ Qa) * ° -(1 _ Qp—1). 
The proof of the problem is then immediate. 
Nore BY THE Epitors: The final result is obtained by observing that, p being a prime integer 
> 2, a; = a’, where a is any root not equal to 1, 7 =p — 1, and no two 7’s are the same for 


different 7’s. Hence 
= (1 — a)(1 — a?)(1 — a?)--- (1 — a), 


2921 [1921, 392]. Proposed by J. W. CLAWSON, Ursinus College, Pa. 

ABC isa triangle cut by a transversal PQR, so that A, P; B,Q; and C, R are opposite vertices 
of a complete quadrilateral. Draw CD, PF, QE, chords in the circles circumscribing, respectively, 
triangles ABC, BRP, AQR, all these chords being parallel to AB. 

Prove that (i) D, E, F are collinear; (ii) the line DEF passes through the Wallace point of 
the quadrilateral (the point of concurrency of the circles mentioned above); (ii) the line DEF 
intersects AB at the point of tangency to AB of the parabola which touches the four sides of 
the quadrilateral. 


SOLUTION BY A. PELLETIER, Montreal, Canada. 


Let O be the point of contact of AB with the parabola which touches the sides of the quadri- 
lateral and let us consider the triangle ABC. Apply 
Brianchon’s theorem to the hexagon CB, BO, OI, IT, TI’, if 
I’C where I and I’ are the points at infinity on AB and AC, 
respectively, and 7’ is the point of tangency of the line at 
infinity. Then C7, OI’ and BT meet in L and ACLO is 
a parallelogram: also BL is parallel to the axis. Draw OG 
cutting BL in G so that 7 GOB = z GBO. We shall 
show that the point D where OG meets CL is the point D 
of the theorem. For OD = BL and hence the triangles 
OBL and BOD are congruent: thus 7 DBA = 7 CAB 
and the circle through A, B and C passes through D. 
From the properties of the parabola, W, the focus, must A B 0 
lie on OD since triangle GOB is isosceles. It is also known 
that the above circle passes through W. In the same manner it follows that # and F lie on OW. 


2936 [1921, 467]. Proposed by J. P. BALLANTINE, Chicago, III. 


A person in drinking from a conical drinking glass tips it at a constant angular rate. At 
what angle will the delivery be the maximum and at what angle will the surface of the water be 
a maximum? 
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SoLuTION By J. B. Reynotps, Lehigh University. 


Let the height of the cone be h, its radius r and vertical angle 2a. Assume three mutually 
perpendicular axes, the z-axis in the plane of rotation of the axis of the cone, the y-axis perpen- 
dicular to this plane, the z-axis being the axis of the cone and the origin the center of the base. 

We have then for the equation of the conical 
surface 

rh — 2)? = W(x? + y’), (1) 
and for the equation of the surface of the water when 
the axis of the cone makes an angle ¢ with the ver- 
tical 

z2=(r — 2x) tang. (2) 


Now (1) and (2) give for the projection of the 
intersection of these two surfaces 


rth —rtang +727 tan ¢)? = h?(z? + y?), 
which gives as a maximum width of this section 
har tan ¢ — 9, [208 (e Fa) | 
h-+~r tan ¢ cos (¢ — a) 


If AB is the length of this elliptic section, we have by the law of sines ABcos (¢ — a) 
= 2r cos a, giving for the area 


A = 1nAB-y = 


2y = 2r 


ar? cos a cos'!? (pg + a) 
cos?/2 (pg — a) 


which is a maximum when tan (¢ + a) = 3 tan (g — a) or ¢ = 3 arcsin (2sin2a). This 
indicates that the first surface is a maximum unless the vertical angle of the cone is less than 30° 
or greater than 150°. Now sin 2¢ = 2 sin 2a; hence 2¢ is between 2a and 180° — 2a in value. 
Since physical considerations require that 0° < ¢ < 90° — a, it follows that a < ¢, and therefore 
a < 15°, 

Let the two values of ¢ obtained from sin 2g = 2 sin 2a be ¢) and ¢go, ¢2 being the greater; 
then ¢; makes A a minimum and ¢. makes A a maximum. For a = 15° the values of ¢; and go 
are each 45° so that for this limiting value we have A neither a maximum nora minimum. As @ 
decreases to 0°, ¢; decreases to 0° and gs» increases to 90°. It remains to determine for what 
values of a the maximum given by ¢> is greater than the first surface. For this condition we must 
have 

ar? cos a cos"? (g. + a) 


> «ar 
cos*/? (ge — a) 


which may be written cos’ a sin a > cos* (g2 — a) sin (¢2 — @) since tan (g2 + a) = 8 tan 
(v2 — a). If now x= cos 2a, we have 


sin? (yg: — a) = 3{1 — cos 2(g2 — a)} = ${2a? — 1 + ave? — 3}, 
cos? (g. — a) = 4{1 + cos 2(g2 — a)} = ${3 — 22? — av4a2 — 3}. 


After extended reduction the above inequality becomes 

(1 — x)2(1 + x)3(1625 + 1624 — 20a? — 20a? — 42x + 49) < 0. 
In the range between 0 and 1, this inequality is satisfied by values of x > 0.91401 whence 2a or 
the vertical angle of the cone must be less than 23° 56’ for this maximum to exceed the area of the 
first surface. 

To find the angle at which the delivery will be a maximum, assuming that the surface of the 
water remains level we must first find when the product of the area of the surface and the vertical 
velocity of the lip relative to the vertex is a maximum. If w is the angular-velocity of the cone, 
the velocity of the point A (relative to O) is wVh? + r? perpendicular to OA. Then there must 
be a maximum of 


ar? cos a cos"!2(y + a) VA? + 7 sin (¢ + a)w 
cos*l2 (pg — a) 
or of {cos (¢ + a) sin? (g + a)}/cos? (g — a). This is a maximum when 38 cos (¢ + a) cos 2a 


= cos (g — a) or 
tan ¢ = cot a(3 cos 2a — 1)/(3 cos 2a + 1). 
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This maximum will be greater than the initial rate of flow provided 


mY COS a cos? (py + a)Vh? + 7? sin (gy + a) > 
cos*l2 (g — a) 


aren h2 +r? sina 


which reduces for the above value of ¢ to 
(; cos 2a — 1 

3 cos 2a + 1 

a condition that is true for all values of a, so that the maximum delivery is given in any case by 


8cosza— 1, ) 
3cos2a +1 * 


2 
) cos? 20(4 — 3 cos 2a) > 0, 


y = arctan ( 


Also solved by E. M. Berry, Pamir Frrcu and WiLL1AM Hoover. 


2971 [1922, 179]. Proposed by C. E. HORNE, University of Porto Rico, Mayaguez, P. R. 

Prove that the two tangents drawn to an ellipse from any external point subtend equal 
angles at a focus. (This problem is found in some text-books, but the proposer is anxious to see 
an analytic solution of it.) 


I. SoLuTION BY THE LATE T. M. BuaxsLEr, Ames, Iowa. 


The theorem will be proved by a construction for the two tangents from an external point P 
to the ellipse whose two foci are F’ and F. Describe a circle with center P and radius PF, then a 
second circle with center F’ and radius 
2a, the length of the major axis, cut- 
ting the first circle in Q; and Qo. Let 
the straight lines QiF’ and QF’ cut the 
ellipse in P; and P., respectively. Then 
FP. = PQs, since the sum of the focal 
radii, F’P, + FP», is equal to 2a, the 
radius of the F’ circle. Also PF = PQ» 
and hence “7 PP.Q. = Z PP2F. It 
now follows from the theory of conic 
sections that PP, is the tangent at P». 
Similarly, PP, is the tangent at P1. 

Since the two triangles Q2F’P and 
Q,F’P are equal, the angles 7 P2F’P 
and / P,F’P are equal. A similar 
proof applies to the focus F. 

Note BY THE Epirors: The two 
circles always intersect in two points, 
for, since P is an external point, we 
have 


|F’P — FP|SF'F <2a< FP + FP. 


An examination of the three pairs of congruent triangles arising in this construction shows 
that Z P2PP, and 7 F’PF have a common bisector, observing that in the case of the ellipse 
the first angle encloses the second. This is a known theorem from which may be easily deduced 
the results given in C. Smith’s Conic Sections, §§ 227, 228, where the above two theorems and 
others are proved. 

Grace and Rosenberg (The Conic, p. 251) arrive at a neat solution by the use of polar co- 
ordinates. The tangents to the conic, / = r + re cos 6, at the points whose vectorial angles are 
a and B are 


[ = re cos 6 +1 cos (06 — a) 
and 


l = re cos 6 +7 cos (6 — 8B). 


Solving these for the r and 6 of the point of intersection of the tangents, we find readily that 
26=a+t+Bp. The theorem follows. 
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II. Sotution py A. M. Harpine, University of Arkansas. 


Let Pi(x1, yi), Pe(xe, y2) be any two points on the ellipse 62x? + a*y? = a2b?. The tangents 
at the two points have the equations 


bax + ayy = a?d?, b2xex + ayoy = ab? (1) 
ay they intersect in the point P3, whose coérdinates are obtained by solving the pair of equations 
so ise YO Ree @ 

The equation of the straight line through P; and the focus F(ae, 0) is 
yix — (X1 — ae)y — aeyi = 0; (3) 


and if this equation be divided by vVy,2 + (21 — ae)? = a — ex, we obtain the normal form. 
The distance, D, of P; from the line FP; is obtained by inserting in the equation (3), in the normal 
form, the coérdinates of P; given in (2). Making this substitution and noting that 622,27 + a’y;? 
= a’b*, ate? = a? — b?, the factor a — ex, divides out from numerator and denominator, and 
there results 

6227 1X + ay iY — ab? ; 


D= 
+ a(xiyYo — XeY1) 


The distance of P; from FP, may now be obtained by interchanging the subscripts 1 and 2; 
but this does not alter the numerical value of D. Hence the angle Z P2FP, is bisected by FP3. 


Also solved by R. E. Garnes, Witur1amM Hoover, J. B. Reynoups, W. J. 
PaTTEeRSON, HazeL E. SCHOONMAKER and Mapet M. Youna. PROFESSOR BLAK- 
SLEE sent in three other solutions. 


2973 (1922, 225]. Proposed by N. K. CHAFFEE, Rutland, Vt. 

A straight brass bar 800 feet long expands 8 inches. ‘The ends are fixed, so that it is distorted. 
If the new shape is that of an arc of a circle of which the original bar is the chord, how far above 
the center of the bar in its original position will the center be in the new position? 

It is instructive to guess at this distance before attempting to solve the problem. 


SOLUTION BY A. PELLETIER, Montreal, Canada. 


Let 20 be the central angle in radians subtended by the arc of 8002 ft. and r the radius of the 
circle. From the equations r sin 6 = 400 and ré = 4003 follow 


sin 6 _ 1200 
6 1201’ 


and this equation is to be solved for the positive root different from zero. Replacing sin @ by 
its approximate value 6 — 63/6, we obtain @ = ¥Vo/1201 = .07068. The required height is then 
400 tan 6/2, or with sufficient accuracy, 400 6/2 = 14.14 ft. 


Also solved by A. Bocarp, A. M. Harpine and G. R. Levineston. 


2974 [1922, 225]. Proposed by the late L. G. WELD. 

A man standing on a straight railway track watches a train starting from a station half a 
mile distant and notices that it approaches at such speed that each puff of the exhaust is heard 
at the same instant that the next succeeding puff is seen. How long will it be before the train 
reaches him, the drive wheels of the locomotive being sixteen feet in circumference? 


SOLUTION BY B. F. Finke, Drury College. 


Let c be the circumference of the drive wheel; n the number of puffs of the exhaust to each 
revolution of the drive wheel; d the distance from the station to the observer; and v, the velocity 
of sound. 
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Neglecting the velocity of light and the personal equation of the observer, we have the time, 
ti, between the first and second puffs = é ; ts, the time between the second and third puffs 


c c 
ha d—2< 
. ts, the time between the third and fourth puffs = ; ae -++: and, the time 


8 § 


a—(“-1) 
C n 


Us 
traveled by the train between two consecutive puffs of the exhaust and d/(c/n) = dn/c being the 
number of (c/n) intervals between the station and the observer. 


d— 


between the last puff and the last puff but one = »c +n being the distance 


Hence, 
nde a-< q—-2° a-(™-1)£ 
a or a rs rs er 
d nd 2 (S-1); | m-1)s 2 
nr Cc Cc Cc nr nN Cc 
“ane | moe tw, TT, op, mat Vs ° (5 -1) 


_ nd d d (nd 
~ 2evs am, = bn, ( ). 

In the modern locomotive engine, there are two cylinders, one on either side of the boiler, 
the difference of phase between the two being +. Hence, there are four puffs to each revolution 
of the drive-wheel. 

Hence, substituting for c, 16; for n, 4; for d, 2640; and »v,, 1100, the velocity of sound at 
about 4.7° C., we find ¢ = 13 min. 13.2 sec. 


Also solved by H. A. BENDER, Mor Bucuman, S. A. Corry, and A. PELLE- 
TIER. 

2979 (1922, 271]. Proposed by V. M. SPUNAR, Chicago, Illinois. 

If a tangent be drawn from a variable point of an ellipse of length equal to n times the semi- 
conjugate diameter at the point, the locus of its extremity will be a concentric ellipse with semi- 
axes equal to avin? + 1, bv in? + 1. 


I. Sotution spy R. E. Garnes, University of Richmond. 


Let Pi(a cos ¢, b sin ~) be the variable point on the ellipse; then the codrdinates of an 
extremity P» of the diameter conjugate to OP; are (a sin ¢, — b cosy). If OQ2 is the prolongation 
of OP, to n times its length, the codrdinates of Qz are (na sin », — nb cos ¢); and, if Q is the corre- 
sponding point on the locus, OQ2QP; is a parallelogram and hence the coérdinates of Q (a, 8) are the 
sums of the codrdinates of P; and Q.. Hence 


a . . 
G7 CS eo +N SIN ¢, & = sin g — 0 cos @, 
and, after squaring and adding, we have 
2 2 
a Br P 
ate it”. 


II. Soturion py A. M. Harpine, University of Arkansas. 
Let Pi(%1, yi) be the variable point on the ellipse whose equation is b?z? + a?y? = a’b?. The 
coérdinates of the extremity of the conjugate diameter are (ay:/b, — bai/a). We then have from 
the conditions of the problem 


(1) bry? + ay = ab?, 
(2) baa + a*y,8 = ad’, 

24,,2 bea 2 
(3) (@— ay + @— yt = nt EE 4 AEE, 


where (a, 8) is the extremity of the tangent. 
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From (1) and (2) we find 


b’x1(a — %1) + a’yi(B — y:) = 0, 
or 


2 
4 a7 ay. 
(4) B-— Y1 62x, 


Then from (3) and (4), 
b(a@ — 4%) = nay, 
a(B _ Yi) = nba. 


bx,(1 + n?) = ba — nap, 
ayi(1 + n?) = aB + nba. 


ab?(1 + n?)? = (Ba? + a%6*)(1 + n?), 
ba? + af? = (1 + n?)a%?. 


Whence, 


Square and add, 


or 


Whence, 
ae B? _ 
aL Fi) TB Fat) = 
The locus is, therefore, a concentric ellipse whose semi-axes are a V1 +n2,bv1+n2. It may be 
easily shown that a similar theorem holds true for the hyperbola. 


Also solved by T. M. Buaxstxz, E. J. Ociespy, and J. B. ReyNnoxps. 


1. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


The principal features of the annual meeting of the Inland Empire Council 
of Teachers of Mathematics were addresses by Professor W. A. Bratton, of 
Whitman College, on “What a high school teacher of mathematics ought to 
know about Einstein,” and by Professor F. L. Grirrtn, of Reed College, on 
“The réle of mathematics in human progress.” Professor W. C. Eells, of Whit- 
man College, has retired as president of the Council after three years’ service. 
Professor C. A. Isaacs, of Washington State College, is a member of the executive 
committee. 

The Ohio Section of the Association has definitely interested itself in the 
high school situation through the formulation by a committee of a letter to 
high school seniors presenting in a telling form reasons for continuing the study 
of mathematics in college, and of a letter to high school freshmen setting forth 
in a form particularly well suited to pupils of that age the importance of following 
up the study of arithmetic by that of algebra and geometry. The State Depart- 
ment of Education of Ohio has agreed to send copies of these letters to every 
superintendent of schools in the state. This substantial piece of committee 
activity will commend itself to other sections of the Association as well as to 
other organizations interested in setting forth the value of mathematics. 

Professor A. A. MicHELSoN of the University of Chicago has been elected 
president of the National Academy of Sciences. Professors E. W. Brown of 
Yale and D. L. Wexssrer of Stanford have been elected to membership in 
the Academy. 
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Dr. H. M. Dapourtan, associate professor of physics at Trinity College, 
has been appointed Seabury professor of mathematics. 

Dr. Louis WEISNER, of Columbia University, has been appointed instructor 
of mathematics at the University of Rochester. 

Mr. J. B. RosENBACH, instructor in mathematics at the Carnegie Institute 
of Technology, has been promoted to an assistant professorship of mathematics. 

Mr. O. H. Recuarp, Jr., instructor in mathematics at the University of 
Wisconsin, has been appointed assistant professor of mathematics at the Uni- 
versity of Wyoming. 

Professor C. N. MI.us, professor of mathematics at Heidelberg University, 
Tiffin, O., and one of the associate editors of the MontHLY, has accepted a professor- 
ship at the South Dakota State Normal. He taught for six years at South Dakota 
State College before moving to Ohio. 

Associate Professor R. C. ARrcHIBALD of Brown University, past president 
of the Association and for several years editor-in-chief of the MonrtTuty, has 
been promoted to a full professorship. 

Chancellor A. B. CHacr of Brown University, as a vice-president, represented 
the Mathematical Association of America at the inauguration of Dr. 8S. W. 
Stratton as president of the Massachusetts Institute of Technology on June 11, 
1923. 

Assistant Professor W. L. Crum of Yale University has been appointed assistant 
professor of statistics in the department of economics of Harvard University. 

Dr. C. H. YEatTon and Dr. F. E. Carr have been given permanent appoint- 
ments as assistant professors of mathematics at Oberlin College. 

Mr. C. A. GARABEDIAN has received from Harvard University the degree of 
doctor of philosophy and an appointment as Parker Travelling Fellow for the 
next academic year. 

Mr. Norman ANNING, instructor in mathematics at the University of Michi- 
gan, has been promoted to an assistant professorship. 

On commencement day, June 20, at Brown University the honorary degree 
of Sc.D. was conferred upon Professor G. D. BirkHorr of Harvard University. 


THE CINCINNATI MEETING OF THE ASSOCIATION 


The Mathematical Association of America will meet at the University of 
Cincinnati, in affiliation with the American Association for the Advancement of 
Science and the Chicago Section of the American Mathematical Society, on 
Thursday and Friday, December 27-28, 1923. The first session of the Mathe- 
matical Association will be held on Thursday afternoon, a joint session of the 
Association with Section A of the American Association and the Chicago Section 
will be held on Friday afternoon, and another session of the Association simul- 
taneous with that of the Chicago Section will be held on Friday morning. Other 
sessions of the Chicago Section will occur on Saturday morning and probably 
Saturday afternoon. This plan will enable our members to attend the mathe- 
matical meetingsduring these three days and then have free opportunity to visit the 
meetings of the American Association during the first three days of the next week. 
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NOTABLE GIFTS TO THE ASSOCIATION 


A notable bequest in the form of a last will and testament has just been 
executed in favor of the Mathematical Association of America which is designated 
as sole legatee. The name of the donor is withheld at present by request, but 
the person through whose influence this bequest was secured is Mr. C. C. Carter 
of Bluffs, Illinois, who has been a member of the Association since 1918. He 
deserves great credit for the service which he has thus rendered to the Associa- 
tion, a kind of service which may lie within reach of any member who is on the 
alert for such an opportunity. To quote his own modest words: “I am not 
much of a mathematician, but I have all my life studied mathematics as a 
pastime and I have always had a responsive chord in my cardiac impulses for the 
fellow who sits up nights to pore over the cabalistic characters of this great 
subject. While this is only a will, I have perfect confidence that its provisions 
will be faithfully carried out. I am thoroughly familiar with the property, 
which is mostly in land, and of course at low ebb in the market just now, but I 
conservatively estimate its potential value at $100,000.” 

The will provides for the creation of a Memorial Fund whose income “shall 
be used for the promotion of mathematical science and its teaching in America 
in such manner as the officers of the above named corporation may deem fit.”’ 
The Trustees of the Association are thus given a free hand in determining the 
objects to which the funds should be applied, the only condition being that “each 
and every thing done by the financial aid of the above mentioned fund shall bear 
some distinguishing mark, print, character, or notification, showing the source 
from which the financial aid to do the said thing or act was derived.” 

Another notable service to the Association has been very unostentatiously 
rendered by Chancellor A. B. Chace, of Brown University, who is a Vice-President 
of the Association for 1923. For each of the two years, 1922, 1923, he has con- 
tributed the sum of four hundred dollars in cash to the current funds of the 
Association. To these generous gifts is largely due the fact that the Association 
has been able to proceed without drawing upon its slender reserve funds in- 
herited from the former management of the Montuiy. Chancellor Chace is 
not engaged professionally in the field of mathematics, but he evidently finds 
great delight and satisfaction in certain phases of mathematical activity. For 
instance, he has been occupied for some years in making a translation of the 
Ahmes Papyrus which he expects soon to publish. The Association is honored by 
the presence of such a person on its membership roll and among its officers. 
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NOTES FOR THE ASSOCIATION. 


The Trustees of the Association have approved the establishment of a 
Michigan Section. 

They have elected to membership in the Association the following one 
hundred applicants, on applications duly certified: 


BrutaH M. Armstrone, Ph.D. (Illinois). Instr., Univ. of Illinois, Urbana, II]. 

W. 5S. Bartow, Grad. U.S. N. A. Instr., Detroit Jr. Coll., Detroit, Mich. 

M.A. Basoco. Asst., So. Branch, Univ. of California, Los Angeles, Calif. 

C. A. BeEnaNDER, A.B. (Harvard). Instr., Penn. State Coll., State College, Pa. 

H. A. Benner, Ph.D. (Illinois). Instr., Univ. of [linois, Urbana, III. 

J. A. BENNER, A.B. (Penn. State Coll.). Instr., Lafayette Coll., Easton, Pa. 

JOHN BIGGERSTAFF. Student asst., Reed Coll., Portland, Ore. 

P. N. Biesstne, A.B. (Swarthmore). Instr., Univ. of Michigan, Ann Arbor, 
Mich. 

R. F. Borpen, Ph.D. (Illinois). Instr., Brown Univ., Providence, R. I. 

W. R. Bowers, A.M. (Columbia). Prof., Radford State Normal Sch., East 
Radford, Va. 

H. E. Bray, Ph.D. (Rice). Instr., The Rice Inst., Houston, Tex. 

C. T. Bumrer, A.M. (Harvard). Instr., Ohio State Univ., Columbus, Ohio. 

L. H. Bunyan, B.S. (Wesleyan). Asst., Univ. of Wisconsin, Madison, Wis. 

F. J. H. Burkett, A.M. (Pittsburgh). Asst. prof., Trinity Coll., Hartford, Conn. 

G. P. Canoon, B.S. (Hamline). Prin., Parker Coll., Winnebago, Minn. 

R. C. Caruson, A.M. (Columbia). Head of dept. of math., Senior and junior 
high schools, New Brunswick, N. J. 

PrarL E. Cuarx, A.M. (Montana). Teacher, Chaffey Jr. Coll., Ontario, Calif. 

W. M. Coates, A.B. (Williams). Instr., Univ. of Michigan, Ann Arbor, Mich. 

C. J. Con, A.M. (Harvard). Asst. prof., Univ. of Michigan, Ann Arbor, Mich. 

C. C. Crata, A.M. (Indiana). Instr., Univ. of Michigan, Ann Arbor, Mich. 

OrpHa A. Cutmer, A.M. (Montana; Michigan). Head of dept. of math., State 
Normal Sch., Florence, Ala. 

Oscar DanLener, M.S. (Kansas). Prof., Engg. and math., Univ. of Alabama, 
University, Ala. 

J. W. R. H. De La, B.S. (S. D. State Coll.). Tutor, South Dak. State Coll., 
Minot, S. D. 

O. C. Epwarps, M.E. (Penn. State Coll.). Asst. prof. of mech. eng., Gen. ext. 
div., Univ. of Minnesota, Minneapolis, Minn. 

K. F. Farner, A.M. (Kansas). Head of dept. of math., High sch., Parsons, Kans. 

C. E. Fereuson, A.M. (Missouri). Head of dept. of math., Austin State 

Normal Coll., Nacogdoches, Tex. 

C. B. Fisoer, A.M. (West Virginia). Dept. of math., Potomac State Coll., 

Keyser, W. Va. 
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R. L. FLANDERS, B.S. (Norwich). Instr., Norwich Univ., Northfield, Vt. 

W. McK. Gararer, A.M. (Columbia). Lecturer, Columbia Univ., New York, 
N. Y. - 

H. R. Garrett, A.M. (Milligan Coll.). Prof., Lincoln Memorial Univ., Harro- 
gate, Tenn. 

EK. R. Gay, A.B. (Harvard). Asst. dean, Harvard Coll., Cambridge, Mass. 

WILLIAM GILLESPIE, Ph.D. (Chicago). Prof., Princeton Univ., Princeton, N. J. 

A. G. Hay, Ph.D. (Leipzig). Prof. of math. and registrar, Univ. of Michigan, 
Ann Arbor, Mich. 

BLANCHE Hatt, A.M. (Illinois). Instr., Georgetown Coll., Georgetown, Ky. 

G. P. Harmount, A.M. (Ohio State). Head of dept. of math., East High Sch., 
Columbus, Ohio. 

IsaBEL Harris, A.M. (Columbia). Asso. prof., Westhampton Coll., University 
of Richmond, Va. 

H. E. Hartic, B.S. (Minnesota). Instr., Math. and mech., Univ. of Minnesota, 
Minneapolis, Minn. 

R. E. Henry, A.B. (Kentucky). Instr., High Sch., Madisonville, Ky. 

A. O. Hickson, A.B. (Acadia). Instr., Brown Univ., Providence, R. I. 

Grace H. Hix, A.B. (N. J. Coll. for Women). Clinton, N. J. 

R. C. Hurrer, A.M. (Illinois). Instr., Michigan Agric. Coll., East Lansing, 
Mich. 

G. H. Hunt, C.E. (Cornell). Instr., Applied math., So. Branch, Univ. of 
California, Los Angeles, Calif. 

L. W. Hussey, A.B. (Dartmouth). Grad. scholar, Harvard Univ., 1928-1924. 

G. S. Jones, B.S. in E.E. (Ohio Univ.). Athens, Ohio. 

D. K. Kazartnorr, Ancien éléve (Moscow). Instr., Univ. of Michigan, Ann 
Arbor, Mich. 

G. H. Keutecan, A.M. (Ohio State). Assoc. physicist, Bureau of Standards, 
Washington, D. C. 

KE. E. Lipman, Ph.D. (Illinois). Instr., Univ. of Illinois, Urbana, Il. 

B. Z. Linrretp, M.S. (Virginia). Grad. student, Harvard Univ., Cambridge, 
Mass. 

C. E. Love, Ph.D. (Michigan). Asso. prof., Univ. of Michigan, Ann Arbor, Mich. 

Inez D. Lyncu, A.B. (Southwestern). Instr., High sch., Albert City, Iowa. 

W. T. MacCreapreg, B.S. (Mass. Inst. of Tech.). Prof., Norwich Univ., North- 
field, Vt. 

R. E. Mancuester, A.M. (Michigan). Head of dept. of math., State Normal 
Coll., Kent, Ohio. 

Jane L. Marreson, A.M. (Cornell). Asso. prof., Michigan State Normal Coll., 
Ypsilanti, Mich. 

E. D. McCartuy, A.B. (Cornell). Instr., Penn. State Coll., State College, Pa. 

Hues McGrrvray, A.B. (Oklahoma). Norman, Okla. 

Marcaret H. McGuire, B.S. (Minnesota). Instr., Univ. high sch., Univ. of 
Minnesota, Minneapolis, Minn. 
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J.R..McKee. Instructing federal students, College Station, Tex. 

Mary K. Mickie, A.B. (Alabama). Roanoke, Ala. 

Aaron Mituer, A.B. (Indiana). Prin., Geneva high sch., Flat Rock, Ind. 

J. E. Minister, B.S. in E.E. (Ohio Univ.). Chauncey, Ohio. 

E. E. Moots, M.S. (Maine); C.E. (Wisconsin). Head of dept. of math. and 
eng., Cornell Coll., Mt. Vernon, Iowa. 

SELAH W. Mutuen, B.S. (Michigan). Dept. of math., North Eastern High 
Sch., Detroit, Mich. 
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THE MAY MEETING OF THE MARYLAND-VIRGINIA-DISTRICT 
OF COLUMBIA SECTION. 


The thirteenth regular meeting of the Maryland-Virginia-District of Columbia 
Section of the Association was held at Johns Hopkins University, Baltimore, 
Maryland, on Saturday, May 12, 1923. The Chairman of the Section, Professor 
FraANK MoRLEY, presided at both morning and afternoon sessions. 

There were forty-four in attendance, including the followmg twenty-eight 
members of the Association: O. S. Adams, H. G. Avers, Clara L. Bacon, Sarah 
Beall, G. A. Bingley, C. C. Bramble, J. A. Bullard, G. R. Clements, A. Cohen, 
L. S. Dederick, A. Dillingham, Harry English, H. W. Ficken, W. M. Hamilton, 
L. S. Hulburt, W. D. Lambert, A. E. Landry, Florence P. Lewis, L. T. Moore, 
Frank Morley, F. D. Murnaghan, J. R. Musselman, C. A. Nelson, R. E. Root, 
W. F. Shenton, C. A. Shook, Miss A. M. Whelan, E. W. Woolard. Those in 
attendance at the meeting were guests of the Johns Hopkins University for lunch. 

The officers elected for the year 1923-1924 are: G. R. CLEMENTs, Chairman; 
Harry Eneuisu, Secretary-Treasurer; FLORENCE P. Lewis and J. J. Luck, 
additional members of the executive committee. The fourteenth regular meeting 
of the Section will be held at Annapolis, Maryland, on Saturday, December 8, 
1923. 

The following papers were presented: 

(1) “An application of tensor analysis to dynamics” by Professor F. D. 
MuRNAGHAN; 
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(2) “ Periodic functions in machine design” by Professor R. E. Root; 

(3) “Invariants of the binary octavic”’ by Miss A. M. WHELAN (introduced 
by Professor Morley); . 

(4) “The volume bounded by Steiner’s quartic surface” by Professor J. A. 
BULLARD; 

(5) “The lemniscate functions as developed by Gauss” by Mr. O. S. ADAmMs; 

(6) “The motion of a particle on a rotating sphere; Montuty, Problem No. 
2956 (1922, 81)” by Mr. W. D. Lampert; 

(7) “An example of conformal mapping” by Professor Frank Mor Ey. 

Abstracts of six of these papers follow: 

1. Professor Murnaghan discussed the tensor form of the canonical equations 
of classical dynamics. Adopting the usual notation, the state of a dynamical 
system is indicated by a representative point in a state-space of 2n -+ 1 dimensions 
(n being the number of degrees of freedom of the system) whose coérdinates are 
(qg, p, t). This space must not be confused with the more usual phase-space of 
Gibbs which separates out the time variable ¢ from the others. Then the history 
of the dynamical system is represented by a curve in the state-space, which 1s - 
an extremal for the line integral 


where H is the Hamiltonian Function. The dynamical equations are merely 
the first Pfaff’s system for the linear differential form; hence they state the 
vanishing of a covariant tensor of rank one. Classical dynamics conflicts with 
Relativistic geometry at the point where the latter demands that all physical 
equations be tensor equations in the physical space-time continuum of four dimen- 
sions, and not merely in the idealistic representative space. 

2. Professor Root considered functions arising in problems in machine design 
that are expressed as algebraic functions of the sine or cosine of an angle. It is 
profitable to express such functions as Fourier series for convenience in computing 
their values, and to reveal their character in relation to vibrations. ‘The repre- 
sentation in Fourier series is easily found, in most cases, by expanding the function 
as a power series in the sine or cosine, then expressing the successive powers in 
terms of functions of multiple angles and collecting coefficients. Professor Root 
contrasted this method of expanding in Fourier series with those usually treated 
in mathematical textbooks. 

4. Professor Bullard called attention to the problem found in Granville’s 
“Elements of Differential and Integral Calculus, rev. ed.,”’ p. 420: Find the entire 
volume within the surface x!/? + y'/? + 21? = ai/?, The speaker proposed this 
problem to the Monthly (1920, 326) and an incorrect answer was published 
(1922, 39). 

If positive signs are taken before the square roots, no volume is enclosed by 
the portion of the surface where 2, y and 2 are all less than a; but the rationalized 
equation is the equation of a Steiner’s quartic surface. 

When a regular tetrahedron of reference is chosen the Steiner’s quartic, as a 
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model shows, is symmetrical, consists of four lobes of finite extent, and the three 
double lines intersect at right angles. 

For the above equation the three codrdinate planes and the plane at infinity 
form the tetrahedron of reference. Thus the surface lies entirely in the first 
octant (except that the double lines extend into the octants where just two co- 
ordinates are negative), three lobes are infinite in extent and one only encloses 
a finite volume. The three double lines intersect at (a, a, a) and are respectively 
perpendicular to the codrdinate axes. The required volume lies entirely within 
a cube of edge a with opposite vertices at (0, 0, 0) and (a, a, a) and may be 
considered as enclosed by a? + yl? + 2? = gi?) gl? 4 yl? — git = Qi? 
gll2 — yll2 4 gll® = gi? — gl? 4 yl? + gli? = ql? Computing the space in the 
corners and subtracting from a®, we have for the required volume 


a® — (a3/90) — 3 X (19/90)a® = (16/45)a%. 
Similarly for (a/a)!/2 + (y/b)¥? + (z/c)/? = 1 we have (16/45) abe. 
5. Mr. Adams pointed out that Gauss took the integral ¢ = ° (dx/ V1 — 24) 
J0 


and inverted it by setting 2 = sin lemn 4, called the lemniscate sine of ¢. Gauss 
noted in his diary “Functiones lemniscaticas considerare coeperamus, 1797, 
Jan. 8.” This is the first example of the inversion of an integral to obtain a 
single valued function by means of which to study the properties of the many 
valued function defined by the integral. The paper identified the auxiliary 
functions of Gauss with the sigma functions of Weierstrass, limited to the special 
case of the lemniscate functions. It is to be regretted that Gauss never prepared 
his work for publication. As it is, we have no more than the list of various results, 
mainly without proof, given in the third volume of his collected works. 

6. Problem 2956 (1922, 81) was discussed by the proposer, Mr. Lambert. 
The expression for the poleward force there given, mw* sin ¢ cos ¢, should be 
corrected by multiplying it by the radius of the sphere. The problem is one 
that has long interested meteorologists as tending to throw light on the much 
more complex problem of atmospheric circulation. The compound centrifugal 
acceleration, which causes a moving particle to be deflected toward the right in 
the northern hemisphere, has long been known and its effects studied. Tor a 
small range of latitude the path of a particle moving under the action of no forces 
is approximately a small circle, as may be seen from elementary considerations. 
The rigorous expressions for the path of the particle involve elliptic functions. 
The path is not exactly a circle but a series of loops which are nearly coincident 
with one another for moderate velocities of projection, except near the equator. 
For high velocities and for regions near the equator the loops separate consider- 
ably and the possible paths resemble the various forms of the elastica. 

7. In Professor Morley’s note the mapping of a quadrangle on a rectangle 
was considered. It was shown that when the quadrangle is a parallelogram, if 
two opposite sides be levels and the other two sides stream lines, the flex-loci 
for all levels and all stream lines are the maps of the lines of symmetry of the 
rectangle. G. R. CLemMEnts, Secretary-Treasurer. 
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of movable graduated scales, or movable figures on millimeter and tracing papers, 
were discussed. 

2. The method of generating a parabola by folding a piece of paper suggested 
to Mr. Rupp a possible generalization, which turned out to be a birational 
point-line transformation applicable to any curve. The inverse transformation 
has been called a Podoid by Brocard. Five theorems were stated, dealing with 
the mechanical construction by paper-folding of homothetic transformations, 
pedals and negative pedals, podoids and negative podoids, and a simple way of 
constructing an ellipse or hyperbola. Developments of these general ideas were 
suggested as possible for spaces other than flat, as non-Euclidean or spherical, or 
simple three-space. 

3. Professor Bussey’s paper was an elementary exposition of Galois fields 
designed especially for those not familiar with any finite fields other than the 
modular fields of prime order. 

4. President Reuterdahl’s paper contained a warning against too ready an 
acceptance of certain parts of mathematical theory as a correct interpretation of 
the physical universe. 

5. Professor Jackson’s paper was published in the Montuty for September- 
October, pp. 307-311. 

6. Professor Tate applied the fundamental theorem of Dimensional Analysis 
to certain examples in physics, and showed how it may be used as a check and 
guide to the investigator. 

7. Professor Fath showed slides of the various types of instruments used in 
eclipse observations and of the solar corona as shown at times of spot maximum 
and spot minimum. 

8. Professor Johnson’s paper appeared in full in the Montuty for July- 
August, pp. 250-252. R. W. Brink, Secretary. 


THE DEVELOPMENT OF “PARTITIO NUMERORUM,” WITH PAR- 
TICULAR REFERENCE TO THE WORK OF MESSRS. HARDY, 
LITTLEWOOD AND RAMANUJAN|.! 


By AUBREY J. KEMPNER, University of Ilinois. 


Part I. 
HIsToRIcaAL SKETCH LEADING UP TO THE WORK OF Harpy, LITTLEWOOD AND RAMANUJAN. 


Introduction. In the last few years the genius of a small group of mathe- 
maticians has enriched the additive theory of numbers by new and powerful 
methods. At present we merely mention the names of these authors: G. H. 
Hardy (English) and J. E. Littlewood (English) have developed the bulk of the 
theory; the first papers were under the joint authorship of Hardy and S. Raman- 
ujan (Hindu, died, 1920). A very important step in the theory could only be 
taken by making use of an independent investigation by H. Weyl (German). 


1 Among the references to the literature of the subject, the following are to be noted: 
(a) Sources of reference for ‘“‘partitio numerorum” in general and for the main divisions of the 
subject, 
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The papers in which the new theory is exposed are, in the main, of highly 
technical character. It is hoped that the present report, partly historical and 
partly synoptic, may indicate to readers, who are not primarily interested in the 
theory of numbers, the character of the new methods. A certain knowledge of 
the historical background is necessary for any proper appreciation of the new 
work; and since the problems with which the additive theory of numbers is 
concerned are not widely known, it seems justifiable to give a condensed sketch 
of the development of the subject. 

1. In a rather vague manner, a distinction is often made in the theory of 
numbers between the “multiplicative” theory and the “additive” theory. For 
example, the theorem a? — a = 0 mod p for any integer a and any prime p 


(1) Bachman, P., Niedere Zahlentheorie, Zweiter Teil: Additive Zahlentheorie (1910). 
(2) Dickson, L. E., History of the Theory of Numbers, vol. II (1920). Ch. III: Partitions; 
Chs. VI, VII, VIII; Ch. IX: Sums of Squares; Ch. XXV: Waring’s problem. 
(3) Encyklopddie der mathematischen Wissenschaften, I C 3, Bachmann, P., Analytische 
Zahlentheorve. 
(4) Encyclopédie des Sciences mathématiques, I 17, Bachmann-Hadamard-Maillet, Propo- 
sitions transcendantes de la théorie des nombres. Netto-Vogt, I 2, Analyse com- 
binatotre et théorte des déterminants. 
(5) MacMahon, P. A., Combinatory Analysis, vol. I (1915), II (1916). 
(6) Netto, E., Lehrbuch der Combinatorik (1901). 
(7) Sylvester, J. J., Mathematical Papers, vol. II (1908), 120-175. ‘‘Outlines of seven 
lectures on the partition of numbers.”’ (Delivered 1859.) 
(b) Papers by G. H. Hardy, J. E. Littlewood and 8. Ramanujan on the new method of dealing 
with problems of “‘partitio numerorum.” This list has been completed by taking into account the 
literature references contained in Siegel’s (28) list. 
(8) Hardy, ‘‘ Asymptotic formule in combinatory analysis.”?’ Comptes rendus du quatrieme 
congres des mathématiciens Scandinaviens a Stockholm (1916), pp. 45-53. 
(9) Hardy and Ramanujan, “Une formule asymptotique pour le nombre des partitions de 
n.’ Comptes rendus de Académie des Sciences, Paris, vol. 164 (1917), pp. 35-38. 
(10) Ramanujan, ‘‘On certain trigonometric sums and their application in the theory of 
numbers.” Transactions of the Cambridge Philosophical Society, vol. 22 (1918), 
pp. 259-276. 

(11) Hardy, ‘‘On the coefficients in the expansion of certain modular functions.”’ Proceedings 
of the Royal Society, London, A 95, 1918, pp. 144-155. 

(12) Hardy and Ramanujan, “‘ Asymptotic formule for the distribution of integers of various 
types.” (Read May, 1916.) Proceedings of the London Mathematical Society, 
ser. 2, vol. 16 (1918), pp. 112-132. 

(13) Hardy and Ramanujan, “Asymptotic formule in combinatory analysis.” (Read 
Jan. 1917.) Proceedings of the London Mathematical Society, ser. 2, vol. 17 (1918), 
pp. 75-115. 

(14) Hardy, ‘On the expression of a number as the sum of any number of squares, and in 
particular of five and seven.” Proceedings of the National Academy of Sciences, 
vol. 4 (1918), pp. 189-193. 

(15) Hardy and Littlewood, “‘A new solution of Waring’s problem.” Quarterly Journal of 
Mathematics, vol. 48 (1919), pp. 272-293. 

(16) Hardy and Littlewood, Note on Messrs. Shah and Wilson’s paper entitled “On an 
empirical formula connected with Goldbach’s Theorem.’ Proceedings of the Cam- 
bridge Philosophical Society, vol. 19 (1919), pp. 245-254. 

(17) Hardy, ‘On the representation of a number as the sum of any number of squares, and 
in particular of five.” Transactions of the American Mathematical Society, vol. 21 
(1920), pp. 255-284. 

(18) Hardy, ‘‘Some famous problems of the theory of numbers and in particular Waring’s 
problem.” An inaugural lecture delivered before the University of Oxford. Oxford, 
1920. 


356 THE DEVELOPMENT OF “PARTITIO NUMERORUM.” [ Nov., 


represents a “multiplicative” property; the theorem that every positive integer 
is either a cube, or the sum of two positive cubes, or the sum of three, or four, 

.. or nine positive cubes, will be considered as belonging to the “additive”’ 
theory. 

Since the time of Legendre and Gauss—particularly since 1801, the year in 
which appeared Gauss’ monumental Disquisitiones Arithmetice—the systematic 
development of the theory of numbers has been predominantly along the lines 
of the multiplicative theory. It must however not be thought that no important 
results are known in the additive theory. Indeed, there is a profusion of dazzling 
isolated theorems and groups of theorems.’ If we merely count interesting 
theorems, we find that the additive theory is perhaps not much weaker than 


A series of papers, under the collective title: Hardy and Littlewood, Some problems of 
‘“Partitio Numerorum.” 
(19) I. “A new solution of Waring’s problem.” Nachrichten der Gesellschaft der Wissen- 
schaften, Géttingen, 1920, pp. 338-54. 
(20) II. “Proof that every large number is the sum of at most 21 biquadrates.” Mathe- 
matische Zeitschrift, vol. 9 (1921), pp. 14-27. 
(21) Ill. “‘On the expression of a number as a sum of primes.”’ Acta Mathematica, vol. 44 
(1922) pp. 1-70. 
(22a) IV. “The singular series in Waring’s problem and the value of the number G(k).”’ 
Mathematische Zettschrift, vol. XII, 1922, pp. 161-188. (Reprinted from Hilbert 
Festschrift, Jan. 1922, pp. 365-392.) 
(22b) V. ‘‘ A further contribution to the study of Goldbach’s problem.” Proceedings of the 
London Mathematical Society, ser. 2, vol. 22 (1923), pp. 46-56. 
(c) Papers on the new method by other mathematicians, 
(23a) Fortschritte der Mathematik, vol. 46 (covering the years 1916-18), pp. 200, 201. 
(23b) Carmichael, R. D., Bulletin of the American Mathematical Society, vol. 27 (1921), 471-5 
(Review of (18)). 
(24) Landau, E., “Uber die Hardy-Littlewoodschen Arbeiten zur Additiven Zahlentheorie.”’ 
Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 30 (1921), pp. 179-185. 
(25) Landau, E., ‘Zur Hardy-Littlewoodschen Lésung des Waringschen Problems.” Nach- 
richten der Gesellschaft der Wissenschaften, Gottingen, 1921, pp. 88-92. 
(26) Landau, E., ‘Zum Waringschen Problem.”’ Mathematische Zeitschrift, vol. XII (1922), 
pp. 219-247. (Reprinted from Hilbert Festschrift, Jan. 1922, pp. 422-451.) 
(27) Ostrowski, A., “‘Bemerkung zur Hardy-Littlewoodschen Liésung des Waringschen 
Problems.’ Mathematische Zeitschrift, vol. TX (1921), pp. 28-34. 
(28) Siegel, C. L., ‘Additive Theorie der Zahlkérper I.”’ Mathematische Annalen, vol. 87 
(1922), pp. 1-35. 
(29) Weyl, H., “Uber die Gleichverteilung von Zahlen mod. 1.’ Mathematische Annalen, 
vol. 77 (1916), pp. 313-352. 
(30) Weyl, H., ‘‘Bemerkung iiber die Hardy-Littlewoodschen Untersuchungen zum War- 
ingschen Problem.” Nachrichten der Gesellschaft der Wissenschaften, Gottingen, 
1921, pp. 189-192. 
(31) Weyl, H., ““Bemerkung zur Hardy-Littlewoodschen Lésung des Waringschen Problems.” 
Nachrichten der Gesellschaft der Wissenschaften, Gottingen, 1922. 
Numbers (8), (21), (22 b), (25), (30), (31) were not available to the writer. 
Reference of the text to the preceding literature is made by corresponding numbers. Other 
text references are given by footnotes. 
As preparation for a detailed study of the new theory, the (partly) synoptic papers (15), 
(18), (23), (24) should be of great value. 
In (26) Landau derives ab ovo the main results of Hardy and Littlewood for Waring’s problem, 
with original contributions and modifications. 
It is strongly to be hoped that American mathematicians will contribute their share toward 
the development of the new field. 
(1), (2). 


¢ 


1923. | THE DEVELOPMENT OF “ PARTITIO NUMERORUM.” 307 


the multiplicative. But while in the multiplicative theory the theorems all find 
their proper place in a beautiful system, as do the building stones in an imposing 
structure, the theorems of the additive theory may be compared to a vast accumu- 
lation of building material for a palace which is at present barely planned. 

It is also true that a large number of theorems, which by their enunciation 
should be counted to the additive theory, at present derive their proof from 
methods belonging to the multiplicative theory. 

2. One of the most important branches of the additive theory, and one which 
contains in itself an inexhaustible supply of large problems and groups of prob- 
lems, is the “partitio numerorum,” or the theory of the partition of positive 
integers into positive summands. This name is probably due to L. Euler, who 
called chapter XVI of his famous Introductio in Analysin Infinitorum,: “De 
Partitione Numerorum.”’ 

As starting point we may consider the problem of determining the total 
number p(n) of ways in which a given positive integer n may be broken up into 
positive integral summands, counting as identical two partitions which are 
distinguished only by the order of the summands; thus 5=4+1=3+2 
=34+14+1=24241=24+14+14+1=14+14+14+1-441, 76) =7. 

This problem had already been suggested about a century earlier by Leibniz, 
to one of the Bernoullis. 

The range of problems belonging to partitio numerorum is much wider than 
might be at first thought. Instead of admitting as summands the range of all 
positive integers, we may select any particular, finite or infinite, range of positive 
integers. As.of interest for our purposes, we mention the following ranges: 


1. All positive integers, 1, 2, 3, ---, 

. A finite set of integers, for example, 1, 2, 3, 

. All odd numbers, 1, 3, 5, -+:, 

All odd primes and the number 1, 

The “triangular”? numbers, 1, 3, 6, 10, ---, 

The “‘square’”’ numbers, 1, 4, 9, 16, ---, 

The “k-gon” numbers for a given integer k 2 3 (the nth k-gon number 
= gn(n — 1)(k — 2) +n), 

8. The cubes 1, 8, 27, --:, 

9. The kth powers, for a given positive integer k, 1", 2*, 3%, ---. 


SS oe wb 


The original problem (1 above) would then be modified into the determination 
of the number of ways in which (for example, for 6. above) the positive integer 
nm may be written as a sum of positive squares (as: 10 = 17+ 17+ .---+ 17 
= 24 2?%4+.---4+ 2 = 2?4 24 274+ 1? = 37+ 1, p(10) = 4). 


1 Introductio in Analysin Infinitorum, vol. I, 1748. It may be noted that Ch. XV of Euler’s 
work, which deals with certain types of infinite series, has also been of great influence in the 
development of the theory of numbers. Many results which were stated by Euler without proof 
have yielded to treatment only in our generation. As a sample we mention that a certain series 
whose terms depend on the prime numbers and which starts with 1 + 1/3 — 1/5 + 1/7 + 1/9 
+ 1/11 — 1/18 — 1/15 --+ converges to the value 7/2. See E. Landau, Handbuch der Lehre von 
der Verteilung der Primzahlen, 1909, vol. II, pp. 645 ff. 
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3. A very important group of problems arises when we restrict the number of 
summands to be used in the representation of the number n; for example, when 
we ask for the number of ways in which n may be the sum of exactly five positive 
squares, or the sum of exactly nine positive cubes, etc. Equally important is 
the question concerning the number of ways in which n can be represented as 
the sum of not more than a given number & of elements of the set; for example, 
the number of ways in which n may be the sum of five or fewer positive squares, 
of none or fewer positive cubes, etc. It may further be specified that the same 
summand may be used only once, or may be repeated. Thus, in how many ways 
can n be the sum of (exactly) five distinct positive squares; of five or fewer 
distinct squares? ‘These remarks will serve to indicate the bewildering complexity 
of the group of problems under consideration. 

A very general type of problem then is the following: Given a set of positive 
untegers C1 < C2 <¢3 < +++, finite or infinite 1n number, to find, for a given positive 
integer n, the number of ways in which n may be formed of summands chosen from 
the c’s, be ut that the number of summands is limited, or 1s not limated, be it that the 
summands may be repeated or must be distinct. 

Every such problem may be expressed in the form of a Diophantine equation: 
for example, the number of positive solutions of n = x1? + a9? + a3? + a? + x;? 
gives the number of ways of expressing n as a sum of five positive squares. In 
n = 1-a, + 2-a_ + 3-23 the number of (non-negative) solutions gives the number 
of ways in which n may be built up from 1, 2, 3, allowing repetitions. 
Thus, p(7) = 8, corresponding to the eight solutions of 1-2; + 2-x2 + 3-x3 
= 7: (7, 0, 0), (5, 1, 9), (4, 0, 1), (3, 2, 9), (2, 1, 1), (1, 8, 0), (1, 0, 2), (0, 2, 1). 
However, we do not possess any powerful general method of attacking the 
problems from this direction. 

4. We remember that we did not count as distinct two partitions which 
differ only in the order of their summands; for example, 1 + 2+ 1-+ 2 and 
1+1-+2-+ 2, would not be counted separately. When the order of the sum- 
mands is to be taken into account, one sometimes speaks of “compositions”’ 
instead of “partitions,” so that the problem of determining the number c(n) of 
compositions of m means to find the number of partitions, but to count each 
partition with a multiplicity measured by the number of ways in which the 
order of the summands may be chosen. Forn = 3, c(n) = 4, from 3 = 2+ 1 
=1]4+2=1+1-+1. 

The problems of composition would seem to be in some respects of less im- 
portance than the problems of partition. It does not usually seem to be possible 
to derive, from the solution of a problem of composition, the solution of the corre- 
sponding problem of partition. Quite an elaborate theory of the composition 
of integers into sums of squares Is in existence. 

We shall restrict our attention essentially to the problems of partition. 
Problems of partition and composition can also be expressed in a natural fashion 
as problems of the determination of the number of “lattice-points” in certain 
regions—“ Gitterpunkt Anzahlen.”’ To mention only two examples: The num- 
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ber of compositions of n into two squares is obviously equal to the number of 
lattice-points (points whose coérdinates are integers or zero) lying on the circum- 
ference of a quadrant of the circle 2? ++ y? = n in the (ay)-plane. The number 
of compositions of n into three or fewer squares is represented by the number of 
lattice-points lying on the surface of the sphere x? + y? + 2? = n within the first 
octant of the (xyz)-space; while the number of partitions of n into three squares 
would be given by the number of lattice-points lying on a certain smaller portion ! 
of the surface of the sphere. Similarly for a composition involving a set of k 
summands (for example, the representation of a number as the sum of nine 
non-negative cubes) an illustration in k-dimensional space (nine dimensional, 
working with the “surface’’ 21° + v.23 + +--+ + a9? = n) can be given. 

However, the problem of finding such “Gitterpunkt Anzahlen”’ to the degree 
of accuracy necessary in order to be useful in partitio numerorum is, in practically 
all cases, one of desperate difficulty. 

5. If p(n) = 0, in a given problem of partitions, there is no representation of 
n in the required form while, when p(n) > 0, there is at least one representation. 
The further questions thereby arise: 

Which numbers * n can be and which cannot be represented in the desired form? 
How must an infinite set of numbers be chosen in order that every n can be represented 
as a sum of a fixed number of elements of the set? 

We shall assume, throughout, that every element may be used repeatedly, 
asin 7 = 2?+ 12+ 17+ 1? 

Concerning the first question, a large number of more or less isolated theorems 
are known. ‘To mention some classical results concerning the representation of 
integers as sums of powers: 

1. A number is the sum of two positive squares when, and only when, it 
contains no prime factor of the form 4k + 3 to an odd power. 

2. A number is the sum of three or fewer positive squares when, and only 
when, it is not of the form 4°- (8k + 7), a2 0. 

3. Every number is the sum of four or fewer positive squares. 

4. Every number is the sum of nine or fewer positive cubes. 

Concerning the second question no very deep-lying results seem to be known, 
in the sense of establishing necessary and sufficient conditions for a set of integers 
to have the property indicated.’? 

There are important reasons why one should in many cases restrict one’s 
self in problems of partition to the representation of large numbers n: this tends 
to eliminate what may be called disturbing individual properties of the separate 
c’s. The most clearly outstanding results of the new work of Hardy, Littlewood 
and Ramanujan are in this direction. 


1 Of area 1/48 of the total surface of the sphere. 
2We frequently write “number” for “positive integer,’ where no misunderstanding is to 


be feared. 
’The following necessary condition is not deep-lying and is easily established: Jf 0 < co 
<¢1 <2 < +++ are an infinite set of integers possessing the property that every positive integer can 


be represented as the sum of a limited number of the set, then the power serves co + Ci® + Cot? .-F ++ 
has the unit circle for its circle of convergence. 
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It is essential, in problems of partition, at least at present, that we consider 
only addition of the positive elements c,, not subtraction. Therefore Goldbach’s 
conjectured theorem: Every even number 1s a sum of two primes, is properly a 
problem of partition, but Fermat’s conjectured theorem: 2” + y” = 2" 28 not 
solvable in positive integers x, y, 2 for n > 2 does not belong to this domain, because 
the problem would require discussion of the equation 0 = — 2" + a” + y”. 

It should be remarked that our most powerful methods of attack on Fermat’s 
problem are of distinctly multiplicative character. 

6. Already Euler (loc. cit.) connected the most important types of problems 
of partition with certain infinite series and infinite products, the so-called gener- 
ating functions of the problem, and since most of the serious attacks on the 
problems of partition which have been made since Euler’s time have used this 
method of generating functions as a starting point, and since, in particular, the 
new methods of Hardy, Littlewood, and Ramanujan consist in an extreme sharp- 
ening of this weapon, we must indicate in some examples this method. 

I. To find the number N(n) of partitions, without repetition, of a number 
ni (7=6+1=5+2=44+3=44+241, NM) = 5). 

The problem might also be formulated: To find the number of solutions of 
lea, + Q-aot +--+ nea, =n, 2; = 0,1. But, as already indicated, we possess 
no means of treating this Diophantine equation directly. 

Euler attacks the question as follows without, it may be stated, paying any 
attention to questions of convergence, etc.: 


Let 


ITa+e) = (1+ a')(1 + 07)(1 + 2%) --- = 1+ era" + cpa? + ++ ft ene™ + eee. 


The number of partitions required is clearly given by cy (for example, 
Cr! = at Stl t gdt2 + oe. git — 5a", Cy; = 5). 

It goes without saying that Euler did not possess modern function-theoretic 
methods for determining the value of c,, nor did he possess any other powerful 
methods of dealing with this and other partition problems. To us is of great 
interest the fact that he was apparently the inventor of this method of “ gener- 
ating functions.” 

II. To find the number of partitions of n, with repetition. For example, ps = 7. 
The corresponding Diophantine equation would be 1-a, + 2-% + +++ + 1-n 
=n,xv;=0. This is again useless. Euler starts out with 


r | = (ltatertet---)\ltaee%tatt aft -e y+? 


il — x 

+ 26+ v9 + ---) +++ ananf. 
1 + gil + (x71 + gi?) + (x31 + qle2tlel + a3) + cee 
= Co + cra! + con” + cgu® ve, 


and, again, the coefficient c, of x” gives the required number p(n). Of course, 
this number grows tremendously large with increasing n. This problem we 


4 
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shall discuss in some detail (sections 12-17). At present we only state that one 
of Hardy’s (and Ramanujan’s) first results of the new theory was to obtain an 
accurate expression for p(n), and one which can really be handled. In this 
problem, II(1 — x‘) is the generating function, and Hardy and Ramanujan 
teach how to deal with this very complicated infinite product, as an analytic 
function of (complex) z, in the neighborhood of the natural boundary of the 
function. 

In order to show the difference between a problem of partition and the 
corresponding problem of composition, we treat the question: 

III. Jo find the number of compositions of n,| with repetition. We determine 
first the number of compositions of n into exactly s positive summands. As 
generating function we may choose 


1—2 
It is found that 


x \8 s(s T 1) 2 
(2) ce tpet et. 


s(is+ 1): rte Ds _ af(n-1)\_, 
t 12: tea d ("7 )e 


( - y= (wa ae ree )8 = ae? + dey? $+ 


—1\. we . we 
and therefore ( " 1 ) is the number of compositions of n into exactly s positive 


summands. Hence the total number of compositions of n into positive summands 


is 
n—I1 n— 1 n— 1 1 
( 0 )+( Jetty) . 


For example, for n = 3:3 =2+1=1+2=1+1+1. In order to pass 
from this problem to II, it would be necessary first to know how many partitions 
of n have a group of exactly n; summands alike, another group of ng summands 
alike, etc., when 11, No, -+ + are any positive integers such that ni + mg + ++: =n. 
This would be a very difficult problem. 

IV. To find the integers which are the sum of exactly two odd primes p;. We 
may choose as generating function 


(a1 + Pe + ee -)? = ya) Cot? + cee, 


where pi < po < --- are the successive odd primes. In particular, Goldbach’s 

theorem (see section 5) would be proved if we could show that for every even 

exponent the corresponding coefficient does not vanish. Of this theorem, E. 

Landau, author of the standard work on prime numbers, the ‘“ Handbuch ” 

already referred to, said, in 1912, that he considered this problem “ unangreifbar 

beim gegenwartigen Stande der Wissenschaft.’’? Nothing perhaps can better 
(1), (2). 


2 International Congress, Cambridge, 1912: Geléste und ungeliste Probleme aus der Theorie 
der Primzahlverteilung. 
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emphasize the importance of the new work than the fact that this problem is, in 
a perfectly definite sense, brought under the range of Hardy and Littlewood’s 
heavy artillery so that we may, without undue optimism, hope to see it solved 
in our generation. 

Hardy and Littlewood actually prove! that every sufficiently large odd 
positive integer is the sum of at most three primes, provided that we admit a 
certain generalization of a famous assumption, which has never been either 
proved or disproved, concerning the zeros of the Riemann ¢-function, of which 


an expansion is 
i°,2) 
G(s) = 2a. 
n=1 


V. For a special purpose, we also indicate Jacobi’s proof (not historically the 
first one) of the theorem that every positive integer is the sum of four non-negative 
squares. As generating function one might choose (1 + a + 2+ ---)4. In 
his Fundamenta nova,” Jacobi—who always kept his eye open for mathematical 
by-products—made use of the fact that he was able to express a certain quantity 
entering in his theta-series in two different manners: 


(=) = (1+ 2g! + 2+ 2g? +--+)! 


2 3 4 
= ] 8 q q q of, 
r te 7 it¢ i-@' i+¢ 


Obviously, (1 + 2q1 + 2q*-+ ---)* may be used as generating function instead of 
dG+q+q+.---)% The Srgument is now as follows: 


(1+ 2¢° + 2q* + 2q° +r - 


iL SG eetet et Gt et tte) 
+8 + ¢ ~¢ +g a es) 
+ 8( + ¢ +g t+ + ++) 
+ 8( + ¢ — + = ses) 
+ 8( + ¢ FP 


=14+ 80g 2-Pr2a+ri-¢frraget+r4gt---), 
and it is immediately clear that, for a prime, g* has the coefficient 2, that is, 
a value different from zero. Therefore, certainly every prime number is the 
sum of four or fewer positive squares, and using a classical elementary identity,° 
every positive integer is seen to possess this property. In this case we succeed 
because we know enough concerning the properties of the function represented 


1 (21), (22b). For summary of (22b) see footnote on first page of Part II. 
2 Fundamenta nova theortae functionum ellipticarum, 1829, p. 188. 
$ V+Pe+P + a0)(C +P +7482) =-A+Bh+C + D, 
where 
A = aa — bB —cy + dé, B= as + ba — cd — dy, 
C=ca+ay+dé + bé, D=da-— ai — cB + by. 
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by A + 2q'+ 2q*+ ---)*. Except for certain simple types of generating func- 
tions (rational functions) we must admit that this is something very exceptional. 
Some of Hardy’s important papers on the new theory! are closely connected with 
certain related problems. He gives also references to the many important 
papers which have been written on the problem of breaking up a number into a 
given number of positive squares, based on the theory of theta-series. . 

VI. As a last example of generating functions we select Waring’s problem. 
In 1770, Waring stated,” without any attempt at proof, an extension to higher 
powers of the theorem that every number is equal to the sum of four non-negative 
squares. Waring’s statement is: For every positiwe integral exponent k there exrsts 
a positive integer gx, depending only on k, such that every positive wnteger is the sum 
of gx or fewer positive kth powers. He stated that for example every natural 
number is the sum of nine or fewer cubes; of nineteen or fewer fourth powers, 
and other cases. That at least nine cubes are required follows from the fact 
that 23 = 2-2°+ 7-13 cannot be represented by fewer cubes; similarly, 
79 = 4-24+ 15-14 requires nineteen fourth powers. 

Starting about the middle of last century, the finiteness of g; was gradually 
proved by means of elementary, but sometimes very complicated, modifications 
of the theorem g. = 4 and of similar theorems, first for k = 4, then for 
k = 3, 5, 6, 7, 8, 10, 12, 14,? and finite upper bounds for the g;, in these cases 
were obtained or indicated. The general existence proof of g; for all positive 
integers k was established by Hilbert, in 1909, in a famous paper.*’ The main 
part of Hilbert’s proof is of transcendental character, since it is based on the 
transformation of a certain quintuple integral (25-fold in the first presentation, 
in the Nachrichten der Gesellschaft der Wissenschaften, Gottingen). The tran- 
scendental character of Hilbert’s proof has been gradually eliminated by various 
authors, but it still has the character of a pure existence proof. It is in connec- 
tion with Waring’s problem that Hardy and Littlewood have made the most 
fundamental and revolutionizing progress.’ If we are to use generating functions 
in Waring’s problem, the problem would, for the case k = 3, present itself as 
follows: 

In fle) = A $a + a® + ++ )8 = 1 + ee + coe? + ee H oent® + oe, 
how large must the exponent s be chosen vn order that all c, shall be > 0? — 

As a matter of fact, for reasons already mentioned, one is much more interested 
in the number s which is large enough to ensure that all c, for sufficiently large n 
are positive, thus determining a number Gs such that every sufficiently large 

1 (14), (17). 

2 Waring, Meditationes Algebraicae, 1770. 

3 (1), (2), (18) or Kempner, Das Waringsche Problem, Diss. Gottingen, 1912. 

4 Mathematische Annalen, vol. 67 (1909), p. 281. Hilbert’s proof does not give a method of 
actually determining an upper bound for gz, however large, for any single k. (It is true that 
Hilbert gives some indications as to how an upper bound might be determined from his paper, 
but these suggestions have never been carried out. The results which might be thus obtained 
would certainly be incomparably less precise than the results obtained by Hardy and Littlewood 


in their new work.) 
* (15), (18), (19), (20), (22), also (23), (24), (25), (26), (27), (28), (30), (31). 
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number may be represented as the sum of not more than G3 cubes (and similarly 
for kth powers). From its definition, G, S gx. This inequality is very inter- 
esting. There can be, from divers considerations, little doubt that for all k = 3 
really Gi < gz, but the only cases for which this question is settled, even using 
all the new results of Hardy and Littlewood, is G: = gp = 4; G3 = 8, gs = 9.) 
If we were in possession of a theory of the series (1 + 2° + 2°4 .. -)* in the 
sense in which we happen to possess a theory of the series (1 + 2a! + 2¢+ ...)4 
in the theory of elliptic functions, we might hope to discover some other expan- 
sion of the function from which we could learn something about our coefficients 
in dicnw”. However, we have no such theory; the elliptic function theory 
employs only functions of the type mentioned last. Hardy’s and Littlewood’s 
main contributions? to Waring’s problem may be briefly said to consist in the 
following: 

(1) They invent means of proving that, for s > (k — 2)2*1-+ 5, at most a 
finite number of coefficients of (1 + a+ a+ ---)§ = Yenx" vanish, that is, 
they prove that all sufficiently large numbers are a sum of (k — 2)2"1-+ 5 or 
fewer positive kth powers. 

(2) Beyond this they determine the “order of magnitude” of c, as a function 
of n, thus determining for any given exponent k the order of magnitude of the 
number of different manners in which a given large number n may be written 
as the sum of s or fewer kth powers. It is reasonably safe to say that nobody 
had dreamed that our mathematical power was great enough to even attempt 
a problem like this. 

7. We naturally ask whether no work was done, with the exception of the 
large but very special body of results connected with the theta-series, on the 
basis of Euler’s generating functions during the century and a half between 
Euler’s Introductio and Hardy’s and Littlewood’s and Ramanujan’s accomplish- 
ments. The answer is that an enormous amount of work was done in this 
direction, first of a formal ‘“Combinatory Analysis” character, incorporated by 
MacMahon into (5), then about the middle of last century powerful algebraic 
methods were applied by, among others, Cayley and Sylvester.’ Also, in simple 
cases, the Cauchy calculus of residues was employed to determine the coefficient 
Cy of the expanded power series. At present, we illustrate these algebraic methods 
by an example which has been often used for this purpose, so by Hardy.*. We do 
this to bring out two points. 


1 Since a cube is of one of the three forms 9k + 1, 9k — 1, 94, it is clear that every number of 
the form 9k + 4 requires at least four positive cubes, t.e.,G; = 4. A situation similar to the one 
revealed by the inequality G; < g3 has been known to exist, since a century, in another problem. 
We consider the polygonal numbers of order m: cy = $:u(u — 1)(m — 2) + 3 co = 0, c1 = 1, 
Co =m, --:. It is clear that the number m — 1 requires m — 1 summands from the set Cu. 
Yet, Legendre (Théorie des nombres, vol. 2, 3d ed., 1830, p. 350) proved that every even number 
> 28m? is a sum of four or fewer cu’s, every odd number > 28m’ a sum of five or fewer cy’s of which 
at most four need be chosen > 1. The extra summand I which appears in the statement for odd 
numbers is, not unlikely, only due to the method of proof. 

2 Hardy and Littlewood really do more; we refrain from quoting the formule embodying 
their results. 

> (1), (2), (3), (4), (5), (6), (7). 

4 (13), (18). 
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Consider the number N(n) of partitions, with repetition, of n into summands 
1,2, 3. For example, N(5) = 5. 
A generating function is clearly 
f(z) = A+at+a?t+at-s-)A4+a?4+at+ a°+ ---)A1+a34 a+ 2+ ---) 
= [(1 — x)(1 — 2*)(1 — a*)y™ 


Breaking up into partial fractions: 


1 1 17 ] I 
f© = sq pit tet ma wt a wt OG Se) 
1 
+ Ge’ w+twtl=d0, 


f(x) = ty 2b ee oe -+) + Z(1 + 2a + 32? 4 ---) 
+4#7iteatart---)+3l-ate—.:-- 
+ 40 + wat wa? + ---) + $d + ort w?+ ---), 


from which 


m= te =(— 1+ =~ F@tHDt5MtVOt, 


wherrea =owto’,wto, 1+], “we as n = 1, 2, 0 mod 8, resp.; 


_ 41 ayn og et L 9 
_ ayn 42, os oem i 9 


This is the formula for N(n), and it therefore represents a positive integer. 


Hence, from 
2 1 
— 1) 4 A203 7 , 
i+. 5 | yr + = COs 3 < 5 


N an = integer slosest to ~s(n + 3)’. 


The number which we have found is Sylvester’s “denumerant,”’ 


N(n) = 


n 
1, 2,3 
Similarly, the denumerant 
n 

Nia) = = 
Qi, G2, ***, Om 
represents the number of partitions of n into summands chosen from ay, do, -+-, 
Qm. The rudiments of a calculus of denumerants exist, but the formule are for 
the most part recurrence formule which do not give a satisfactory answer to the 
general problem of determining the value of N(n). Jacobi, who, as we have al- 


the notation 


ready seen, also worked in the field of partitions, used for 


N(n = 1-a1 + 2-a_ + 8-23), 2; 2 O. 


3 3 
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The following quotation from Sylvester will show the importance he attached 
to the theory of partitions: “Partitions constitute the sphere in which analysis 
lives, moves and has its being; and no power of language can exaggerate or point 
out too forcibly the importance of this till recently almost neglected but vast, 
subtle and universally permeating element of algebraic thought and expression.” 
(Quoted by Bachmann, (1) p. 104.) 

8. The two points to which we wish to call attention are these: 

n 

To3 
complex roots of unity. 

II. It consists of parts of two different types, one part monotonically increas- 
ing with n, the other part of oscillatory character. 

These latter form essentially the famous “waves” of Sylvester. In a rather 
formal manner these denumerants have been carefully examined and we must, in 
justice, say that the problem of finding the total number p(n) of partitions of a 
number into positive summands was, in a certain sense, solved by such methods 
in 1914 by Csorba.2. The formula is of elementary character, containing, as it 
does, only finite summations and products. Little more than this can be said 
in its favor. It would probably be impossible to obtain from it any information 
concerning the order of magnitude of p(n); hopeless to attempt to read from it 
when or whether p(n) has a value ~ 0; impossible to carry through the com- 
putations for any but the very smallest values of 7. 

9. Hardy, in his beautiful inaugural lecture (18), illustrates the new method 
of procedure in problems of partition by a brief discussion of the problem treated 
in section 7. It is first mentioned that the following method must have sug- 
gested itself not to one or two, but to many mathematicians. It amounts to the 
determination of the residue of an analytic function. We consider 


1 
1) = wa wa way TE bee peat hore pena ho 


involves in a natural and, indeed, probably unavoidable manner 


as an analytic function of the complex variable x. Its sole singularities are simple 
poles at certain points of the circumference of the unit circle, namely, at 
1, —1, w, w @’+o+1=0). Therefore, by Cauchy’s integral, c,, the 
number of partitions required, is given by 


_1 sf@ 


n , m+"? 
27 Sra 


where the integration is carried around a circle I’ of radius r < 1 about the 
origin. This integral can be evaluated in the following manner: we deform 
the path as in Figures 1, 2, 3 (see Part II). Then 


ae ae ae 
(1), 2). 


2 Mathematische Annalen, 1914, vol. 75, pp. 545-568. 
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where we may choose the circle I; as large as we like, and where we assume that 
all integrals are taken in a positive sense (thus accounting for the four minus 
signs in the last formula). But on account of the denominator x" in the 
integrand we are sure that, for sufficiently large values of n, | S'p,| <6 € > 0 
arbitrarily small, so that 


1 ff@) 


__ 1 F(@) 
Ini Jp ar = mf Jt Lt StS eae 


The problem thus reduces to an exercise in Cauchy’s Calculus of Residues. 

10. Cannot this method be extended to all problems of partition? For example, 
to the problem II of section 6 (total number of partitions of n, with the generating 
function II%,(1 — 2*)1), or to the problem VI (Waring’s problem, with a 
generating function (1 + 2+ a+ ---)*)? We do not have to seek very 
far for an answer to this question. In cases where our generating function 
has a finite number of singularities, of so mild a character that we may hope to 
integrate f(2)/a"*+! around each one separately, and if f(z) exists in the entire 
complex plane and behaves for large values of |a| in such manner that we may 
expect to integrate f(z)/2z"™! around a large circle about the origin (or around any 
large closed contour extending far enough in all directions), we may hope to 
succeed by this method. 

Unfortunately, these prerequisites are satisfied only in the simplest cases, 
notably when f(x) is a simple rational function. This represents but a very 
small subclass of the totality of partition problems, and these not the most 
interesting or important. 

Consider the two problems last mentioned (II and VI of section 6). In 
problem IT, f(x) = [71 — 2})(1 — 2)(1 — wv’) ---]" has obviously a singular 
point at every point on the unit circle representing a root of unity, that is, the 
singular points are everywhere dense on the circumference so that the unit circle 
is a natural boundary for the function, across which the function can in no 
plausible way be extended, quite apart from the fact that it would not be possible 
to integrate around the individual singularities. Similarly, in problem VI, it is 
known from general theorems in the theory of analytic functions that 
(1+e¢"+ a*+ ---) and therefore also f(x) = (1+ a"+ a%+ ---)* repre- 
sents, for k > 1, a function which has the unit circle for a natural boundary. 
It is therefore to be expected that an attack based on the evaluation of the con- 
tour integral—up to this point the work can usually be carried, except for possible 
minor modifications—will require essentially novel methods and a most searching 
examination of the integrand and its behavior on or near the natural boundary.1 
This is exactly what Hardy, with Ramanujan and Littlewood, and making use 
of an independent investigation by Weyl, has succeeded in doing.” 


1 Compare with this the simplicity of the problem of finding the number of compositions of n. 
The generating function x*:(x — 1)~* has 2 = 1 as sole singularity in the finite part of the plane. 
21t is true that Hardy and Littlewood arrange their proofs in the manner that they start 
out from an arbitrary n (the number to be partitioned) which is then held fixed, so that the number 
of summands is limited (= n) for any mode of partition. Therefore, for the given n, the gener- 
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11. As the authors insist, there is nothing novel in their plan of attack up 
to the point of evaluating the integral, or, to be accurate, of determining its order 
of magnitude as a function of n for large values of n. To quote again Landau, 
an enthusiastic admirer of the English mathematicians and possibly the world’s 
foremost authority on the subject of the analytic theory of numbers: The attempt 
to use Cauchy's integral seemed almost “ schiilerhaft,”’ in view of the obstacles which 
were to be expected along this road. The work is evidence enough that genius 
of the highest order and most dogged perseverance were required to overcome 
these difficulties. Hardy tells us that in the treatment of Waring’s problem 
Littlewood and he were at one point held up for two years, and that they finally 
succeeded only by linking up their work with the independent investigation by 
Weyl mentioned before. 

Hardy’s and Littlewood’s later work which is still in full progress tends to 
smooth off somewhat the roughest and most painful bumps of their first trail. 
That the work is in its final shape seems hardly probable. Already parts have 
been simplified by Landau,! Weyl,! Ostrowski Besides, Landau? and Siegel ? 
have extended Hardy’s and Littlewood’s results to more general problems. 
The papers in which the theory is developed are scattered in many journals, as 
is seen from the literature list. The rudiments of the theory appear to go back 
to at least the Cambridge Mathematical Congress of 1912. For this, compare 
two long papers by Hardy and Littlewood.’ The influence of Hardy on Ramanu- 
jan and the influence of Ramanujan on Hardy can be traced from Hardy’s 
very appreciative article in honor of the memory of the Indian Mathematician.‘ 
The first papers dealing with the theory from the standpoint of analytic functions 
of a complex variable were (9), (10), (11), (12), (13). Before the theory was 
farther developed, Ramanujan died (1920). The most delicate parts of the new 
theory were worked out by Hardy and Littlewood in joint papers. 

Up to the present time co-workers in the new field seem to comprise, as far 
as can be judged by the articles printed, German mathematicians exclusively 
(Weyl, Landau, Ostrowski, Siegel). Before sketching in greater detail the con- 
tents of one of the papers (13), we quote two more passages from Landau’s 
ating function might have been chosen as fi(a) = [(1 — v!)(1 — 22) +--+ (1 — 2*)]—, instead of 
allowing for an infinite product, and the singularities (on the circumference of the unit circle) 
would now be poles (and nowhere dense). It may therefore seem unnecessary to consider gen- 
erating functions with the unit circle as natural boundary; but, on the other hand, the set of 
singular points of f:(x) depends on n, while the set of singular points of f(z) is independent of n. 
It is likely that the apparently simpler case is really the harder one to treat, in somewhat the same 
sense in which it is ordinarily harder to deal with a large number of terms of a series than to deal 
with the infinite series and harder to deal with a finite summation than with a definite integral. 
In the same way, in problem VI for a given n we might think of choosing the rational function 
(1 + al + yo 4+ --- + 4”*)s, or a still simpler function, instead of the transcendental function 
(1 + a! + 2% + --~ in inf.)*. 

* (25), (26), (30), (31), (27). 

2 (26), (28). 

§ Hardy and Littlewood, ‘‘Some problems of Diophantine approximation,” Acta Mathematica, 
vol. 37, 1914, pp. 155-191 and pp. 192-2389. 


4 Proceedings of the London Mathematical Society, 2d ser., vol. 19 (1921), xl-lviii. See also 
this Montutiy (1920, 316, 338; 1921, 136, 224, 458). 
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excellent report,’ already referred to: Etwas ganz Gewaltiges ist es, was meine 
Englischen Freunde geleistet haben, and: Ich freue mich, erlebt zu haben, dass die 
additive Zahlentheorie Methoden erhalten hat. 


(To be concluded in the next issue.) 


A CONTRIBUTION OF LEIBNIZ TO THE HISTORY OF COMPLEX 
NUMBERS? 


By R. B. McCLENON, Grinnell College. 


One of the most important and fascinating chapters in the history of mathe- 
matics is the development of the concept of complex numbers. Certain parts of 
this development have not yet been adequately treated by writers on the history 
of mathematics; and among these is to be mentioned the work of Leibniz. 

It may be worth while to recall that neither the Hindu nor the Arabian 
algebraists, nor the medieval Europeans, had recognized any possibility of 
attaching a meaning to a square root of a negative number; indeed it was only 
the exceptional writer who recognized even negative roots of equations.’ In the 
sixteenth century, Tartaglia and Cardan, in the formula for the roots of the 
cubic 2? + ax = J, viz., ) 


a ae 
x= N95 — + — ~ — a{/—-- — 
Nat Vat a7 t No Nat 97’ 

noticed that in case (67/4) + (a3/27) were negative, the value of x would involve 
an “ impossible” expression; and accordingly this case came to be known as the 
“irreducible case,’ a term which persists down to the present time. Vieta 
(1540-1603), the greatest algebraist of his time, contented himself with working 
out a trigonometric solution for the cubic in this case.*— Descartes, in connection 
with his ‘‘rule of signs,” mentioned the existence of imaginary roots in an algebraic 
equation, but did not enter upon any discussion of them.° 

It is now almost exactly 250 years since Leibniz, then a young man of 25, 
first entered upon the serious study of the possibility of getting some clear mean- 
ing out of these so-called “ impossible” quantities. The inspiration for this 
work came to him through the study of Bombelli’s Algebra, a standard work which 
had been published at Bologna in 1572 and reprinted in 1579. Leibniz was not 
at all satisfied with Bombelli’s discussion of the “ Cardan” formula for the 

1 (24). 

2 Read before the Iowa Section of the Association, April 27, 1928. 

3 For example, Leonardo of Pisa. Scriiti (ed. Boncompagni), Rome, 1857, II, pp. 239, 248. 

4Zeuthen, Geschichte der Mathematik im XVI. und XVII. Jahrhundert, Leipzig, 19038, pp. 
91, 117; Cantor, Vorlesungen tiber Geschichte der Mathematik, vol. II, 2d ed., Leipzig, 1900, p. 
636. Vieta’s construction is given in detail in Montucla, Histoire des Mathématiques, vol. I, 


2d ed., Paris, 1799, p. 605 ff. 
5 Cantor, loc. cit., p. 795. 
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solution of the cubic equation, especially in the irreducible case. In a letter to 
Huygens,’ he expresses his dissatisfaction with Bombelli? for not accepting 
Cardan’s formula as adequate in this case; and proceeds to make these three 
assertions: (1) that Cardan’s formula is universally valid, (2) that by means of 
this formula every cubic equation can be solved, and (3) that roots of all even 
degrees can be formed which contain imaginaries and yet which are themselves 
real. As an example of this last, Leibniz mentions that 


Vit v¥—34+ 1- V-3 = W. (1) 


He also says in this same letter that he has found “a method for extracting, 
either exactly or approximately, the roots of binomials where imaginaries enter.”’ 3 
In reply to this communication, Huygens expresses his astonishment at the 
relation (1) in these words: ‘ The remark which you make concerning roots that 
can not be extracted, and containing imaginary quantities which when added 
together give none the less a real quantity, is surprising and entirely new. 


One would never have believed that | 1+ v—3+ 4 1 — V—3 would make 
v6, and there is something hidden in this which is incomprehensible to us.’ 4 

‘Leibniz evidently spent considerable time and effort on the question of the 
meaning of imaginary expressions, and the possibility of securing reliable results 
by applying to them the ordinary laws of algebra; for Gerhardt found among 
Leibniz’s papers a discussion of the solution of algebraic equations which, al- 
though undated, bears every evidence of having been written at about this 
time (1675).° It is published in the Briefwechsel, pp. 550-564, and although it is 
one of the first significant documents in the history of complex numbers, it has 
not hitherto, so far as I know, been described by historians of mathematics.® 
A rather full description of this paper will accordingly be worth while; and not 
alone because it has historical importance, but also because the clear-cut way in 
which Leibniz presents many of his points offers valuable suggestions to the 
teacher of the present day. 

After stating the condition under which a quadratic equation will have real 
roots, Leibniz continues, “But if now a simple, that is, a linear equation, is 
multiplied by a quadratic, a cubic equation will result, which will have three 


Der Briefwechsel von Gotifried Wilhelm Leibniz mit Mathematikern, ed. C. J. Gerhardt, vol. 1, 
Berlin, 1899, pp. 547, 548. 

? This dissatisfaction may perhaps not have been altogether justified, as Bombelli in reality 
shows considerable skill in handling imaginary expressions. Cf. his L’ Algebra, parte maggiore 
dell Arithmetica divisa in tre libri, Bologna, 1572, pp. 292-293. 

3 Loc. cit., p. 549. 

* Loc. cit., p. 566. 

> Gerhardt gives the date 1673; but the editors of Huygens’s Works think 1675 more probable. 
The difference is of no moment in this connexion. 

® Cantor apparently refers to it (Geschichte, vol. III, p. 105 (1894 ed.)) but gives no detailed 
information. He undervalues the significance of equation (1) above when he says: “Leibniz’s 
formula was to be sure a striking example, but it did not bring the question of its real meaning a 
single step farther.’”’ The obvious advance shown in Leibniz’s paper, summarized in this article, 
shows that Cantor’s dictum is in this case too severe. 
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real roots if the quadratic is possible, or two imaginary roots and only one real 
one if the quadratic is impossible.”’ He then points out that it is exactly in the 
case where all three roots of the cubic are real that the difficulty in the use of 
Cardan’s formula lies: the roots of y? + gy — r = 0 being 


——— a 
=A\r4 reheat Vtee. 
an \3+ ata No7 Nat 97 

“How can it be,” he says, “that a real quantity, a root of the proposed equation, 
is expressed by the intervention of an imaginary? For this is the remarkable 
thing, that, as calculation shows, such an imaginary quantity is only observed to 
enter those cubic equations that have no imaginary root, all their roots being 
real or possible, as has been shown by trisection of an angle, by Albert Girard 
and others.! * * * This difficulty has been too much for all writers on algebra 
up to the present, and they have all said that in this case Cardan’s rules fail.” 

Realizing clearly, then, the nature and difficulty of the problem, involving 
as its solution did a decisive step in advance of all his predecessors, Leibniz set 
to work to get to the bottom of the matter. He was led to the solution of the 
problem by an analogy in a similar situation.2. “It will be useful to mention 
how my mind was led to the solution of this problem. : once came upon two 


equations of this kind: 2? + 7? = b, zy = c, whence 2” = —, and S05 + 7? 


and y* — by?+ ¢ = 0, or y? = ; + \7-¢ y= nhs —c*. Substitut- 


2 
ing therefore this value of 7? in a? + y? = 6, I wrote 2’ - 3+ ie = 0, or 


a — 
“= \2- — — ¢, But c was greater than 6, and therefore ‘e —c* was 


an imaginary quantity. However, I knew otherwise that the sum of the un- 
knowns x + y was a real quantity and equal to a certain line d, which puzzled 
me greatly, for inasmuch as I had deduced from the preceding calculation that 


b BP, b b? 
d=aty=WVet41--@C+N ,o& I did not understand how 


such a quantity could be real, when imaginary or impossible numbers were used 
to express it. JI therefore began to retrace the steps of my calculation, suspecting 
an error; but in vain, for the result was always the same.. At length it occurred 
to me to try this operation: put 


Ib 5? Ib BR 
d = aN ee — — 77 oe = A+ B; 


a 
1 Girard, Invention nowvelle en l Algebre, Amsterdam, 1629. Vieta had given the solution by 
trigonometry earlier than Girard. (See note 4, p. 369.) 
2 Leibniz, loc. cit., pp. 553 ff. Leibniz uses the sign r— for equality, but otherwise his symbols 
are as here given. The sentences in quotation marks are literal translations from the Latin 
original, and all omissions in the midst of a quotation are indicated by asterisks. 
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hence, squaring both sides, 


P= A+ Bt 2AB = 34+ 7 Po e+h- 7 e+ 2. hs 


Therefore d? = 6+ 2c, and d = Vb + 20. Therefore, equating the two values 


of d, 
WFR = V+ Joe apt [ee aie 


If we put b = 2 and c also = 2, there results 


V6 = 1+ V—3+4 41 - V—3. 


I do not remember to have noted a more singular and paradoxical fact in all 
analysis; for I think I am the first one to have reduced irrational roots, Imaginary 
in form, to real values without extracting them.” 

Thus Leibniz was led to what he called a siath arithmetical operation, viz., 
the reduction of imaginary expressions to real form. He then proceeds to apply 
this operation to the Cardan form of the roots of a cubic equation. And first, 
he extends the principle of the preceding work with square roots to cube roots, 
as follows: 


“Let 2b be a certain quantity: it can be written also in this way: 6 + V— ac 


+h —~vV—ac. For although V— ac is an imaginary quantity, yet the sum is 
none the less real, since the imaginaries are destroyed. Let this formula be 


divided into two parts, the binomial b + Vv — ac and the ‘apotome’!b — Vv — ac, 
and let us investigate the cube of each separately: the cube of 6 + Vv — ac will be 


b? — acV — ac — 3bac + 30°V — ae, 
and the cube of 6 — V— ac will be 
b? + acV — ac — 3bac — 30°V — ac, 


A area 4 [Pt aed 
— 3bac + 30?V — ac — 3bac — 3-V— ac 


| — gicd ./° jes — g33 — 
+ 6a@°b? + 3 + 6a2e2b? = 26, 
Sbac + | 9b*ac Sbac 9b*ac 


orb + V—actb—v — ae. | 
“But if now from a binomial of this kind the cube root can always be 
extracted, as it can from this one, then certainly the imaginaries can always be 


1 This is the designation used by Euclid in Book X of the Elements. (Heath’s edition, vol. 
III, pp. 5-7.) Cf. Heath, History of Greek Mathematics, Oxford, 1921, vol. I, p. 407. 


and therefore 


or 
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removed from a binomial and an ‘apotome’ when they are joined together. 
But since it can not always be extracted from a given expression in the form 


\i+\r-2 = re _g, 


such as cubic equations give, that is, since the given quantity 7/2 can not always 
be separated into two, b? — 3bac, nor the given quantity (77/4) — (q3/27) into 
three, — a’c*? + 6a’c?b? — 9b*ac, without another equation, equally as difficult 
as the given one, therefore it happens that we can not always eliminate the 
imaginaries from real quantities. 

“But it will be useful to give examples in rational numbers. Take the 
equation, which also Albert Girard used:! 2? — 132 — 12 = 0, whose true root 
is 4. From the formulas of Scipio Ferro or Cardan, 


2 = V6 +47 24 Ao — [= 
27 


I will prove that this expression is correct and real, and must be admitted. Put 
a=2+v—14+2- V—1,and certainly x will be equal to 4, as the equation 
postulated. Now let us see if the Cardan formula can be derived from this. 
Certainly by cubing and applying the above formula b+ V— ac + b — Vv — ac 


to this, making b = 2, and ac = 4, we shall have for the cube of 2 + Vv — 1 this 
formula:? 


1 
27 
+8 1 ,_ 
~3,2,4= —-24 77 Op 497 
i — 1296 
— 9, 16,5 = 97 
— 1225 


or, adding up, 6 + In the same way the cube of 2 — Vv — i will be 


27 


6 — 4/2, and hence {6 + «| — 42° = will be 2+ Vvy—i Sand No — [22 1226 


will be 2— V—# and, by joining the binomial to the ‘apotome,’ x or 


Vet (= = 25 4 Ae — [= 1 37 will be the sameas 2+ V= 4 4+2— V2, 


that is, will be 4, as was oroposel to show.” 
Leibniz adds an example where a negative number (— 6) is a root of the 


1 Loc. cit. 

2 Leibniz, it will be observed, here uses commas to indicate multiplication; he later introduced 
the dot which has been universally adopted. Cf. Tropfke, Geschichte der Elementarmathematik, 
vol. 2 (2d ed.), Berlin and Leipzig, 1921, p. 24. 
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cubic, x? — 48x — 72 = 0, and establishes the fact that 
4/36 + V— 2800+ 4/36 — V— 2800 = — 6. 


He finally takes the bull by the horns, substitutes in the cubic equation 
a® — gx — r = 0 the expression for z given by the Cardan formula, and shows 
by actually carrying out the algebraic reductions that the equation is thus 
satisfied. 

The rest of the memoir is devoted to a discussion of the great difficulty of 
extending the methods of solution to the 5th, 6th, and higher degree equations, 
with emphasis upon the necessity of doing this. The concluding sentences are 
as follows:! “For this evil I have found a remedy and obtained a method, by 
which without experimentation the roots of such binomials can be extracted, 
imaginaries being no hindrance, and not only in the case of cubics but also in 
higher equations. ‘This invention rests upon a certain peculiarity which I will 
explain later. Now I will add certain rules derived from the consideration of 
irrationals (although no mention is made of irrationals), by which a rational root 
can easily be extracted from them.” 

Here the manuscript breaks off; no doubt Leibniz became convinced that 
he could not carry his “ method ”’ as far as he had at first supposed, and thus the 
essay was left unfinished. But the influence of this work of Leibniz is seen in 
the writings of Tschirnhausen on the one hand and of John Bernoulli on the other, 
each of whom received stimulation and valuable assistance from Leibniz in the 
field of algebra. Thus this particular memoir on complex numbers, although 
remaining unpublished for two centuries, is an interesting and important docu- 
ment in the history of mathematics. 


VECTOR ANALYSIS OF A SURFACE. 
By J. B. REYNOLDS, Lehigh University. 


A variable vector r depending upon two independent scalars u and v may be 
taken as defining a surface. If v is constant, the vector r defines one of a family 
of curves lying on the surface called w-lines, while if wu is constant, we have one 
of the family of v-lines lying upon the surface. If there is a relation ¢(u, v) = 0, 
we have a general curve upon the surface. So 

Now t = (@r/du) is a vector parallel to a tangent to the general curve, 
and t, = (@r/du) and t, = (0r/dv) are vectors parallel, respectively, to tangents 
to the uw- and v-lines. 

The vector n” = t, X t, is parallel to the surface normal, while the vector 
dt,/du, t, being a unit vector parallel to the tangent, is parallel to the principal 
normal to the curve, and lies in the osculatory plane 

Again, n’ = t’ X f is a vector parallel to the binormal, t’ being-dt/du. 


1 Briefwechsel, p. 564. 
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Considering » as a function of wu, and calling p = (dv/du), we have 


dr 
t=— = t,+ vt, 


in which ¢ is parallel to the tangent to the curve and will be defined for a chosen 
value of p. 

Now if w is the angle between the principal normal to the curve and the 
normal to the surface at any point, we have, using the notation above, 


n:-n’’ = non)’ cos a, 


the subscript zero indicating the absolute value of the vector, or 
it (t, Xt) = (2). (t, X ty)o cos w 


But, R being the radius of curvature of the curve, we have 


_ _b 
R ( dt, ) , 
du 0 
so we may write 
o 
COSW _ (a Xb) (1) 


R 7 TE x ty)o 


If w = 0 or z, R becomes the radius of curvature p of a normal section of 
the surface, giving R = + p cos w, which is Meusnier’s theorem. 
We have, therefore, for a normal section 


(Ga) eX (2) 
to(tu X by)o 


From f = t, + pt, it follows that t X t, = t, X ft, since t, X t, = 0 so that 


(2). (t, X t,) = sid (tX ty) -(Sxt)-t = Sn'-t, 


because (dt,/du) X t is parallel to the binormal. 
To determine the value of the scalar multiplier S, we note that our assump- 
tion Is 


i_ 
p 


qa t= Sn’ =S(t' X bo). 
Now 
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therefore 
dt, _ (t-t)t’ — t¢.t’) 
| du (t-£)3/ 
whence 
dt y, t= @-0¢ xX 0) — 0 tx t 
du (t-£)3/? to 


whence S = 1/to, giving 
1 net = ¢€Xxt-t | (3) 
t” (ty x ty) 0 to" (tu x ty) 0 


Since the direction of the curve at a point is determined by a constant value 
of p, we have, from ¢ = t,, + pt,, 


t’ = bun + 2ptuy + pty 


1_ 
p 


so that 
(€’ x t) ‘t, = {tou + 2ptuv + Dtvy | ‘(fy x ty), 


whence 


L_ flaw + 2ptue + pie) 4) 
p {fyb + 2pt,,-t, + pt, ‘Ey }ng” 
To find the maximum and minimum values of p we put (0/0p)(1/p) = 0, resulting 
in the equation 
(b,botyy — t, ‘Extuy) np? + (t,, ‘Luly, —_ t, ° tytuu) nn 

+ (birtuti — turbotun)-n’’ = 0. 
If p and p’ are the roots of this equation, 


_ (t, bytuy —_ ty bxtoy) nn!’ 


pT Pp = (by byt, — by -bytyy) nn” 
and 
Pp = (ty, bt — ty boty) nn” (5) 
whence 
ty -topp’ + to-tu(p + p’) + tutu = 0 (6) 
or 


That is, sections of maximum and minimum curvature are perpendicular to 
each other. 


We have then, if p; and pe are the principal radii of curvature, simplifying 
(4) by (6) and the expression for p + p’, 


] _ (lay + ploy) mn 


+ (baw + D' toy) nn! 
Pi (t, ° t, + pt, ° t,)No”’ 


(tty + p’ty-t,)no” 


and adding, we obtain for the mean curvature at any point by means of equations 


and = (7) 
Po 
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(5) and (6): 
i,t _ (28, -tytuy — ty bxtuy — by tut) nn’ ; 
Pi Po No’ [(ty ty)? — (€,,°€,,) (t, ty) 
But since 
no!” = (ty X ty) (ty X tb) = tt X (te X b) 
= t, -(.(6,-t,) — tL(-t,)] 
= (f,-tu) (ft) — (t,t), 
we have 
1 1 by bytuny tuctutoo — 2turbtuy)-n” 
panes See Eo Fob Pfu buboe — Pla boty) , (8) 
Pil pe No 


In like manner we find for the total curvature 


1 bul (by nn") — (ty nn’) 
Ls (town) to 0) = (bao rt) 9) 
P1p2 No 


At umbilics the curvature of all normal sections is the same, so by (4) 


nll nll nl 
bu N” _ bw" _ by 0’ (10) 


for the determination of such points. 
If p = 0 and p’ = &, we get from (4) for the curvature of principal sections 


1 t,,,,:n’’ 1 ten” 
Sa TE =" 11 
pi (tuta)mo”’ pp (Eby rao” GD 


If the curves of reference are lines of curvature, we must have the conditions 
that they intersect perpendicularly, and that p’ = © when p = 0. Considering 
the quadratic for p we may write for these conditions 


t,t =0 and nt», =0. (12) 
So, basing our analysis on lines of curvature, we have by (4) 


1 _ (a + Dt yy) mn 
P1 (€,,- by + pt, -ty)No”’ 


and 
1 _ bau + p toy) nn!’ _ 


po (tute + p'ty-ty)no” 


whence, since the sections are perpendicular and 
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we find 
1 1 _ tn” ty» on’ 
P1 pe ty ° tno’ t, ° tno” 


_i Lau bow ni! 
=e te | nm 


That is, the sum of the curvatures of mutually perpendicular sections is constant. 
Again, using lines of curvature as reference lines, in general, by (4) 


(bau + pty) mn . 
(t,, ‘ty, + pt, . t,)No”’ 
If 6 is the angle between the plane of the normal section in question and the 


plane of the normal section containing the tangent to the w-line at the point, 
we have 


1_ 
p 


(tu + pt) X tule 
— p(t, x tn)o 


whence 


because no!” = (t,-ty)(ty-t,) — (t,-t))? and, in this case, t,-t, = 0, so that 
we have 


1 tin!” ; , no 
_= cos? 8 ° sin? 0 
p Not, by T ot, ty 
cos? @ , sin? 6 
= ’ 
Pl P2 


which is Euler’s Theorem. 
Since for elliptic points the curvatures of both principal sections have the 
same sign, we have by (9) for such points 


(bu) (bry 1”) > (Ey 0")? 

and (13) 
(tau n’’) (tyy ‘n’’) = (buy ny? 

for parabolic and hyperbolic points respectively. 


As in the first part of this article, considering the angle w between the surface 
normal n and the principal normal n” of a curve on the surface, we may write 
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(n X n"’)o = NoNo” sin w whence 
dh yt, x t) | 
du 0 


(“) (t, X te)o 
du 0 


RL SEX 6X by | 
— [du Jo 


fo(tu x t,) 0 
Now 24 = is parallel to f X (¢ X t’) whence 


sin w = 


du 
Hr = sft X EXE}, 
du 
s being a scalar. To determine s, we have, from f = = 
dt, _ é-Ot — ttt’) 
du (t-f)3” 
and 
tx €Xt’) =tt-l) —t(t-O, 
that 
_~_ i __t 
(t-t)3! t,° 
and finally 


sinw _ [(t X tu) X {tx EX l)} lo. 
R to*(t, x ty) 

If w = 90° we have for R the radius of the projection of the curve in the 
tangent plane at the point; hence, if R; is the tangential or geodesic radius of 
curvature, we may write 

1 _ [eX te) X EX EX EDIo, 
Ri to*(t, x t,)o 


By two applications of the vector formula a X (6 X c) = O(a-c) — c(a-b) 
to this we get 


(14) 


(15) 


Re tot(tu X tr)o 


Now, referring to lines of curvature as reference lines, in which case f,,-t, = 0, 
we find, since f = t, + pty, 


Ll [pt bet) — Gut) Gt) Vach + Pht | 


Rk, to (t, x ty)o 


To find the equation determining geodesics, we have that the normal to a 


(16) 
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geodesic coincides with the normal to the surface giving w = 0 whence 
1 snw _ 0 


R, 2k 


so that for geodesics we have 
(t-tu) (yl) = p(by-t) (fl). (17) 


This results in a second order third degree differential equation to determine 
such curves, because in general 


t’ = tou + 2ptuy + pty, + af 
du 


Application. Consider the torus whose rectangular equation is 
(+ Pt e+e — a) = 42? + y) 


generated by revolving the circle (x — c)? + 2? = a? about the z-axis. 

Letting u be the angle between the radius to any point on a circular section 
and the zy-plane, and v the angle between the plane of the section and the az- 
plane, we may write for a vector equation of this surface 

r = (e+ a cos u) cos vt + (e + a cos u) sin vy + a sin uk, 
i, j, and Rk being mutually perpendicular unit vectors parallel to the 2-, y-, and 
z-axes respectively. 

From this we obtain 


t, = —asinucosvi — asinusin vj + a cos uk, 

t, = — (ec tacos u) sin v1 + (ec + a cos u) cos VJ, 

tu = — 4 cos u cos 11 — a cos USIN YJ — asin UR, 

ty = — (ec +a cos u) cos v1 — (c+ 4 cos u) sin YJ, 

ty» = asin usin vi —-a sin u Cos VY, 

n’=t, Xt, = — a(e+acos u) cos ucos vt — a(e + a cos U) Cos usin J 


— a(e + a cos u) sin uk. 


To ascertain by (12) whether our lines of reference are lines of curvature, we 
have 
t,t, = a(e + a cos uv) sin u sin v cos v — (ec + a cos U) sin u sin Vv cos Vv = O, 


Nn" -ty = — a@(e + a cos u) sin u sin v cos u cos 0 
+ a*(e + a cos u) sin wu sin v cos u cos »v = 0, 
so that these conditions are met. 
To determine the total curvature by (9) we have 


tin’ = a(c + a cos u); t,,:n” = a(e + a cos u)* cos u 
tin’ =0; nj”? = a’(e + a cos u)? 


giving the expression 
“1 COS U 
pipe ale +a cos u) 
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so that, according to (13), if c > a we have elliptic points, — (a/2) <u < (x/2); 
parabolic, « = - (2/2); and hyperbolic, (7/2) < u < (3/2)q. 

Ife < awe have elliptic points for — (1/2) < u < (2/2) and for t — cos (c/a) 
<u< 2+ cos? (e/a); parabolic, w= -+ (7/2); infinite curvature, u = 7 
+ cos (c/a); and hyperbolic points for (1/2) < u< m — cos (e/a) and for 
a+ cos? (c/a) <u < (37/2). 

By (10) for umbilics we have 


(c++ acos u)® = acos u(e + a cos u)? 


so that if c > a@ there are no umbilics, while if c < a there are umbilics at 
u = «+ cos (c/a) which are two points on the z-axis. If ¢ = 0 every point 
is an umbilic, and the surface is a sphere. 

By (11) we get for the curvature of the principal sections 


1 ty:n” —a@(e+acosu) _ 1 

01 7 (€,,-€,,)No”’ 7 a®(c + a cos u) a 

1 ft y-n’ —ale+tacosu)cosu  cosu 
po (t,-t,no’  aletacosus e+acosu 


so the one principal section is a circle of radius a; the radius of the other varying 
from a+ c to ©, being © for wu = (1/2) and zero for a = 7 — cos"! (c/a) when 
e< a. . 

To determine geodesics on this surface we have from 


, dp 
t tu» + 2ptuy + Dluy + du t, 
that 
t’-t,, 
t’-t, 


ap*(c + a cos u) sin u, 


(6+ a cos u)[(e + @ cos u) 2B — 2pa sin ui] + (ec + a cos wy 


and the resulting differential equation is 
a(c + a cos u) ce — 2a? sin u = (ec + a cos u)* sin up’. 


Two particular solutions are evident. 
If p = 0, (dp/du) = 0, that is » = c1, showing that the w-lines are geodesics. 
If p = © and u = 0 or za, we have two particular v-lines, circles of radii 
c+ a as geodesics. 
If we let (¢ + a cos u)p = a tan 8, the differential equation becomes 
cot 6d — a dy = 0, 
e+ acos u 


whence (c + @ cos uw) sin @ = ¢, or 
dv atan@ _ acy 


| ni SO 
| du e+acosu (¢+acosu)V(e+ acosu)? — ¢2 
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or, in general, for geodesics on the torus 


du 
= aC) ee + ¢@p. 
Vie + a cos u)* — e2(e + a cos u)? 
If c, = . we have the first solution noted above. 
Ife = 
real sec” u du — git C1 tan u _ 8 
V(a? — c2) — c? tan? u Va? — ec? 
or 
sin (ov + B) = tana tan u, 
where 
Cy 
tan a = —————— 
V a — C7" 
giving for geodesics on the sphere 
a tan @ COS V . a tana sin v . 
a Kee 
Vtan? a + sin? (y+ 8) Vtan? a + sin? (v + 8) 
asin (vo + 6) 


Vtan? a + sin? (o+ B) 
a and 6 being arbitrary constants. This is a curve lying in the plane 
gtane =xsin8B+ ycosB 


and is therefore a great circle of the sphere. 


QUESTIONS AND DISCUSSIONS. 


Epitep By C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the MONTHLY is open to all forms of 
activity in collegiate mathematics, including the teaching of mathematics, except for specific 
problems, especially new problems, which are reserved for the department of Problems and 
Solutions. 


REPLY. 
48 (1923, 136). In what quadratic realms of rationality and for what values of p (which is a 
prime integer) is the function — * factorable? 


Reply by Louis WEISNER, University of Rochester. 


The group G of the cyclotomic equation («? — 1)/(@ — 1) = 0, where p 
is an odd prime, is a regular cyclic group of order p — 1, generated by the sub- 
stitution s = (ww? +--+ w?), where w is a primitive root modulo p. If 
ole, e, «++ e? 1), where e«, e2, --+ €? 1 denote the roots of the equation, is a func- 
tion belonging to the subgroup H generated by s?, the numerical value of ¢ 1s of 
the form a+ bc, where a, b and ¢ are rational numbers and ¢ is not a perfect 
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square. ‘Thus the equation is reducible in R(vVc) and in no other quadratic 
realm, since H is the only subgroup of index 2 in G. 
To determine c, consider the function 


gr = Of feet er? 
which belongs to H and under G takes the second value 

g=ept mpfr per 
The numbers ¢1, ¢2 satisfy the equation 


g? — (git g2)¢ + ¢ige = 0 


whose coefficients are rational numbers which we proceed to evaluate. We have 
at once ¢1 + g = — 1, and? 


= w0e-+ 8 a=1,3,::-p—2 . 
ale de (5 yt pos) 


If possible, let w* + w® = 0 mod p. Then w* = w? mod p, whence 2a = 26 
mod p -- 1 and a= 8 mod (p — 1)/2. Since a is odd while 6 is even, and a, 
8 <p, this congruence is satisfied only if a = B- (p — 1)/2. This requires 
that (p — 1)/2 be odd. 

(1) Hence if (p — 1)/2 is even, gigs is a sum of 4(p — 1)? imaginary pth 
roots of unity. Since this sum equals a rational number, it must be a multiple 
of e+ @+---+ 6? 1, Thus the £(p — 1)? terms, when combined, give p — 1 
distinct terms with the same coefficient, which is therefore (p — 1)/4. Hence 
gig, = — (p — 1)/4. It follows that 


—] 
gto —F = 0, 
4 
whence 
—lt vp 
P1, $2 = few. 


(2) If (p — 1)/2 is odd, let us take for 8 any positive even integer less than p, 
and a = B+ (p — 1)/2, the sign being chosen so that a@ is positive and less than 
p. Then a is an odd number and 


p—-l 
B 


ny 
w = ww 2 = — » mod p, 


so that there are (p — 1)/2 values of a and 8 for which w* + w® = 0 mod p. 
Therefore gig. is equal to (p — 1)/2 plus a sum of (p — 1)?/4 — (p — 1)/2 
imaginary pth roots of unity. This sum equals the rational number 


p-1 1_p-3. 
4 2 4 


1 For a different evaluation of ¢ige, see Netto, Substitutionentheorie und thre Anwendung auf 
die Algebra (1882), page 186. 
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Hence 

_P-1_p-38_ptl 

P1P2 9 4 4 

Therefore 

P+ oth Ti =o, 
whence 

—~j[+v— 
Yi, Y2 = a P 


We therefore have the following theorem: The function (x? — 1)/(a — 1), 


where p is an odd prime, is factorable in R(V(— 1) ?p), and ts not factorable 
in any other quadratic realm. 


DISCUSSIONS 


I. Tue INFINITE AND IMAGINARY IN ALGEBRA AND GEOMETRY: A ReEpty.! 
By W. L. G. Witurams, Cornell University. 


“The traditional treatment of imaginary and infinite elements in algebra 
and geometry,’’ says Professor R. M. Winger in a recent number of this MoNnTHLY, 
“has curiously resisted the reform movement in American text-book writing.” 
What this reform movement Is, where it exists, and what text-books its adherents 
have written, we do not know and until we can examine its products we should 
hesitate to call it a reform movement. 

However, the two questions that Professor Winger raises, the question of the 
introduction into our elementary college courses in algebra of a number © and 
the question of considering, in our elementary courses in analytic geometry, 
imaginary as well as real points, are so different that they require separate 
examination. 

1. Professor Winger points out the service of a line at infinity in rendering the 
principle of duality universally valid and in preserving a one-to-one correspond- 
ence between a figure and its projection. This idea of a line at infinity, which 
Poncelet introduced into geometry just a century ago, has nevertheless given 
rise to many misconceptions and errors. One form of the equation of the line 
at infinity is the one which appears in the article under discussion, viz., | 


Or + Oy +1 =0, 
and another is 
1 = 0, 


equations satisfied by no real or imaginary points. For mathematics as it now 
exists these two equations are identical and equally meaningless as equations 
of lines or of any other loci. The second of these equations is evidently quite 
independent of x and y, but it has been proposed by Professor Winger and 


17, Infinite and Imaginary Elements in Algebra and Geometry, this Montuuy (1922, 290). 
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is an imaginary circle, when they might be more original and entertaining and 
say that it represents the two quaternion straight lines 


aty+j = 0, 
“x—yt—-j = 0? 


To most people, of whom the writer is one, as long as we lack a space of four 
dimensions to enable us to plot all the points, real and imaginary, which satisfy 
an equation in two variables, it will be more interesting to confine themselves to 
points in the real plane, and they will not consider that they are telling only part 
of the truth when they say that 

et y= 0 
represents only a single point. 


II. On TEACHING THE SLIDE-RULE. 
By A. A. Bennett, University of Texas. 


For historical and other reasons the majority of teachers of mathematics who 
teach the use of logarithms are themselves unfamiliar with the use of the slide- 
rule. The slide-rule is rightly regarded as a necessary adjunct to an engineer’s 
outfit of tables and instruments, but facility in handling this practical computing 
device is not universally acknowledged as essential to an education in pure 
mathematics. Most teachers who do instruct classes in the slide-rule find that 
the students take to it readily, and that slide-rule and logarithm table comple- 
ment each other in developing a concrete notion of the value of significant figures. 
One of the most serious handicaps in teaching the use of the slide-rule to a large 
class is the difficulty of codrdinating the work of teacher and student. The 
manufacturers of engineers’ slide-rules usually have in stock large size ““demon- 
stration slide-rules” that are well fitted for the purposes of instruction. These 
are made of cheap material and serve also as advertisements and for these reasons 
may be had at a low price. These are not a new undertaking but since they are 
not listed in the catalogs, many instructors may have been deterred from taking 
up the subject in class by ignorance of the facilities available. A so-called 
“student’s slide-rule”’ identical in marking with the more expensive instruments, 
and made of durable but cheaper material, serves all the needs of the average 
student in his individual study. 


RECENT PUBLICATIONS. 
REVIEWS. 
Einfiihrung wn die Theorie der algebraischen Funktionen einer Verdnderlichen. 
By Hernricu W. E. June. Berlin and Leipzig, Walter de Gruyter & Co., 
1923. 246 pages. Price $1.40. 


Let there be given an irreducible polynomial in x and y of degree in y greater 
than zero. The equation obtained by setting such a polynomial equal to zero 
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will be satisfied by a function y(x), termed an algebraic function of z. The 
domain of the independent variable z is taken as the plane of complex numbers. 
Let R(x, y) be any rational function of x and y. If y be restricted to the values 
y(x), (a, y) becomes a function of x, namely Riz, y(x)] for which the notation 
r(a) will be exclusively used. Fundamental in the theory of algebraic functions 
is the study of the nature of the zeros and poles of functions r(z), and the deter- 
mination of the extent to which these zeros and poles can be arbitrarily prescribed. 
A very important class of functions also studied in this theory is the class of 
the so-called abelian integrals, the integrals with respect to x of the above 
functions 7(2). 

The theory of algebraic functions has been developed in several distinct 
ways. Riemann defined the fundamental types of abelian integrals by means 
of their characteristic properties, and made their existence depend upon the 
truth of the Dirichlet principle of the potential function theory. The funda- 
mental existence theorems of the potential function theory necessary for a rigorous 
foundation of this part of Riemann’s theory have only been established in recent 
years. With the fundamental types of abelian integrals as a basis, Riemann 
was then ready to develop the general theory of algebraic functions. 

Clebsch and Jordan, followed by Brill and Noether, developed the theory 
from the point of view of algebraic geometry, first studying the intersections of 
algebraic curves and families of such curves, and, with this as an aid, attacking 
the problem of the determination of the extent to which the zeros and poles of a 
function r(x) can be prescribed. 

Weierstrass, using the powerful instruments of function theory, went directly 
to the problem of characterizing the functions r(x). He obtained what was 
analogous to a partial fraction representation of such functions in terms of a 
simple set of such functions. He then derived the theory of abelian integrals. 

While Weierstrass and others characterized the functions r(x), through their 
principal parts at their poles, Dedekind and Weber, followed by Hensel and 
Landsberg, sought to determine the functions r(2) by giving their zeros as well 
as poles. The present treatise has followed the lead of Hensel and Landsberg. 
Termed the “arithmetische Methode”’ it is essentially algebraic, with a strong 
tendency toward the formal. The main body of the theory is developed entirely 
without the aid of algebraic geometry. Use is made of Riemann surfaces through- 
out. The classical function theory is practically unused. For example the 
reviewer has found no use whatsoever made of the Cauchy formula or integral 
law. The basic instrument of the treatise is the power series. Such series are 
manipulated formally. The reader is evidently supposed competent to answer 
questions of convergence for himself. Although the reviewer himself prefers to 
develop the theory of algebraic functions from the point of view of the complex 
function theory, yet he found Professor Jung’s treatment strikingly suggestive 
and unified. 

The book has thirteen chapters. It starts with a chapter on the behavior 
of an algebraic function in the neighborhood of a point, treated with a leaning 
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toward strictly algebraic methods, followed by a chapter on Riemann surfaces 
and on the diagram of Puiseux, carefully done and illustrated by a profusion of 
well-selected examples. The major and distinctive portion of the book is de- 
voted to the marshalling of theorems preparatory to the final results concerning 
the prescription of the zeros and poles of a function r(x). First the prescribed 
zeros and poles are taken as finite points with nothing required as to the nature 
of the zeros or poles at the point at infinity. Of the functions so obtained those 
are sought which have prescribed properties at the point at infinity also. The 
existence of a desired function, say 11(2), is made to depend on the existence of 
a basis, that is, a finite set of functions of the type r(x), upon which a fundamental 
requirement is that every function r;(2) be expressible as a sum of a finite number 
of terms, each term consisting of a member of the basis multiplied by a proper 
rational function of 2. Matrices whose elements are functions are an essential 
medium in the presentation. The theory of the combination and transformation 
of such matrices is presented in a separate chapter. The Riemann-Roch theorem 
is one of the important theorems in which this part of the work culminates. 

The tenth and eleventh chapters are respectively on algebraic curves in non- 
homogeneous coédrdinates, and in homogeneous cooérdinates. These chapters 
seem to the reviewer vague. There does not seem to be an exact enough connec- 
tion between definitions and theorems, in particular as regards the infinite domain. 
‘The twelfth chapter is on the analysis situs of Riemann surfaces carefully written 
along the lines usual in connection with algebraic functions. The final chapter 
is on abelian integrals. The existence of the canonical integrals of the three 
kinds is easily established with the aid of the earlier theorems. The book ends 
with a proof about a page long of the fact that any abelian integral can be ex- 
pressed as a sum of constant multiples of the canonical integrals plus a function 
(2). 

The style is simple, direct, and easy to follow, although at times it seems 
unnecessarily formal, especially in the use of “divisors.”” If we except the chap- 
ters on algebraic geometry it is obvious that the writer has endeavored to give 
all of the proof of each of the theorems stated, and with the exception of a few 
places where the reader can fill in, has succeeded in doing so. A distinctive and 
very helpful side of the book is the numerous sets of examples worked out in a 
manner which splendidly supplements the main body of the theory. The book 
will be a valuable aid to all those who wish to take up the study of algebraic 
functions from the algebraic point of view. 


* H. M. Morse. 


Inleiding tot de Analytische Meetkunde van het platte vlak. By J. WouFr. Gron- 
ingen, P. Noordhoff, 1922. viii + 296 pages. Price f. 5.25. 

Inleiding tot de Analytische Meetkunde; deel I, Het platte vlak. By J.G. RutceErs. 
Groningen, P. Noordhoff, 1923. xvi-++ 299 pages. Price f. 7.25. 
In Holland as in most countries of continental Europe, university studies are 

pursued almost exclusively by those who wish to prepare themselves for the 
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learned professions. A student who wants to take a doctor’s degree in any of the 
natural sciences or who wants to take an engineering degree has a course in analyt- 
ical geometry during his first year at the University. In the secondary school 
he has had thorough courses in the elementary subjects, including trigonometry, 
solid geometry, and sometimes mechanics, while a well-rounded general education 
has usually made him a person of considerable intellectual maturity. 

It is for this reason that the two books under review, which present the 
material for this course, are a good deal more extensive, both as regards the topics 
included and the completeness of their treatment, and are written from a more 
advanced point of view than can be the case with our usual college texts in 
analytical geometry. While not conceived on as ample a basis as Salmon’s 
works, they belong to the type of which the well-known text of Briot and Bouquet 
and the excellent book of G. Kowalewski are examples. 

While these books would not therefore be suitable for our freshmen and sopho- 
mores, they are excellent companions for the more advanced student or for the 
exceptional undergraduate who is looking for a more complete treatment than 
his college course offers him. The introduction of homogeneous coérdinates of 
points and lines, the treatment of projective properties, the discussion of general 
theorems on algebraic curves and the use of the theory of determinants are fea- 
tures in both texts. Professor Wolff devotes a final chapter to a study of pro- 
jective transformations and makes general use, throughout his book, of the differ- 
ential calculus; Professor Rutgers takes up some topics of the modern geometry 
of the triangle. More than 350 problems are scattered throughout the first of 
these books; there are over 200 in the second. And many of these are suitable 
material for students in an American college; particularly those problems which 
are not of the milk chocolate variety that frequently forms too large a share of 
the student’s present diet. 

A. DRESDEN. 


Introduction a [étude des Fonctions Elliptiques a Pusage des étudiants des Facultés 
des Sciences. By PrERRE HuMBeEert. Paris, J. Hermann. 1922. S8vo. 
38 pages. Price 3 francs. 


Contents: Preface, p. 5; Introduction: A brief survey of some fundamental notions and 
results of the theory of a complex variable, pp. 7-9; Chapter I: Formation of an elliptic function, 
pp. 10-19; Chapter II: General remarks on elliptic functions, pp. 20-24; Chapter III: Properties 
of Weierstrass’s functions p(u), ¢(w) and o(u), pp. 25-37; Additional Note, pp. 37-38. 


This short pamphlet may be called to the favorable attention of those who are 
familiar with an elementary course in complex variable theory and are not yet ac- 
quainted with the elliptic functions. Being concise and well written, it will help 
the reader in his study of the theory of elliptic functions as treated in the special 
textbooks. The existence of doubly periodic functions is shown in a very simple 
manner: the author considers the inverse of an elliptic integral in an analogous 


way to that of the study of sin wu as the inverse of u = J (del V1 — 27).  Jacobi’s 


functions are not to be found. 
D. KAZARINOFF. 
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ARTICLES IN CURRENT PERIODICALS. 


ACTA MATHEMATICA, volume 44, no. 1, 1923: ‘Some problems of ‘Partitio Numerorum’; 
III: On the expression of a number as a sum of primes” by G. H. Hardy and J. E. Littlewood, 
1-70. [Quotation: “It was asserted by Goldbach, in a letter to Euler dated 7 June, 1742, that 
every even number 2m is the sum of two odd primes, and this proposition has generally been 
described as ‘Goldbach’s Theorem.’ There is no reasonable doubt that the theorem is correct, 
and that the number of representations is large when m is large; but all attempts to obtain a 
proof have been completely unsuccessful. 

‘“‘Our main result may be stated as follows: if a certain hypothesis (a natural generalization of 
Riemann’s hypothesis concerning the zeros of his Zeta-function) is true, then every large odd 
number 7 is the sum of three odd primes.’’]—nos. 2 and 3, 1923: ‘‘Mémoire sur le calcul aux 
différences finies” by N. E. Nérlund, 71-212; “Sur Vintégrale 42 f(y)df(x) ot x et y sont liés 
par une relation symétrique”’ by P. Appell, 2138-215. 

AMERICAN JOURNAL OF MATHEMATICS, volume 44, October, 1922 [published May, 1923]: 
‘“‘On the kernel of the Stieltjes integral corresponding to a completely continuous transformation” 
by C. A. Fischer, 237-246; ‘Equivalence and reduction of pairs of Hermitian forms’? by Mayme 
I. Logsdon, 247-260; ‘‘Plane cubics with a given quadrangle of inflexions’”? by B. M. Turner, 
261-278; ‘Normal ternary continued fraction expansions for the cube roots of integers” by P. 
H. Dans, 279-296; ‘‘Concerning compact Kirschdk fields” by V. D. Gokhale, 297-316. 

AMERICAN JOURNAL OF PSYCHOLOGY, volume 34, April, 1923: ‘The equation of the 
learning function” by M. F. Meyer and F. G. Eppright, 203-222. 

ANNALES DE L’ECOLE NORMALE SUPERIEURE, volume 58, February and March, 1923: 
“Sur les modules des zéros des polynomes”’ by P. Montel, 33-34 (continuation and conclusion); 
“Sur les formules d’interpolation de Stirling et de Newton” by N. E. Norlund, 35-54 (continued 
from volume 57); ‘Sur les systémes cycliques de triples de Steiner”’ by S. Bays, 55-95.—volume 
58, April, 1923: ‘Sur une classe d’équations fonctionnelles” by G. Julia, 97-128. 

ANNALS OF MATHEMATICS, 2d series, volume 23, March, 1922: “Dirichlet’s problem”’ 
by G. E. Raynor, 183-197; ‘Annihilators of modular invariants and covariants’’ by Olive C. 
Hazlett, 198-211; ‘Systems of linear inequalities’? by W. B. Carver, 212-220; ‘‘Euler squares”’ 
by H. F. MacNeish, 221-227; “Geometric aspects of Einstein’s theory” by J. Pierpont, 228-254; 
“Cauchy’s paper of 1814 on definite integrals” by H. J. Ettlinger, 255-270; ‘‘ Arithmetical 
deduction of Kronecker’s class-number relations” by G. H. Cresse, 271-279; ‘“Cyclotomic 
heptasection for the prime 43” by O. Upadhyaya, 280-281; “Summation of a double series’’ by 
T. H. Gronwall, 282-285. 

ANNALS OF MATHEMATICS, 2d series, volume 23, June, 1922: “On the positions of the 
imaginary points of inflexion and critic centers of a real cubic” by B. M. Turner, 287-291; ‘‘Fre- 
quency distributions obtained by certain transformations of normally distributed variates” by 
H. L. Rietz, 292-300; ‘The associated point of seven points in space” by H. 8. White, 301-306; 
“Common solutions of two simultaneous Pell equations” by A. Arwin, 307-312; ‘On the com- 
plete independence of Hurwitz’s postulates for Abelian groups and fields” by B. A. Bernstein, 
313-316; “On power series with positive real part in the unit circle” by T. H. Gronwall, 317-332; 
“‘ Algebraic surfaces, their cycles and integrals. A correction” by 8S. Lefschetz, 333. 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 29, March, 1923: ‘The 
twenty-ninth annual meeting of the Society” by R. G. D. Richardson, 97-116; ‘The Evanston 
meeting of the Society”? by A. Dresden, 117-124; ‘The fifteenth regular meeting of the South- 
western Section” by E. B. Stouffer, 125-127; ‘A set of axioms for line geometry” by M. G. 
Gaba, 128-138; Reviews: by J. W. Glover of P. J. Richard and E. Petit, Théorie mathématique 
des Assurances (2 vols., 2d ed., Paris, 1922), 139-140; and by E. P. Lane and H. J. Davis of 
EK. Cartan, Legons sur les Invariants Integraux (Paris, 1922); Notes, 141-142; New publications, 
148-144. 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 29, April, 1923: ‘The 
February meeting of the Society” by R. G. D. Richardson, 145-153; ‘Relations between kindred 
Riemannian P and Q functions” by R. D. Curtis, 154-160; “The reduction of singularities of 
plane curves by birational transformation” [presidential address delivered before the American 
Mathematical Society, December 28, 1922] by G. A. Bliss, 161-183; Reviews: by R. B. Mc- 
Clenon of C. Tweedie, James Stirling (Oxford, 1922), 184-185; by J. W. Young of W. A. Gran- 
ville, The Fourth Dimension and the Bible (Boston, 1922), 185; and by J. E. Rowe of T. Vahlen, 
Ballistik (Berlin, 1922), 186-187; Notes, 188-189; New Publications, 190-192.—May, 1923: 
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“The April meeting of the San Francisco Section”? by B. A. Bernstein, 198-196; ‘‘The April 
meeting of the Society in Chicago”’ by A. Dresden, 197-203; ‘‘The April meeting of the Society 
in New York” by R. G. D. Richardson, 204-218; “An elementary proof of a fundamental lemma 
concerning the limit of a sum” by H. J. Ettlinger, 219-228; ‘‘Klein’s collected papers, volume IT”’ 
[review of Felix Klein: Gesammelite mathematische Abhandlungen, Vol. II (Berlin, 1922)] 
by V. Snyder, 224-229; “Lévy on functionals” [review of P. Lévy, Lecons d’ Analyse 
Fonctionnelle (Paris,1922)] by C. A. Fischer, 229-231; Reviews: by F. Cajori of H. Andoyer, 
LD’ Oeuvre scientifique de Laplace (Paris, 1922), 232; by J. W. Young of F. Michel and M. Potron, 


La Composition des Mathématiques dans ? Examen D’ Admission a V Ecole Polytechnique de 1901 a 
1921 (Paris, 1922), 282; by A. Emch of G. H. Ling, G. Wentworth and D. E. Smith, Elements of 
Projective Geometry (Boston, 1922), 233; by J. B. Shaw of C. E. Weatherburn, Elementary Vector 
Analysis (London, 1921), 233; by L. W. Dowling of R. Fricke, Die elliptischen Funktionen und 
thre Anwendungen, Zweiter Teil (Leipzig, 1922), 234; and by E. P. Adams of P. Pringsheim, 
Fluoreszenz und Phosphoreszenz im Lichte der neueren Atomtheorte (Berlin, 1921), 234; Notes, 
235-237; New publications, 238-240. 

BULLETIN DES SCIENCES MATHEMATIQUES, second series, volume 47, April, 1923: Re- 
view by G. Valiron of E. Borel, Méthodes et Problemes de la Théorie des Fonctions (Paris, 1922), 
129-134; Review by H. Andoyer of Bureau des Longitudes, Annuaire pour lan 1928, 135-1387; 
Review by S. Lefschetz of Manning, Primitive Groups. Part 1 (Stanford University, 1921), 
188-139; Review by 8. Lefschetz of J. B. Shaw, Vector Calculus with Applications (New York, 
1922), 1389-140; ‘‘Sur deux formules de Lagrange”’ by B. Niewenglowski, 141-146; ‘Sur l’abaisse- 
ment du degré de l’équation modulaire”’ by J. Plemelj, 146-158; ‘‘Le passage 4 la limite des 
équations aux différences aux équations différentielles dans les problémes aux limites” by M. 
Plancherel, 153-160.—May, 1923: Review by M. Brillouin of J. Villey, Les divers aspects de la 
théorie de la relativité (Paris, 1923), 161-164; Review by A. Corvisy of J. J. Thomson, Les 
rayons @électricité positive et leur application aux analyses chimiques, 164-167; Review by R. 
d’Adhémar of A. E. Kennelly, Les applications élémentaires des fonctions hyperboliques & la science 
de Vingénieur électricien (Paris, 1922), 167-170; ‘‘Le passage a4 la limite des équations aux différ- 
ences aux équations différentielles dans les problémes aux limites’? by M. Plancherel, 170-177 
(concluded); ‘“‘Sur un théoréme de M. Hadamard” by G. Valiron, 177-192. 

BULLETIN OF THE WEST VIRGINIA SCIENTIFIC ASSOCIATION (West Virginia University 
Bulletin, series 22, number 5, part 2), volume 2, number 1, April, 1928: ‘A slide rule representa- 
tion of Einstein’s restricted theory of relativity”? by C. N. Reynolds, Jr., 34-41. 

L’ENSEIGNEMENT MATHEMATIQUE, volume 22, no. 6, published May, 1923: ‘“‘Démon- 
stration du théoréme de Staeckel par l’élimination du temps entre les équations de Lagrange”’ 
by E. Turriére, 337-343; ‘“‘Démonstration d’un théoréme de Morley” by B. Niewenglowski, 
344-346; ‘“‘Récréation mathématique. Le Jeu de cloche et marteau”’ by M. Jéquier, 347-357; 
Mélanges et correspondance: ‘‘Fonctions triplement périodiques d’une seule variable indé- 
pendante” by M. Winants, 358-359 [Concluding sentences: ‘La triple périodicité d’une structure 
cristalline est un fait qu’aucun cristallographe ne conteste plus. Elle pourrait, et méme devrait 
suggérer au mathématicien |’étude systématique des fonctions 4 trois périodes. Cette étude nous 
paratt fort difficile, d’autant plus que nous ne connaissons encore aucune analyse 4 trois dimen- 
sions, pouvant étre considérée comme une généralisation de l’analyse complexe. On ne soutiendra 
certainement pas que la théorie des quantités complexes rentre dans celle des quaternions comme 
un cas particulier dans un cas général. Néanmoins, nous croyons qu’aujourd’hui l’on peut ne 
plus mettre en doute l’existence des fonctions triplement périodiques d’une seule variable indé- 
pendante.]; ‘‘Sur le théoréme de la progression arithmétique de Dirichlet”? by L. Aubry, with 
reply by A. M. Bedarida, 360-361; Chronique, 362-382 [contains reports of meetings of the French 
association for the'advancement of the sciences, of the Swiss mathematical society and of the 
Swiss society of professors of mathematics]; Bibliographie, 382-397; Bulletin bibliographique, 
398-408: Index to volume 22, 209-416. 

MATHEMATICS TEACHER, volume 16, January, 1923: ‘‘The extension of concepts in 
mathematics”? by A. J. Kempner, 1-28; “An experiment in classification of pupils in algebra”’ 
by (Miss) L. Price, 24-28; ‘Permutations in the 16th century Cabala” by M. Turetsky, 29-34; 
“The cultural value of secondary mathematics” by J. H. Minnick, 35-40; ‘The teaching of 
algebra’ by H. F. Richards, 41-47; ‘‘Concerning the intereommunion of mathematics and 
astronomy”? by Agnes G. Rowlands, 48-51; ‘The art of questioning” by C. G. Gould, 52-56; 
New books, 57-58; News notes, 59-62.—February: ‘‘Objectives in teaching of mathematics in 
secondary schools” by Gertrude E. Allen, 65-77; ‘Our geometry in Egypt and China” by W. 
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A. Austin, 78-86; ‘“‘Mechaniecs” by G. R. Mirick, 87-93; ‘The place of the history and recrea- 
tions of mathematics in teaching algebra and geometry” by L. G. Simons, 94-101; “A study of 
the cultivation of space imagery in solid geometry through the use of models”’ by E. W. Schreiber, 
102-111; “Some aspects of correlation theory” by L. E. Mensenkamp, 112-122; ‘Concerning 
the disciplinary value of mathematics” by C. J. Keyser, 123; News and notes, 124—128.—March: 
“The Thorndike philosophy of teaching the processes and principles of arithmetic”? by M. A. 
Bailey, 129-140; ‘Probability applied to grades” by E. J. Moulton, 141-149; ‘The cultural 
value of mathematics” by Helen E. Howarth, 150-156; ‘‘ Defects remaining in the notation and 
nomenclature of elementary mathematics’’ by J. V. Collins, 157-161; “The logic of mathematical 
processes”? by H. F. Sloctemyer, 162-169; ‘‘The way mathematicians work” by J. B. Shaw, 
170-174; ‘Informal tests for diagnosis and remedial teaching in mathematics” by P. L. Spencer, 
175-182; ‘Recent symbolisms for decimal fractions” by F. Cajori, 183-187; News and notes, 
188-190; Discussion, 191-192. 

MATHEMATICS TEACHER, volume 16, April, 1923: ‘Psychological tests of mathematical 
ability and educational guidance” by Agnes L. Rogers, 193-205; ‘‘Textbooks in unified mathe- 
matics for college freshmen” by Vera Sanford, 206-214 [Quotation from conclusion: “If one may 
make a guess, the future development of this work will be less and less along the conventional 
line. As one studies these textbooks, he almost invariably finds that the work in analytics is 
arid in comparison to the rest. One questions whether the normal probability curve, though 
younger, may not in time usurp some of the attention paid to conics. . . . The more radical of 
the books succeed in convincing us that freshman college mathematics may be made to present 
many contacts with the real world, and that, even though these contacts may be through problems 
that have only the appearance of reality, they at least have the virtue of showing the things that 
‘mathematics has done and is doing for mankind.’ ”’]; ‘Teaching the algebraic language to 
Junior High School pupils” by J. R. Overman, 215-217; “‘The unitary organization of the 
mathematics of the seventh, eighth and ninth grades” by E. R. Breslich, 228-285; ‘‘ Mechanics” 
by G. R. Mirick, 286-241; ‘A brief study in non-mathematical logic” by N. J. Lennes, 242-246; 
“Classification of positive integers as regards the ultimate sum of their digits” by G. A. Miller, 
247-248; “Team work in elementary algebra” by J. B. Hawley, 248-250; News and notes, 251- 
256.—May, 1928: ‘Empirical theorems in Diophantine analysis” by R. D. Carmichael, 257-265; 
“The Pennsylvania state course of study in mathematics” by J. A. Foberg, 266-273; “Fate and 
Freedom” by A. Korzybski, 274-290; ‘‘Mechanics” by G. A. Mirick, 291-294; ‘Varieties of 
minus signs”’ by F. Cajori, 295-301; ‘Correlation of the mathematical subjects develops mathe- 
matical power” by C. A. Stone, 302-810; News and notes, 311-314; New books, 315-319. 

MATHEMATISCHE ANNALEN, volume 88, nos. 3-4 (published February 17, 1923): ‘“Be- 
merkungen uber unendliche Folgen und ganze Funktionen” by G. Pélya, 169-183; ‘Additive 
Theorie der Zahlkorper II”? by C. L. Siegel, 184-210; ‘‘Ueber ein Problem von A. Hurwitz, 
quaternére quadratische Formen betreffend”’ by H. Brandt, 211-214; ‘Ueber S. Lies Geometrie 
der Kreise und Kugeln”’ (continuation) by E. Study, 215-241; ‘‘ Ueber die invariante Darstellung 
algebraischer Funktionen einer Veradnderlichen”’ by K. Petri, 242-289; ‘‘ Beitrage zur allgemeinen 
Topologie I” by H. Tietze, 290-312. 

MATHEMATISCHE ANNALEN, volume 89, nos. 1-2, published April 24, 1923: ‘Die Flachen 
vierter Ordnung mit gewundener Doppelkurve” by H. Mohrmann, 1-81; ‘‘Ueber Kurven von 
Maximal-Klassenindex. Ueber Kurven von Maximalindex” by J. Sz. Nagy, 32-75; ‘Ueber 
Axiomensysteme fiir beliebige Satzsysteme, Teil II. Satze Hoheren Grades” by P. Herz, 76-102; 
“Untersuchungen tiber schlichte konforme Abbildungen des Einheitskreises, I’? by K. Lowner, 
103-121; ‘‘ Ueber die Gewinnung summierbarer Polynomreihen aus summierbaren Fourierreihen”’ 
by K. Popoff, 122-125; ‘‘Bemerkung zu der Arbeit des Herrn Popoff ‘Ueber die Gewinnung 
summierbarer Potenzreihen aus summierbaren Fourierreihen’’”’ by O. Blumenthal, 126-129; 
“QOszillationstheoreme oberhalb der Stieltjesschen Grenze” by O. Haupt and E. Hilb, 180-146; 
“Ueber die Zetafunktionen gewisser algebraischer Zahlkérper”’ by E. Artin, 147-156; ‘On a 
formula of transformation”’ by P. O. Upadhyaya, 157-159. 

MATHEMATISCHEsZEITSCHRIFT, volume 138, nos. 3-4: ‘“‘Axiomatische Begriindung der 
transfiniten Kardinalzahlen, I. (Herrn K. Hensel zum sechzigsten Geburtstag.)’’ by A. Fraenkel, 
153-188; ‘“Kurven auf algebraischen Flachen”’ by H. W. E. Jung, 189-201; ‘Ebene Schnitte 
und Beriihrungskegel einer algebraischen Flache” by H. W. E. Jung, 202-216; ‘‘ Die Tangenten- 
losigkeit der von Kochschen Kurve” by F. Apt, 217-222; ‘Die windschief involutorischen 
Paarungen in einer linearen Strahlenkongruenz und die beiden Arten windschiefer involutorischer 
linearer Strahlenkongruenzen”’ by 8. Jolles, 221-262; ‘Zur Theorie der nichtlinearen Differential- 
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gleichungen”’ by J. Horn, 263-282; ‘‘ Ueber die Riemannsche Funktionalgleichung der ¢-Funktion. 
(Dritte Mitteilung.) Die Funktionalgleichung der L-Reihen” by H. Hamburger, 281-311; 
Mathematische Preisaufgabe der Fiirstlich Jablonowskischen Gesellschaft: (Quoted) ‘Der 
Gausssche Algorithmus des ‘arithmetisch-geometrischen Mittels’ kann dahin verallgemeinert 
werden, dass an Stelle der beiden Mittelbildungen irgend zwei Funktionen » und y von zwel 
Veranderlichen treten. Man kommt auf diese Weise, ausgehend von zwei beliebigen Zahlwerten 
x und y, auf zwei unendliche Folgen 


Uv, Li, La, 2, a) 
Y, Yi, Yr Ya, a) 


welche durch die rekurrenten Gleichungen 


Ln = O(Ln-1, Yn—1) - 
Yn = W(Xn-1, Yn—1) (n ’ 2, 3, ), 


beherrscht sind. Im allgemeinen werden dann keine Grenzwerte jener Folgen existieren, wihrend 
doch die Folgen selbst besondere Eigenschaften besitzen k6nnen. 

“ Die Gesellschaft wiinscht: 

‘Die Untersuchung der genannten Folgen fiir irgendwelche einfache Funktionen ¢(z, y), und 
W(x, y), wobei namentlich auch eine independente Darstellung der rekurrent definierten Glieder 
der Reihen ins Auge zu fassen wire. 

‘‘ Einlieferung bis zum 31. Oktober 1924; Preis 3000 Mark,” 312. 

MATHEMATISCHE ZEITSCHRIFT, volume 16, April, 1923: ‘‘Untersuchungen iiber die 
Konvergenz der limitérperiodischen Jacobi-Ketten beliebiger Ordnung”’ by E. Schlechter, 173- 
206; “Sur le théoréme d’unicité des solutions des équations différentielles ordinaires” by J. 
Tamarkine, 207-2138; ‘‘Sur la méthode de C. Stérmer pour l’intégration approchée des équations 
différentielles ordinaires’’ by J. Tamarkine, 214-219; ‘“‘Momentprobleme fiir ein endliches 
Intervall” by F. Hausdorff, 220-248; ‘‘Beitrige zur Theorie der Kurven konstanter geoditischer 
Kriimmung auf krummen Flachen” by R. Weyrich, 249-272; ‘‘Ueber die Gestalt der Integral- 
kurven einer Differentialgleichung erster Ordnung in der Umgebung eines singuliren Punktes”’ 
by O. Perron, 278-295; ‘Ueber eine Integralgleichung in der Theorie der heterogenen Gleich- 
gewichtsfiguren”’ by J. Lense, 296-300; ‘‘Ueber die Lésungen der Riemannschen Funktional- 
gleichung”’ by E. Hecke, 301-307; ‘Ueber die Parallelverschiebung in Riemannschen Réumen’”’ 
by H. Tietze, 308-317; ‘‘Ganzzahlige Gleichungen ohne Affekt’”’ by M. Bauer, 318-819. 

MATHEMATISCHE ZEITSCHRIFT, volume 17, May, 1923: ‘‘Verallgemeinerung eines Min- 
kowskischen Satzes’”’ by R. Remak, 1-34; ‘‘Untersuchungen tiber die Zerlegbarkeit der abzahl- 
baren primdren Abelschen Gruppen” by H. Priifer, 35-61; ‘‘Untersuchungen tiber die Figur der 
Himmelsk6rper. Vierte Abhandlung. Zur Maxwellschen Theorie der Saturnringe”’ by L. Lichten- 
stein, 62-110; ‘Ueber die Bianchische Identitaét fiir symmetrische Uebertragungen”’ by J. A. 
Schouten, 111-115; ‘‘Ueber die Maximalzahl] der Doppelpunkte bei ebenen Polygonen von 
gerader Seitenzahl”’ by E. Steinitz, 116-129; ‘‘Ueber das Wachstum analytischer Funktionen in 
Halbstreifen und abnlichen Gebieten” by L. Neder, 180-148; ‘‘Ueber affine Geometrie: Zur 
Theorie der Affingesimsflichen” by E. Salkowski, 144-148; ‘“‘Ueber einen Grenzwertsatz”’ by 
O. Perron, 149-152; ‘Bilineare Transformation quadratischer Formen”’ by H. Brandt, 153-160. 

MESSENGER OF MATHEMATICS, volume 52, October, 1922: ‘The transformation of the 
elliptic function of the seventh order” by G. Greenhill, 81-89; ‘‘A proof of Burnside’s formula 
for log '(z + 1) and certain allied properties of Riemann’s ¢-function”’ by J. R. Wilton, 90-93; 
“A direct proof of the binomial theorem for a rational index”? by T. W. Chaundy, 94-96.— 
November, 1922: ‘‘A direct proof of the binomial theorem for a rational index”’ (continued) 
by T. W. Chaundy, 97-98; ‘‘Adaptation of curvilinear isothermal coérdinates to integrate the 
equations of equilibrium of elastic plates”? by B. G. Galerkin, 99-109; ‘‘Sur quelques séries et 
produits infinis’”’ by 8. P. Sorensen, 109-112.—No. 8, December, 1922: ‘‘The connexion between 
the sum of the squares of the divisors and the number of the partitions of a given number”’ by 
P. A. MacMahon, 113-116; ‘‘Electromagnetism and dynamics” by H. Bateman, 116-128. 

NATURE, volume 110, November 25, 1922: ‘The time-triangle and time-triad in special 
relativity’? by R. A. P. Rogers, 698-699; ‘‘Space-time geodesies’”’ by H. T. H. Piaggio, 699.— 
December 16: ‘“‘Space-time geodesics” by A. A. Robb, 809-810.—December 23: ‘‘A quantum 
theory of optical dispersion”? by C. G. Darwin, 841-842.—Volume 111, January 6, 1923: Notices 
by W. E. H. B. of A. MacLeod, Introduction a la géométrie non-Euclidienne (Paris, 1922) and of 
L. E. Dickson, History of the Theory of Numbers (Vol. II, Washington, 1920).— January 20: 
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‘Early mathematical instruments in Oxford” [review of R. T. Gunther’s Karly Science in Oxford 
(London, 1922)], 75-76.—February 3: ‘Greek geometry with special reference to infinitesimals”’ 
by T. L. Heath, 152-153; “The finitistic theory of space”’ [notice of N. M. Poppovich’s Die Lehre 
vom diskreten Raum in der neueren Philosophie (Vienna and Leipzig, 1922). ‘The theory leads 
Dr. Petronievics to affirm the absoluteness of Euclidean space’’].—February 10: ‘The definition 
of limiting equality”? by G. H. Bryan, 183-184 [Quotation: ‘TI consider that the proper test of 
limiting equality is that the difference between two quantities should become (numerically) less 
than any assignable fraction of one of the quantities, however small, in other words that x — a < ae 
where e is any fraction of unity, however small (instead of « — a < e where e is any quantity, 
however small), the present definition being assumed to hold good even if the two quantities 
vanish or become infinite at the limit’’]—February 17: “Stirling’s theorem” by J. Satterly, 220; 
“Definitions and laws of motion in the ‘Principia’”’ by G. Greenhill, 224-226.—February 24: 
‘‘ Absolute measure and the C. G.S. units’”’ by G. Greenhill, 259-261; ‘The teaching of elementary 
geometry,” 271.—March 3: ‘‘Sequence in school geometry,’”’ 277—278.—March 17: Notice of 
J. I.. Heiberg, Mathematics and Physical Science in Classical Antiquity (trans. D. C. Macgregor, 
London, 1922), 855-356; Obituary notice of A. N. Favaro, by F. Cajori, 368.—March 24: Notice 
by E. G. C. Poole of J. Edwards, A Treatise on the Intcgral Calculus (Vol. 2, London, 1922), 391; 
“ Definitions and laws of motion in the ‘Principia’ ’’ by W. Peddie, 395, and by F. E. Hackett, 
395-396; “Stirling’s theorem” by J. Strachan, 397; Obituary notice of James Gow, by T. L. 
Heath, 403.—March 31: ‘The Fourier-Bessel function”’ [review of A. Gray and G. B. Mathews, 
A Treatise on Bessel Functions and their Applications to Physics (2d ed., prefaced by A. Gray and 
T. M. Macrobert, London, 1922), and of G. M. Watson, A Treatise on the Theory of Bessel Func- 
tions (Cambridge, 1922)] by G. Greenhill, 422—-425.—April 28: Notice of E. Study, Mathematik 
und Physik (Braunschweig, 1923), 565; of H. P. Few, Elementary Determinants for Electrical 
Engineers (London and New York, 1922), 566. 

NATURE, volume 111, May 5, 1923: “Stirling’s theorem” by H. E. Soper, 601.—May 12: 
‘*‘Martin’s equations for the epidemiology of immunizing diseases”? by A. J. Lotka, 633-634.— 
May 26: ‘‘New works on relativity” [review of ten recent books, including L. Silberstein, T'he 
Theory of General Relativity and Gravitation (Toronto, 1922), and F. D. Murnaghan, Vector Analysis 
and the Theory of Relativity (Baltimore, 1922)], 697-699.—June 2: ‘‘An Einstein paradox”’ by 
R. W. Genese, 742.—June 9, 1923: ‘Actuarial mathematics”? by W. E. H. B. [review of A. 
Henry, Calculus and Probability for Actuarial Students (London, 1922), and of E. F. Spurgeon, 
Life Contingencies (London, 1922)], 769-770; ‘“‘A puzzle paper band” by C. V. Boys, 774.— 
June 16: “Martini’s equations for the epidemiology of immunizing diseases”’ by G. N. Watson, 
808; “The tercentenary of Blaise Pascal’ by H. W. Carr, 814-816; “Curve fitting,” 824.— 
June 23: ‘“‘The teaching of the calculus” by G. H. B. [review of G. W. Brewster, Common Sense 
of the Calculus (London, 1923)], 887-8388. 

NOUVELLES ANNALES DE MATHEMATIQUES, fifth series, volume 1, May, 1928: ‘Sur les 
systémes de quadriques ayant mémes projections de leurs lignes de courbure sur un plan principal 
commun” by M. d’Ocagne, 277-284; “Sur la formule d’Holditch et les applications qu’on peut en 
déduire”’ by R. Esteve, 284-300; “Sur un invariant intégral se rattachant 4 la Mécanique 
statistique’ by J. Haag, 301-302.—June, 1923: “Sur les fonctions analytiques d’une variable 
réelle” by G. Valiron, 321-329; “Sur une forme remarquable de Il’intégrale de |’équation des 
cordes vibrantes”’ by S. Zaremba, 380-338; ‘‘La construction du centre de courbure des coniques 
d’aprés Mannheim démontrée par le théoréme de Pascal”’ by J. Larras, 338-339; “Sur les cercles 
focaux’’ by H. Lebesgue, 340-350; ‘‘Sur un probleme de choc avec frottement”’ by H. Villat, 
3851-357. 

PEDAGOGICAL SEMINARY, volume 30, March, 1923: “Mathematics in current literature’’ 
by Martha MacLear, 48-50; ‘Self-taught arithmetic from the age of five to the age of eight”’ 
by Sophie R. Altshiller-Court, 51-68. 

POPULAR ASTRONOMY, volume 31, May, 1923: ‘‘Leap year rules and calendar accuracy”’ 
by C. F. Marvin, 298-308. [Quotation: ‘The present rule (Gregorian calendar) had best be 
continued to the year 3200 A.D., when the error of reckoning will be about 0.9 day. Then intro- 
duce a rule to omit 5 leap years in 600 years, resulting in a calendar which will operate until the 
year 17600 with errors well under one day throughout the whole period.’’] 

PROCEEDINGS OF THE EDINBURGH MATHEMATICAL SOCIETY, volume 40, 1922: ‘“‘De- 
termination of the arbitrary constants which appear in the asymptotic expansions for the functions 
of the elliptic cylinder’? by W. Marshall, 2-8; ‘‘Newton’s conception of a limit as interpreted 
by Jurin and Robins respectively” by G. A. Gibson, 9-20; “Notes on Everett’s interpolation 
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formula” by G. J. Lidstone, 21-26; ‘On Mathieu functions of higher order’? by P. Humbert, 
27-33; “The vibrations of a particle about a position of equilibrium—Part 2. The relation 
between the elliptic function and series solutions’ by B. B. Baker, 34-49; “A dissection of the 
extended form of Pythagoras’ Theorem” by G. D. C. Stokes, 50-54; “A new form for the sum of 
a trigonometric series”’ by G. J. Lidstone, 54-56; “‘To construct an ellipse whose focus F is given, 
which shall pass through three given points A, A’, A’ (Halley’s Problem)” by R. F. Davis, 
56-57; “Common Logarithms calculated by simple multiplication” by R. F. Muirhead, 57-60; 
‘Trigonometrical Ratios of (A + B)’’ by A. D. Russell, 60-61; ‘On Sylvester’s Dialytic Method 
of Elimination” by E. T. Whittaker, 62-63. 

PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES OF THE U. S. A., vol. 8, 
December, 1922: “‘Projective and affine geometry of paths” by O. Veblen, 347-350; “A further 
note on the mathematical theory of population growth” by R. Pearl and L. J. Reed, 365-368.— 
Volume 9, January, 1923: ‘‘On Riemann spaces conformal to Euclidean space”? by H. W. Brink- 
mann, 1-38; “Equiaffine geometry of paths” by O. Veblen, 3-4; ‘Affine geometries of paths 
possessing an invariant integral” by L. P. Eisenhart, 4-7; ‘‘Closed connected sets which are dis- 
connected by the removal of a finite number of points” by J. R. Kline, 7-12; ‘Some extensions 
in the mathematics of hydromechanics” by R. 8. Woodward, 13-18.—February: “Sets of con- 
jugate cycles of a substitution group” by G. A. Miller, 52-54.—March: ‘Note on the relative 
abundance of the elements in the earth’s crust’ by A. J. Lotka, 87-90; “Continuous transforma- 
tions of manifolds” by 8. Lefschetz, 90-93; ‘A lemma on systems of knotted curves” by J. W. 
Alexander, 93-95.—April: ‘Concerning the cut-points of continuous curves and of other closed 
and connected point-sets”’ by R. L. Moore, 101-106; ‘‘On Riemann spaces conformal to Einstein 
spaces”? by H. W. Brinkmann, 172-174.—Vol. 9, June, 1923: ‘Another interpretation of the 
fundamental gauge-vector of Weyl’s theory of relativity”? by L. P. Eisenhart, 175-178; ‘Tensor 
analysis without coérdinates” by G. Y. Rainich, 179-183; ‘Geometric aspects of the Abelian 
modular functions of genus four (III)”’ by A. B. Coble, 183-187. 

SCHOOL AND SOCIETY, volume 17, January 29, 1923: ‘A mathematician on the present 
status of the formal discipline controversy”’ by N. J. Lennes, 63-71 [presented at the Rochester 
meeting of the Association, September,!1922].-March 31: ‘“‘Mathematies the project instrument” 
by T. Lindquist, 3483-348.—May 19, 1923: ‘‘The Ph.D. degree and honesty”’ by G. A. Miller, 553. 

SCHOOL REVIEW, volume 31, May, 1923: “ Diagnostic algebra tests and remedial measures”’ 
by T. M. Deam, 376-379. 

SCIENCE, new series, volume 57, April 20, 1923: ‘“‘The Pi Mu Epsilon mathematical frater- 
nity” by E. D. Roe, Jr., 461-462.—_May 4: “An Egyptian mathematical papyrus in Moscow”? 
by L. C. Karpinski, 528-529; ‘The international work of scientific synthesis” [a review of the 
international journal Scientia] by R. D. Carmichael, 529-532.—May 11: ‘Note on the equations 
for tortuosity in Thomson and Tait’s Natural Philosophy” by C. Barus, 562.—Mavy 25: ‘The 
American Mathematical Society” [report of the meeting of the Chicago Section, April 13-14, 
1928] by A. Dresden, 620. 

SCIENCE, new series, volume 57, June 1, 1923: Review by R. D. Carmichael of A. Einstein, 
The Meaning of Relativity (Princeton lectures translated into English by E. P. Adams, Princeton, 
1922), 642-643. [Quotation: ‘Full details cannot be given in so short an exposition. But the 
author can and does succeed in making clear the general ideas and in setting before the reader 
the spirit and trend of the argument andiin leading him to see much of the detail of the whole 
theory. The exposition is thus a very useful one.’’]—June 8: ‘‘Mathematical propaganda”’ 
by G. A. Miller, 663.—June 22: ‘The new volumes of the Encyclopedia Britannica”’ by R. D. 
Carmichael, 721-724. - 

TOHOKU MATHEMATICAL JOURNAL, volume 21, July, 1922: “A new proof of a theorem 
of Taylor’s” by Y. Tanaka, 1-2; ‘On the theory of double sequences” by T. Kojima, 3-14; 
“On the curvature of the closed convex curve” by T. Kojima, 15-20; ‘Notes on closed convex 
curves” by T. Kubota, 21-25; ‘On the Fourier constants and a special system of non-homo- 
geneous linear equations in infinitely many unknowns” by 8. Takenaka, 26-42; ‘‘Note on the 
rapidly convergent series for N! due to Prof. Burnside” by 8. Nakajima, 43-45; ‘‘Cyclotomic 
sexe-section for the primes 19 and 31” by P. O. Upadhyaya, 46-50; “Uber gewisse Infinitesi- 
maloperationen der héheren Operationsstufen”’ by R. E. Moritz, 51-64; ‘‘Pentaspherical geometries 
in noneuclidean space, II”? by T. Takasu, 65-137; “On the multiplication table in China” by 
K. Ueno, 188-147; ‘“‘The logarithm in Japanese mathematics” by T. Hayashi, 148-190. 
—Volume 22, December, 1922: ‘On a Diophantine equation”’ by K. Oishi, 1-13; “Sur le champ 
de gravitation dans l’espace vide”’ by K. Ogura, 14-87; ‘‘Untersuchungen tiber das Poissonsche 
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Integral auf der Kugel und seine Ableitungen” by P. E. Strdssle, 38-76; ‘An extension of a 
theorem of Salmon” by Y. Sawayama, 77-78; “Uber eine arithmetische Eigenschaft gewisser 
Reihenentwicklungen” by G. Pélya, 79-81; “Sur certains systémes d’équations différentielles”’ 

by P. Sibirani, 82-86; “Uber die Mittelwerte analytischer Funktionen” by G. Szegé, 87-98; 
* Axiomatic investigation on number-systems, I’”’ by K. Yoneyama, 99-1387; ‘“‘On multiplicative 
and enumerative properties of numerical functions” by E. D. Pepper, 138-152; “On geometrical 
construction by a ruler of finite length and compasses of finite aperture’ by M. Shibayama, 
153-154; ‘On a sextic” by P. O. Upadhyaya, 155-157; ‘‘Cyclotomic sexe-section for the prime 
61” by P. O. Upadhyaya, 158-162; “Second paper on tautochronous motion’? by P. O. Upad- 


. 5s 
hyaya, 168-164; ‘On the integral J, 


approximation of a function” by T. Hayashi, 165-170. 

TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY, volume 22, October, 1921 
[published April, 1923]: ‘On certain numerical invariants of algebraic varieties with application 
to Abelian varieties” by S. Lefschetz [concluded], 407-482; ‘‘On restricted systems of higher 
indeterminate equations” by E. T. Bell, 483-488; ‘‘Maximum modulus of some expressions of 
limited analytic functions” by S. Kakeya, 489-504; ‘Differential variations in ballistics, with 
applications to the qualitative properties of the trajectory’? by T. H. Gronwall, 505-525; ‘‘An 
expansion theorem for a system of linear differential equations of the first order’? by W. A. Hurwitz, 
526-548. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UN TERRICHT, 
volume 54, no. 2, published May 5, 1923: ‘‘Vom Ptolemdischen zum Kopernikanischen System” 
by W. Lictzmann, 65-70; “Zur Bestimmung der Asymptoten einer ebenen Kurve” by V. 
Kommerell, 70-75; ‘Zu den arithmetischen Operationen” by N. Gennematds, 75-78; ‘‘Ueber 
die Behandlun g der Parallelenlehre im Unterricht”’ by K. Fladt, 78-84; “ Beitraige zur Berechnung 
des Kugeldreiecks im 'Falle des casus ambiguus”’ by Ruoss, 84-89; ‘‘Ueber den Zusammenhang 
der Keplerschen Gesetze untereinander’”’ by H. Teege, 89-94; ‘‘Ein elementares Verfahren, die 
relativistischen Aberrationsgesetze unmittelbar aus dem Diagramm der Aberration abzulesen”’ 
by H. Meurer, 95-96; ‘‘Die Winkelmessung der Artilleristen”’ by P. Luckey,' 97-99; “‘Sph&risch- 
astronomische Relation zwischen den Neigungswinkeln der regulféren Kérper”’ by H. Michnik, 99; 
Aufgabenrepertorium, 100-105; Berichte, 106-110; ‘Aus der Forschung. Eine amerikanische 
Geschichte der Zahlentheorie”’ [review of L. E. Dickson, History of the Theory of Numbers (Vols. 
I and II, Washington, 1919-1920)] by H. Wieleitner, 110-111; Bticherbesprechungen und 
Zeitschriftenschau, 113-127; ‘Die Lehre von den Wurzeln im elementaren Unterricht’’ by 
Brettar, 127-128. 


~ de with an appendix on its application to theory of 


UNDERGRADUATE MATHEMATICS CLUBS. 


All reports of club activities should be sent to E. L. DODD, 3012 West Ave., Austin, Tex. 


CLUB ACTIVITIES. 


THe Junion Matuemarics Cius oF THE UNIVERSITY oF CuicaGgo, Chicago, Il. 
(1921, 324.] 


Officers elected for the year 1922-1923 were: President (fall and winter), C. E. Van Horn, 
Gr.; president (spring), L. M. Graves, Gr.; secretary and treasurer, Margaret Mauch, Gr.; 
chairman of program committee, Mrs. J. P. Ballantine, Gr.; chairman of social committee, Esther 
Weaver, Gr. Two social meetings were held during the year. At the regular meetings the 
following papers were presented: 

October 25, 1922: ‘‘ Difference quotients” by J. P. Ballantine, Gr. 
November 8: ‘‘ Mathematics, mathematicians and humor” by M. H. Ingraham, Gr. 
December 6: ‘‘Non-euclidean geometry” by L. M. Graves, Gr. 
January 10, 1923: “‘Some simple methods of deriving series” by Mrs. J. P. Ballantine, Gr. 
January 24: “Classes, sets and some paradoxes” by C. E. Van Horn, Gr. 
February 7: “The fourth dimension” by D. 8. Patton, Gr. 
February 21: ‘‘Coefficients of correlation”? by H. R. Phalen, Gr. 
April 11: “The game of Nim” by Esther Weaver, Gr. 
April 25: ‘Caustic curves”’ by D. L. Holl, Gr. 
(Reported by Miss Mauch.) 


402 PROBLEMS AND SOLUTIONS. [ Nov., 


THe Matruematics CuuB or HaMune UNIversiry, St. Paul, Minn. 


This club was organized in the spring of 1923, Professor Roger A. Johnson acting as president, 
and Victor Westman ’24 as secretary. The following papers were presented: 
March 28, 1923: “Nim and other mathematical recreations’? by Mr. C. A. Rupp, instructor. 
April 25: “The theory of relativity”? by Stanley Poukey ’23. 
May 23: “Some aspects of non-euclidean geometry”? by Professor Johnson. 


(Reported by Professor Johnson.) 


Tae Marnematics Cius or THE Stare University or Iowa, Iowa, City, Ia. 
[1922, 355.] 


As officers for the year 1922-1923 the following were elected: President, Orley Brown, 
graduate assistant; secretary, Glenn Aldrich, graduate assistant. The meetings, all open to the 
public, were well attended. Papers were read as follows: 

October 12, 1922: “Purposes of the Mathematics Club” by Professor W. H. Wilson. 
November 2: ‘‘Magic squares’’ by Helen Moon, Gr. 

November 16: ‘Some phases of projective geometry’’ by Orley Brown, Gr. 
December 7: ‘Mathematical recreations” by Iona Reger ’23. 

January 18, 1923: ‘Mathematical tricks and puzzles’? by Glenn Aldrich, Gr. 
February 1: ‘The development of algebraic notation’? by Frances Baker ’23. 
February 15: ‘The cubic equation” by Eric Erickson, Gr. 

March 1: ‘‘The theory of probability” by Henry Pollard, Gr. 

March 15: ‘The ellipse” by Ruth Balluf ’23. 

April 12: ‘Various kinds of averages” by Clarence Balof, Gr. 

May 38: “Logarithms of complex numbers” by Howard Hughes ’23. Election of officers: Pres- 

ident, Eric Erickson, Gr.; secretary, Howard Hughes ’23. 

(Reported by Mr. Aldrich.) 


PROBLEMS AND SOLUTIONS. 


Epirep By B. F. Finkei, Orro DUNKEL, AND NoRMAN ANNING. 


Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 
PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. ‘The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuty. In so far as possible 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems.] 


3040. Proposed by WILLIAM HOOVER, Columbus, Ohio. 


Give the radius, R, of a sphere rolling down two intersecting straight lines including the 
angle 2a and equally inclined to the horizon; show that the locus of the center of the sphere is 
an ellipse of semi-axes R esca, R. 


3041. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 


Find the locus of the mid-point of the segment determined by two fixed intersecting planes 
on a variable line passing through a fixed point. 


3042. Proposed by C. N. SCHMALL, New York City. 


Given the bases and the sum of the areas of several triangles that have a common vertex; 
show that the locus of the vertex is a straight line. 
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3043. Proposed by O. D. KELLOGG, Harvard University. 


Let T denote an open continuum of the zy-plane, say the interior of a smooth simple closed 
curve. Then if U is continuous in 7, and is such that 


PV &bV 
L 


for all functions V with continuous second derivatives and vanishing on the boundary of 7, U 
is harmonic, %.e., satisfies Laplace’s equation (0?U/dz2) + (0?U/dy*) =0. (It is understood 
that if U becomes infinite in the neighborhood of a boundary point of 7’, V is so further restricted 
that the integral shall have a sense.) 


SOLUTIONS. 


2981 [1922, 313]. Proposed by H. P. MANNING, Providence, R. I. 


Find the envelope of the circle on which two diametrically opposite points divide in a given 
ratio the focal radii of a variable point on an ellipse or hyperbola. 


SOLUTION BY WiLLIAM Hoover, Columbus, Ohio. 


Let C be a point on a central conic with foci A and B, and center O. If Q and Q’ are points 
on BC and AC such that BQ/BC = AQ’/AC =k, then the diameter, QQ’, of the circle of the 
problem is equal to (1 — k)AB = 2(1 — k)ae, CO passes through the center C’ of the circle, and 
OC’ = kOC. Thus C’ describes a conic similar to the original, and the envelope of the equal 
circles must consist of two branches parallel to the conic C’. If the codrdinates of C, in case of 
the ellipse, are a cos g, b sin g, then the codrdinates of C’ are ka cos ¢, kb sin ¢. Let y be the 
inclination of the normal at C’, then tan y =asin ¢/b cos, siny =sin ¢/V¥1— & cos? ¢. 
Hence 
(1 — k)be cos ¢ 
V1 — & cos? © 
(1 — k)aesin ¢ 
V1 — & cos? 7) 


x =kacose+ 


y =kbsngog+t 


The hyperbola may be treated in a similar manner. 
Also solved by A. PELLETIER, J. B. ReyNoups and J. K. WurrreMoRre. 


2988 [1922, 356]. Proposed by PHILIP FRANKLIN, Harvard University. 


Prove, geometrically, that if in an ellipse the tangent at P cuts the directrices in Z, Z’ and 
the remaining tangents from Z and Z’ to the ellipse meet at 7, PT is the normal to the ellipse at 
P. (An analytic proof is given in the Journal of the Indian Mathematical Society, vol. 13, 1921, 
p. 234.) 


SOLUTION BY NATHAN ALTSHILLER-CouRT, University of Oklahoma. 


The line QQ’ joining the points of contact Q, Q’ of the tangents TZ, TZ’ with the given ellipse 
(Z) is the polar of the point 7, hence PT is the polar of the point R = (QQ’, PZZ'); therefore, the 
four points Q, Q’, R, S = (QQ’, PT) are harmonic, and so is the pencil P(QQ’, RS). Now the 
lines PQ, PQ’ are the polars of Z, Z’ with respect to (#), and since Z, Z’ lie on the directrices 
of (#), the lines PQ, PQ’ pass through the foci of (H). Thus the line PT is separated harmonically 
from the tangent PZZ’ by the focal radii PQ, PQ’ of P, 1.e., PT is the normal to (£) at P. For 
ZQPZ = 2 Q'PZ, a well-known property, and hence “7 QPS = JZ Q’PS. 


Also solved by J. W. Cuawson, R. M. Matuews, A. PELLETIER, Maser M. 
Youne and the PROPOSER. 
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NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


Because the Mathematical Association meets at the University of Cincinnati 
in December in affiliation with the American Association for the Advancement 
of Science, railroad rates are available for a fare and a half. The reduced rates 
should prove attractive to the Association members and guarantee a large at- 
tendance from the Middle West, as well as from points farther west and east. 
President Carmichael’s presidential retiring address and other important papers 
will be given at the first session on Thursday afternoon, December 27. A second 
session will be held on Friday morning and a joint session on Friday afternoon, 
in conjunction with Section A of the American Association and the Chicago Sec- 
tion of the American Mathematical Society, at which time addresses in commem- 
oration of the seventy-fifth anniversary of the American Association will be given 
by Professors G. A. Miller and A. B. Coble, and, at the invitation of the Chi- 
cago Section and this Association, Professor L. E. Dickson will speak on “‘Arith- 
metics and their Algebras.” 


The following 19 doctorates with mathematics as major subject were conferred 
by American Universities in the academic year 1921-1922; the university and 
the title of the dissertation are given with each name. C. R. Apams, Harvard, 
“The general theory of linear partial q-difference equations and of the linear 
partial difference equation of the intermediate type”; B. H. Brown, Harvard, 
“The equilong transformations of Euclidean space’; Marcaret BUCHANAN, 
Bryn Mawr, “Systems of two linear integral equations with two parameters and 
symmetrisable kernels”; E. H. Carus, Chicago, “Invariants as products: a 
vector interpretation of the symbolic method”; W. E. CepERBERG, Wisconsin, 
“On the solution of the differential equations of motion of a double pendulum”; 
H.S. Everett, Chicago, “ Determination of all general homogeneous polynomials 
expressible as determinants whose elements are homogeneous polynomials”; 
V. D. GoxHALE, Chicago, “Concerning compact Kiirschék Fields”; CLARIBEL 
KENDALL, Chicago, “Certain congruences determined by a given surface’’; 
R. E. Lancer, Harvard, “I. Developments associated with a boundary problem 
not linear in the parameter. II. The boundary problems and developments 
associated with a system of linear differential equations of the first order’’; 
C. C. MacDurres, Chicago, “Invariantive characteristics of linear algebras 
with the associative law not assumed”; E. D. Mracuam, Chicago, “ Properties 
of surfaces whose osculating ruled surfaces belong to linear complexes”; EUGENIE 
M. Morenvus, Columbia, “Geometric properties completely characterizing the 
set of all the curves of constant pressure in a field of force”; Anna M. MuLirxin, 
Pennsylvania, “Certain theorems relating to plane connected point sets”’; 
ELEANOR ParrmMan, Radcliffe, “Expansion theorems for solution of a Fredholm’s 
linear homogeneous integral equation of the second kind with kernel of special 
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non-symmetric type”; H. P. Perri, Illinois, “A general cyclide with special 
reference to the quintic cyclide”; J. F. Retiiy, Iowa, “On certain generalizations 
of osculatory interpolation’; W. P. Upinsxzi, Illinois, “On a series of rational 
functions formally analogous to Fourier’s series’; B. C. Wonca, California, “A 
study and classification of ruled quartic surfaces by means of a point-to-line 
transformation”; E. B. ZrmsLtEr, Chicago, “Definite integral representation of 
invariants.” 

The following five doctorates, conferred in the latter half of the calendar year 
1922, are listed in the same way as the preceding. E. H. Cuarxs, Chicago, “On the 
minimum of the sum of a definite integral and a function of a point”; J. D. 
EsHLEMAN, Chicago, “The Lagrange problem in parametric form in the calculus 
of variations”’; W.S. Kimpauz, Chicago, “Scattering of particles by an Einstein 
curve”; Harry Lanaman, Columbia, “Conformal transformations of period n 
and groups generated by them”’; J. 5. TuRNER, Chicago, “Fundamental system 
of formal invariants of a modular group of transformations.”’ . 

The following four doctorates in mathematical physics or mathematical 
astronomy were conferred during the calendar year 1922; the university, the 
major subject, and the title of the dissertation are given with each name. F. E. 
Carr, Chicago, mathematical astronomy, “A solution of the problem of two 
bodies one of which is a rotating oblate spheroid’; H. C. Levinson, Chicago, 
mathematical astronomy, “The gravitational field of masses relatively at rest 
according to Einstein’s theory of gravitation’; Louis SLIcHTER, Wisconsin, 
mathematical physics, ‘“ An experimental study of an acoustic system’’; WARREN 
WEAVER, Wisconsin, mathematical physics, “A summary of the analytic formula- 
tion of the theory of electrodynamics.” 


The many friends of SamuEL Doucias Kiam, professor of mathematics 
at the University of Alberta, will be shocked to learn of his death by drowning 
at Lake Annis, Nova Scotia, on July 22, 1923. He was born in Yarmouth, 
Nova Scotia, May 9, 1888, and received the degrees of B.A. and M.A. from 
Mount Allison University in 1908 and 1910 respectively. He spent the winter 
semester of 1908-1909 at the University of Berlin but then went to the University 
of Géttingen where he received the Ph.D. degree in 1912. His thesis (28 pp. 
and 15 plates) was entitled Ueber graphische Integration von Funktionen einer 
komplexen Variabeln mit speziellen Anwendungen. In 1912 he was appointed 
instructor in mathematics at the University of Rochester; in the following year 
he went as instructor in mathematics to the University of Alberta where he re- 
mained ever since except for a period of war service in the Canadian Artillery. 
In 1915 he was promoted to be assistant professor of applied mathematics and 
he was promoted to a full professorship in 1921. In May of last year he presented 
to the Royal Society of Canada a paper on “The solution of plane triangles by 
nomographic charts.’”’ He published an article on “Bond schedules for the 
amortization of a premium or accumulation of a discount”’ in the Canadian 
Chartered Accountant, April, 1920. He has been a member of the Association 
since 1920. 
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JOHN Gaston LreatTHEM died March 19, 1923. He was born in Belfast, 
ireland, on the 5th of May, 1871. After studying at Queen’s College, Belfast, 
he went to Cambridge in 1891 and was fourth wrangler in the tripos of 1894. 
He held the Isaac Newton studentship in astronomy and physical optics from 
1896-99 and was mathematical lecturer at St. John’s College, Cambridge, after- 
wards becoming university lecturer. In 1905 he took up, in conjunction with 
E. T. Whittaker, the editorship of the well-known series of mathematical tracts 
to which he contributed two volumes. His main interests were electrodynamical 
theory and the application of the theory of conformal mapping to problems in 
physics. 

In his recent presidential address to the Institute of Physics, Sir J. J. 
THOMSON gave an account of some of his impressions during his recent visit to 
America. Of interest to teachers of mathematics is his statement that American 
Universities do not seem designed to produce a large number of men qualified to 
take up advanced research work. Few of the science students, he says, have the 
necessary equipment in mathematics, while the stern training which a good 
student in a great English University has to go through appears to be unknown. 
In this regard, Great Britain has a distinct advantage which is sorely needed if 
America is to hold its own in competition. In these remarks the distinguished 
physicist and mathematician has undoubtedly pointed out one of the weakest 
points in our current mathematical instruction: the failure to impress sufficiently 
upon the first rate student of science the absolute necessity of advanced mathe- 
matical training. 


SUBSCRIPTIONS TO FORTSCHRITTE AND JAHRESBERICHT 


Members of the AssocIATION are already aware of the extortionate prices 
demanded for Jahrbuch tiber die Fortschritte der Mathemattk, vol. 45 ($19.20), and 
Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 31, 1922 ($14.00). 
As the result of extensive correspondence, Professors Bieberbach and Lichtenstein 
have communicated the following offer to members of the AssoctaTion: Volume 
46 of the Fortschritte will be supplied at 25 per cent. discount on the published 
price, postage and packing being extra. The first Heft of this volume (550 
pages, 1923), published at $5.45, therefore costs $4.20. The Jahresbericht, vol. 
32, 1923, will be sent for $2.25 which includes the dues for the Vereinigung. 

In case any Library, not in a College or University already an institutional 
member of the AssocrIATION, wishes to avail itself of the above rate, it may do 
so by joining the Vereinigung for which the annual fee is, for the time being, 
not more than fifty cents per year. 

Orders under the above plan should be sent to Professor Dr. L. Bieberbach, 
Marienbaderstr. 9, Berlin-Schmargendorf, Germany. Payment should be made 
in dollars, when ordering, by draft either on New York or Berlin. 

We are informed that if a considerable number of new subscribers results 
from these very reasonable rates, a still further reduction in the price per page 
of the Fortschritte may be expected. The number of subscribers now is 130 less 
than before the war. 


An Introduction to 


Mathematical Analysis 
By FRANK LOXLEY GRIFFIN, Ph.D. 


Professor of Mathematics, Reed College 


This work is intended primarily to serve as a textbook in a regular 
Freshman course in mathematics, and it certainly contains all the prob- 
lem work that the most exacting teacher of mathematics could require. 
And yet so skillfully is the material arranged and handled that a non- 
mathematical reader will be able to keep a true perspective and secure a 
remarkably clear idea of ‘What it is all about.’ I can confidently rec- 
ommend this book not only for regular teachers of mathematics, but also 
to busy workers in related fields. 


EDWARD V. HUNTINGTON, Harvard University. 


512 pages, $2.75, Postpaid 


NEW. YORK Houghton Mifflin Company SAN FRANCISCO 


A New McGraw-Hill Book 


SMAIL’S ELEMENTS OF THE THEORY OF 


INFINITE PROCESSES 


By LLOYD L. SMAIL 
ASSISTANT PROFESSOR OF MATHEMATICS, UNIVERSITY OF OREGON 


336 pages, 5 x 74, $3.50 


The first American book on the subject, presenting a treatment of infinite processes particularly valu- 
able as an introduction to modern analysis following a course in Calculus. 
The author includes under the title of Infinite Processes the subjects of 


Infinite Sequences - Infinite Series 
Infinite Products Infinite Continued Fractions 
Infinite Determinants Infinite Integrals 


The book is planned for an introductory course, giving the more important conceptions and propositions 
of the field of infinite processes, in sufficient detail to be intelligible to a beginner in the subject, and serving 
as an introduction to a more detailed and complete study of the special fields. 


Send for a copy of this new book on approval, 


McGraw-Hill Book Co., Inc. 


Penn Terminal Building 


370 Seventh Avenue NEW YORK 


K & E Slide Rule in College Mathematics 


A I, NR 


The Slide Rule as a check in Trigonometry is now 
regularly taught in colleges and high schools. Our 
manual makes self-instruction easy for teacher and 
student. Write for descriptive circular of our slide 
rules and for information about our large Demonstra- 
ting Slide Rule for use in the Class Room. 


KEUFFEL & ESSER CO. 


NEW YORK, 127 Fulton Street, General Office and Factories, HOBOKEN, N. J. 


CHICAGO ST. LOVIS SAN FRANCISCO MONTREAL 
616-20 S. Dearborn St. 817 Locust St. 30-34 Second St. & Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


Missing Numbers of the Monthly 

Cash will be paid for certain single numbers as follows, up to a limited number of 
copies: 
February, March, May or September, 1913; September, 1914; February, March, April 
or June, 1915; February or September, 1918—fifty cents; September, 1915— seventy-five 
cents; May, 1915—one dollar (See MonTHLY, March, 1921, p. 152) 

Extra copies or volumes of any dates which members wish to contribute will be 
used to the best advantage of the Association. 


Address all communications to the Secretary, W. D. Cairns, Oberlin, Ohio 


TRANSFORMATIONS OF SURFACES 


By LUTHER PFAHLER EISENHART 
Professor of Mathematics in Princeton University. 


A continuation of the author’s DIFFERENTIAL GEOMETRY. Published 
with the cooperation of THE NATIONAL RESEARCH COUNCIL. 
380 pages. Price, $4.00 


PRINCETON UNIVERSITY PRESS 


Princeton, N. J. 


Important Notice 


The Mathematical Association of America, like all other organiza- 
tions of an educational character, gives manifold more than it receives from 
its constituents. This discrepancy is accounted for by the gratuitous and 
arduous work given to the Association by its devoted servants. 


Since it is impossible to raise the dues above a certain maximum with 
out going beyond the reach of very many of those to whom the Association 
means most, it seems clear that an endowment fund is the best solution of the 
difficulty. Now that the Association is incorporated it is legally qualified to 
administer such a fund. 


An endowment is needed not only to prevent a reduction of the num- 
ber of pages in the MonTHLY, but also to enable the Association to make 
just compensation to its servants, and to go forward with its important 
projects such, for example, as the preparation and publication of a Mathema- 
tical Dictionary which is so greatly needed in the English language. 


It is believed that, when these conditions are widely known among the 
friends of mathematics, financial support of this kind will be forthcoming. 


Legal Form for Gifts and Bequests 
I hereby give! to the Board of Trustees of the Mathematical Association of 
America the SUm Of ooo... ccscscccsccccsccesecnsecneccneceneseneeensssnessssssnesssssenssnssenacsnssensenasenseenseens Dollars, 
to be KnOWN a8 the ..u.o..ceccescsscceccsecccsnceneecnecneccsecuessseceseseesessussueesessnssnscnsenaeenecaseneaseenecuesacecaeeaceneeunees - 


Fund, and to be used 
\ Seed Pei income only of which may be expended. 


Special Projects—for which both principal and income may be expended. 


Witnesses: SUQMAGU TC ec ecsssnseessescessoneeseeesseesneenaseoneccnsecaeecnseensces _ 


OO OO ow 6 0006000086 wo HO 08 OO Se 6 08 6088 OF OOS SOS SS eSBs eee Sem esEDeeBam se reaSwaesssste 


1In case of a bequest, the first line should read ‘‘I hereby give and bequeath,’ etc 
2 Indicate which one of the two purposes is desired, and omit the other. 
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THE EIGHTH SUMMER MEETING OF THE ASSOCIATION. 


The eighth summer meeting of the Mathematical Association of America 
was held by invitation at Vassar College on Wednesday and Thursday, September 
5-6, 1923, in conjunction with, and immediately preceding, the summer meeting 
of the American Mathematical Society. One hundred fifteen were present at 


the meeting, including the following seventy members of the Association: 


H. L. Acarp, Williams College. 

N. ALTSHILLER-Court, University of Oklahoma. 

R. C. ARcHIBALD, Brown University. 

G. N. ArMstrroncG, Ohio Wesleyan University. 

Cuiara L. Bacon, Goucher College. 

Ipa Barney, Yale Observatory. 

Mrs. EtHELWYNN R. BeEckwitH, Harvard 
University. 

Suzan R. Benepict, Smith College. 

B. A. Bernstein, University of California. 

Harry BrrcHenovueH, N. Y. State College for 
Teachers. 

E. W. Brown, Yale University. 

H. 8S. Brown, Hamilton College. 

J. A. Bunuarp, U. 8. Naval Academy. 

W. G. BuLuarp, Syracuse University. 

R. W. Buresss, Brown University. 

W. D. Catrns, Oberlin College. 

G. M. Conwetut, N. Y. State College for 
Teachers. 

Lennie P. CorpELAND, Wellesley College. 

G. W. CreeLtmMan, Hotchkiss School. 

Louise D. Cummines, Vassar College. 

C. E. Diuicxk, U. 8. Coast Guard Academy. 

JOHN EIesLAND, University of West Virginia. 

W. B. Forp, University of Michigan. 

OQ. E. Guenn, University of Pennsylvania. 

W. C. GravsteIn, Harvard University. 

C. C. Grove, Metropolitan Life Insurance 
Company. 

Ruts H. Haru, Rosemary Hall, Greenwich, 
Conn. 

E. R. Hepricx, University of Missouri. 

Anna M. Howt, Newcomb Memorial College. 

E. V. Huntineton, Harvard University. 

Neue L. Inceus, Interstate Commerce Com- 
mission. 

Myra I. JoHnson, Syracuse University. 

D. K. Kazarinorr, University of Michigan. 

H. A. Kress, Albright College. 


J. R. Kunz, University of Pennsylvania. 

W. D. Lampert, U. 8. Coast and Geodetic 
Survey. 

FLORENCE P. Lewis, Goucher College. 

J. J. Luck, University of Virginia. 

C. C. MacDurres, Princeton University. 

R. M. Maruews, Wesleyan University. 

GERTRUDE I. McCain, Westminster College. 

J. F. Messick, Emory University. 

C. N. Moors, University of Cincinnati. 

Evcenie M. Morenvus, Sweetbriar College. 

C. C. Morris, Ohio State University. 

A. D. Pircuer, Western Reserve University. 

E. L. Post, New York City. 

Susan M. Ramso, Smith College. 

ARTHUR Ranvum, Cornell University. 

H. W. Reppicx, Cooper Union. 

L. J. Reep, Johns Hopkins University. 

R. G. D. RicHarpson, Brown University. 

E. D. Rog, Jr., Syracuse University. 

J. B. Rosenpacu, Carnegie Institute of 
Technology. 

Mary E. Sincuair, Oberlin College. 

H. E. Staueut, University of Chicago. 

H. L. Suroptn, New Hampshire College. 

Ciara EK. SmitrH, Wellesley College. 

D. E. Smita, Columbia University. 

W. M. Smita, Lafayette College. 

May J. Sperry, Syracuse University. 

Brrp M. Turner, University of West Virginia. 

H. W. Trier, Massachusetts Institute of 
Technology. 

H. 8S. Vanpiver, Cornell University. 

OswaLD VEBLEN, Princeton University. 

Mary E. Weuus, Vassar College. 

V. H. Weuus, Williams College. 

J. K. Wuirremore, Yale University. 

EUPHEMIA R. WORTHINGTON, Southern Branch, 
University of California. 

J. W. Youne, Dartmouth College. 


The local committee under the chairmanship of Professor H. 8S. White made 


ample provision for the convenience and comfort of the guests. 


Those in 


attendance were housed in Main Hall, the central building of Vassar College, 


and took their meals in the commodious dining hall. 


The officers of the two 
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mathematical organizations were assigned to commodious guest rooms, the 
retiring president of the Association enjoyed the distinction of using a bed 
formerly the possession of Matthew Vassar, the founder of the College. The 
joint dinner of the two organizations was held on Thursday evening, about one 
hundred twenty being present. Professor E. W. Brown acted as toastmaster 
and short talks were made by President MacCracken, Professors White, Slaught, 
and Huntington. A number of features added much to the pleasure of the 
guests during the meetings. Tea was served each afternoon at the home of 
Professor and Mrs. White. On Wednesday afternoon at the close of the program 
the majority of those in attendance made a tour of the campus and buildings, 
including a walk to Sunset Hill just outside the campus. On motion of the 
Secretary, at the session on Thursday morning a vote of thanks was given by 
the members to Professor and Mrs. White for their hospitality, to President 
MacCracken and the authorities of Vassar College for their generosity in making 
possible the facilities of Vassar College during the vacation season, to the local 
committee for its effective and untiring efforts, and to the program committee 
under the chairmanship of Professor Lennie P. Copeland for the interesting and 
profitable papers which were prepared under their direction. 

At the joint session of the Association and Society on Thursday afternoon, 
a vote of sympathy was extended to the Physico-Mathematical Society of Japan, 
expressing our deep sorrow and sincere sympathy in the great calamity that has 
befallen the Japanese people, and expressing the hope that the later reports 
may be more favorable than those at first received, and that the indomitable 
will that has always characterized the Japanese nation may serve to establish 
conditions as nearly normal as such a catastrophe can permit. 

In the absence of the president and vice-presidents, Professor Slaught presided 
at the session on Wednesday afternoon, and Professor Huntington at the session 
on Thursday morning. Professor Veblen, the president of the Society, presided 
at the joint session on Thursday afternoon. The program of the meeting follows, 
accompanied by abstracts of the papers and discussions, the numbers corre- 
sponding to the numbers in the list of titles. A telegram to the secretary an- 
nounced that, by reason of illness, Dr. J. G. Coffin could not present his paper 
on “Mathematical training for laboratory men.” 


SESSION OF THE ASSOCIATION. 


(1) “Elliptic geometry” by Professor JamEs Prerpont, Yale University, by 
invitation. 

(2) “The influence of engineering on mathematical teaching” by Professor 
EK. R. Heprick, University of Missouri. 

(3) “The honor student in mathematics” by Professor Suzan R. BENEDICT, 
Smith College. 

1. Professor Pierpont’s address will appear in full in an early number of the 
MONTHLY. 

2. It has often been assumed that the effect of engineering on mathematical 
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teaching in colleges has been detrimental to the best interest of the subject, and 
has tended to suppress its cultural and scientific values. Professor Hedrick re- 
viewed in some detail the major subjects in mathematics taught to engineers, 
and pointed out some of the more important changes that have taken place in 
the period since engineering has exerted its greatest influence. Among these 
changes are the earlier introduction of the ideas of the calculus, the emphasis 
upon functional representation as opposed to geometric properties of conic sec- 
tions in analytic geometry, the widening of the range of applications of the 
calculus, the encouragement of the use of tables of integrals in place of formal 
solutions of formal problems in integration, and the greater emphasis that has 
been placed on differential equations. It is pointed out that the cultural and 
scientific values of the resulting course are at any rate as great as in the older 
courses, and that the training of the student in functional thinking is now far 
better than under the older scheme. Attention is directed also.to the introduction 
of vector methods in engineering work, and to the increasing demand for reason- 
able training in the determination of empirical formulas from scientific experi- 
mental data. 

3. For the last two years Smith College has offered a special honors course 
to be substituted for the ordinary curriculum in the junior and senior year. 
In this course a very small group of students, selected partly because of high 
standing and partly because of evident capacity for independent thinking, are 
released from all class room responsibilities. Under the direction of members 
of the faculty they pursue one line of work chosen by them, their progress being 
judged by conference with the teachers in charge, a paper submitted at the end 
of the course, and comprehensive final examinations. 

There is a question as to whether mathematics is a subject which a student so 
young, and necessarily so untrained, could.follow profitably without more super- 
vision and assistance than this svstem contemplates. If so a second question 
arises as to the reading to be suggested. 

If the work is divided into eight units, two of which are equivalent to the 
entire time of the student, the program contemplated is as follows: 

2 units Advanced Calculus, Differential Equations, Algebra; 

2 units Modern Geometry, Functions of a Real and of a Complex Variable; 

2 units Applications; 

2 units Review and correlation of the work covered and preparation of a paper. 
This paper is submitted with the hope that the department of mathematics at 
Smith may have the opinion of this Association upon the two questions before 
us, that is, the suitability of mathematics for this kind of specialization and the 
choice of subjects which might be pursued profitably by the undergraduate. 

Professor Clara Smith stated that honor students at Wellesley are required 
to concentrate in a field, within which, however, there may be several lines closely 
connected. This concentrated program can begin with the junior or with the 
senior year. For example, two students recently took two 3-hour courses to- 
gether with courses in physics, such students being allowed three hours of their 
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own choosing in the senior year, if they so desire, and if the department thinks 
best. These students are asked to make such reports as would lead them to read 
up on certain courses not covered in the regular courses, topics suited to this 
purpose having been assigned. An oral examination is held for each candidate, 
covering both the regular class courses and the independent work. 

Professor Mordell stated that he has been used to practically the same scheme 
in the English universities. The honor student is quite at liberty to read all 
the books on a certain subject, although it is the exceptional student who can 
wisely direct his own effort, for a lecturer can put the material in a proper per- 
spective for the students, whereas an unguided student may get a wrong or 
incomplete view of the subject. Most students prefer to attend lectures regularly 
and to take very full notes, even to the entire disregard of text books. They 
may elect special subjects even from the beginning of their university course. 

Professor Burgess spoke of the type of English honor system which prevails 
at Oxford. He concluded from his own observations that this system is not 
applicable to the United States unless accompanied by the tutorial system, the 
scholarship system, and the examination system. He mentioned too that most 
of these students have won their scholarships through close competition coming 
up from the secondary schools. 

Professor Slaught raised a question as to the wisdom of turning undergraduates 
loose in independent effort and of allowing them to spend all of the two years 
in a given subject. In reply Miss Benedict reiterated that the students were 
quite at liberty in the independent work of their last two years, that they were 
first of all very carefully selected, and that they report fortnightly to their 
Faculty advisors. 

SESSION OF THE ASSOCIATION 


(4) “A mathematical formulation of the law of growth”’ by Professor L. J. 
Reep, Johns Hopkins University. 

(5) “Mathematical methods in economic research” by Professor C. C. 
Morais, Ohio State University. 

(6) “Geophysics and mathematics” by W. D. Lampert, U. S. Coast and 
Geodetic Survey. 

(7) “Mathematics applied and misapplied” by Dr. C. C. Grove, Metropol- 
itan Life Insurance Company. 

4 and 5. The papers by Professors Reed and Morris will appear in early issues 
of the Monruty. 

6. After dealing briefly with the scope of geophysics, Mr. Lambert called 
attention to the fact that geophysics is more dependent on mathematical reasoning 
than physics in the narrower sense. No one person could discuss all the mathe- 
matical problems arising in so wide and varied a field as geophysics. The speaker 
confined his remarks to two topics of a general nature: 

(1) the use of elementary mathematical methods; and 
(2) the importance of numerical computation. 
Elementary methods are used rather in clearing the ground of vague and 
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unprofitable speculations that hinder the advance line than in making the 
advance itself. Such speculations are uncommonly plentiful in geophysics, and 
many of them can be disposed of by a little careful thought combined with an 
elementary knowledge of mathematics and physics. Instances of such were 
given. In conclusion the speaker emphasized the matter of numerical computa- 
tion both as a subject for instruction and as a necessary complement to the 
analytical treatment of problems having a practical application. 

7. Aside from a plea for teachers who are alive and enthusiastic for their 
subject, and are in the profession as a life work, Dr. Grove presented the need 
for more emphasis on the calculus of finite differences in our colleges, especially 
for students intending to specialize in science, in the economic and social sciences 
as well as in the physical sciences. He pointed out that especially in statistical 
work we have much to do with quantities that can vary only by units, and that 
therefore much of the work would not naturally be cast into the forms of the 
infinitesimal calculus. In Bulletin No. 27, 1921, Bureau of Education, the 
speaker emphasized combinations and permutations as leading up to the treat- 
ment of mathematical probability and thus to the study of empirical probability 
and frequency distributions, also finite differences which we use in many practical 
ways 1n connection with statistical series to detect mistakes in observation or 
in recording; to interpolate and extrapolate terms, to graduate series, to show 
where series are really algebraic, and of what order, to form series, etc. He 
referred also to the direct and clear presentation made in “Calculus and Prob- 
ability for Actuarial Students,’’ by Alfred Henry, C. & E. Layton, London, 1922. 

He discussed as a concrete example a table giving the probability of dying 
eventually of cancer at various ages, with a view to fitting a curve to the changing 
probabilities. He also instanced numerous ways in which mathematics was 
misused or misinterpreted. He mentioned, for example, that there is apt to be 
too little consideration of the distinction between a qualitative and quantitative 
study of any subject, those making a qualitative study and embellishing it with 
a few arithmetical or other mathematical stunts thinking that they are thus 
making a quantitative study. It is his opinion that in any quantitative study 
of the stock market, for instance, the approach should be through the theory of 
probabilities rather than by other methods recently used, and that in the treat- 
ment of business cycles there should be a greater use of trigonometric series, of 
the theory of probability and of differential equations, rather than such a mass 
of what seem to be cycles and epicycles. He closed his presentation by an ex- 
tended treatment of the significance of the decline or rise in deaths from certain 
causes from year to year, pointing out with Yule that “the theory of simple 
sampling cannot apply to the variations of the death rate in localities or popula- 
tions of different age and sex compositions, nor to the death rates in a mixture 
of healthy and unhealthy districts, nor to death rates in successive years during 
a period of continuously improving sanitation.” 
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JOINT SESSION OF THE ASSOCIATION WITH THE 
AMERICAN MATHEMATICAL SOCIETY. 


(8) “An introductory account of the arithmetical theory of algebraic numbers 
and its recent development” by L. J. Morpeti, Fielden Professor of Pure 
Mathematics, University of Manchester, England, by invitation of the American 
Mathematical Society. 

(9) Presidential retiring address: ‘Mathematicians and music” by Professor 
R. C. ArcurBatp, Brown University. 

8. Professor Mordell’s paper will appear in ‘an early issue of the BULLETIN 
of the American Mathematical Society. It was a great pleasure and inspiration 
to our members to have Professor Mordell present at the meetings, to listen to 
his able summary of the development of the arithmetical theory of algebraic 
numbers, and to have his keen comments at various points in the discussions. 

9. The presidential retiring address by Professor Archibald will be printed 
in full in an early issue of the MonruHty. 


MEETING OF THE BoarD OF TRUSTEES OF THE ASSOCIATION. 


Seven members of the Board were present at this meeting. The following 
fifty-nine persons and one institution were elected to membership on applications 
duly certified: 

To indindual membership. 


E11 Auuison, M.S. (Wesleyan). Prof., Brenau Coll., Gainesville, Ga. 

KATHLEEN Brcuey, A.B. (Oklahoma). Teacher, High School, Henryetta, Okla. 

R. T. Beucuer, B.A. (Queens Univ., Ireland). Asst. prof., Pomona Coll., Claremont, Calif. 

UnvinE Butter, A.B. (Oklahoma). Teacher, Central High School, Oklahoma City, Okla. 

HELEN Caixins, A.M. (Columbia). Asst. prof., Knox Coll., Galesburg, III. 

P. A. Caris, A.M. (Bucknell). Teacher, W. Phila. High School for Boys, Philadelphia, Pa. 

Bro. E. Cuarzes, A.M. (Catholic Univ.). 1240 N. Broad St., Philadelphia, Pa. 

F.C. Cuement, A.B. (St. Olaf). Instr., St. Olaf Coll., Northfield, Minn. 

EMALINE Couuins, A.B. (E. Central St. Teachers Coll.). Teacher, High School, Davis, Okla. 

G. W. Creretman, A.B. (Harvard). Hotchkiss School, Lakeville, Conn. 

H. B. Curtis, Ph.D. (Cornell). Instr., Northwestern Univ., Evanston, Il. 

H. M. Dapovrian, Ph.D. (Yale). Prof., Trinity Coll., Hartford, Conn. 

Mrs. ARMavpD P. Dasprit, A.B. (La. State Univ.). Instr., La. State Univ., Baton Rouge, La. 

R. D. Daucuerty, Ph.B. (lowa Wesleyan). Prof., Ia. State Teachers Coll., Cedar Falls, Ia. 

D. M. Garrison, Grad. U. 8. Naval Acad. Head of dept. of math., St. John’s Coll., Annapolis, 
Md. 

K. F. Gun, Ph.B. (Michigan). Instr., Detroit Jr. Coll., Detroit, Mich. 

Harry Gwinner, M.E. (Maryland). Vice Dean, Eng. Coll., Univ. of Maryland, College Park, 
Md. 

R. L. Hicks, B.S. (Lebanon); A.B. (Oklahoma). Dale, Okla. 

C. M. Howarp, E. Mines (Ala. Polytech. Inst.). Prof. of math. and registrar, Texas Woman’s 
Coll., Fort Worth, Tex. 

A. R. JeERBErT, M.S. (Washington). Assoc., Univ. of Washington, Seattle, Wash. 

Bro. F. Jonn, A.M. (Catholic Univ.). 1240 N. Broad 8t., Philadelphia, Pa. 

Myra I. Jounson, Ph.B. (Syracuse). Grad. student, Syracuse Univ., Syracuse, N. Y. 

Oprssa R. Lastrapes, A.B. (Tulane). New Orleans, La. 

KATHARINE LEONARD, A.M. (Vermont). Head of dept. of math., State Teachers Coll., Moore- 
head, Minn. 

PrysauH Leyzeran, Ph.D. (Clark). Instr., Lehigh Univ., Bethlehem, Pa. 

A. V. Martin, A.B. (Hampden-Sidney). Prof., Presbyterian Coll. of S. C., Clinton, S. C. 
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Lipa B. May, A.M. (Texas). Prof., Kidd-Key Coll., Sherman, Tex. 

E. H. McAtister, A.M. (Oregon). Prof., Mech. and astr., Univ. of Oregon, Eugene, Ore. 

T. F. McBeatus, A.B. (W. Ky. Normal). Head of dept. of math., Miss. State Coll. for Women, 
Columbus, Miss. 

Ina L. McBee, A.B. (Okla.). Teacher, Jr. High School, Duncan, Okla. 

W. H. McEwen, M.S. ( ). Asst., Univ. of Minnesota, Minneapolis, Minn. 

G. E. Meapor, A.M. (Okla.). Prof., Oklahoma City Coll., Oklahoma City, Okla. 

Rev. J. H. Meyer, 8.J. Church of Immaculate Conception, New Orleans, La. 

E. D. Movzon, Jr., A.B. (Southern Meth. Univ.). Instr., Southern Meth. Univ., Dallas, Tex. 

Rev. Paut Muruuman, A.M. (St. Louis Univ.). Instr., Loyola Univ., Chicago, III. 

HERMANCE MULLEMEISTER, Ph.D. (Utrecht, Holland). Instr., Univ. of Washington, Seattle, 
Wash. 

W. K. Netson, E.E. (Colorado). Asst. prof. of eng. math., Univ. of Colorado, Boulder, Colo. 

Sister Mary Pavuua, M.S. (Notre Dame). Prof., St. Mary’s Coll., Monroe, Mich. 

L. E. Perry, A.M. (Peabody). Pres., Silliman Coll., Clinton, La. 

T. I. Porter, A.B., B.S. in Educ. (Missouri). Instr. in math. and physics, Univ. of Omaha, 
Omaha, Nebr. 

E. L. Post, Ph.D. (Columbia). 280 Manhattan Ave., New York, N. Y. 

JutiA P. Prosser, A.M. (South Carolina). Saint Mary’s School, Raleigh, N. C. 

Mrs. Erriz M. Rais, A.B. (Tri State Ind.). Head of dept. of math., High School, Coalgate, 
Okla. 

W. E. Rospertson, A.B. (Okla.). Asst. instr., Univ. of Okla., Norman, Okla. 

FLORENCE C. Ronrpavenu, A.B. (Okla.). Teacher, High School, Norman, Okla. 

Litu1aAN Rosanorr, Ph.D. (Clark). Teacher, Commercial High School, Brooklyn, N. Y. 

C. A. Rupp, A.M. (Harvard). Instr. in math. and astr., Hamline Univ., St. Paul, Minn. 

R. Q. SEALE, A.M. (Columbia). Instr., Southern Meth. Univ., Dallas, Tex. 

Harry SutawTer, A.B. (W. Va. Wesleyan). Bridgeport, W. Va. 

T. F. Smiru, A.M. (Manhattan Coll.). Prof., Little Rock Coll., Little Rock, Ark. 

J. B. Steep, B.S. in Educ. (Missouri). Prof. of educ., Miami State Sch. of Mines, Miami, Okla. 

W. P. Sugesman, LL.B. (Lake Forest). Treas., Household Furniture Co., Providence, R. I. 

J. M. Taytor, M.S. (Adrian). Instr., Univ. of Washington, Seattle, Wash. 

RoBertT Torrey, Ph.B. (Mississippi). Asso. prof., Univ. of Mississippi, University, Miss. 

R. O. Wess, A.B. (Okla.). Prin., High School, Wilson, Okla. 

J. D. Wuitney, A.B. (Okla.). Fellow, Univ. of Oklahoma, Norman, Okla. 

W. M. Wuysourn, A.M. (Texas). Head of dept. of math., South Park Jr. Coll., Beaumont, Tex. 

L. E. Witurams, A.M. (Chicago). Dean, Woman’s Coll. of Alabama, Montgomery, Ala. 

R. E. Witt, C.E. (Washington & Lee). Lexington, Va. 


To institutional membership. 
‘THE UNIVERSITY OF DELAWARE, Newark, Del., Prof. G. A. Harter, Official representative. 


It was voted to hold no summer meeting of the Association in 1924 because 
of the mathematical meetings to be held at Toronto, and to urge our members 
to join with all other mathematicians of the country in attending these important 
meetings. For this reason the Trustees requested President Carmichael to give 
his Presidential retiring address at the Cincinnati meeting in December. (The 
plans for the Cincinnati meeting are announced in another place in the MonrTuHLy.) 

Professor Archibald and the Secretary were asked to send a letter of apprecia- 
tion to Professor H. P. Manning recognizing his valuable and self-sacrificing 
labors in the editorial work of the MontuHLy. 

The Trustees transacted other items of business in a preliminary way con- 
cerning the finances of the Association, and the question of places for the summer 
meetings. 

W. D. Carrns, Secretary-Treasurer. 
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THE DECEMBER MEETING OF THE TEXAS SECTION. 


The second annual meeting of the Texas Section of the Association was 
held in the Sunday School room of the First Presbyterian Church in Houston, 
Texas, on December 1-2, 1922, in conjunction with a meeting of the Mathematics 
Section of the Texas State Teachers’ Association. A joint meeting of the two 
associations was held on the afternoon of the first and the Texas Section met 
alone the following morning. The secretary of the Section was unable to be 
present. The following officers were elected for the following year: Chairman, 
L. R. Forp; Vice-Chairman, A. A. BENNETT; Secretary-Treasurer, H. J. Err- 
LINGER. 

There were forty-two in attendance including the following sixteen mem- 
bers of the Association: 

A. A. Bennett, J. E. Burnam, P. J. Daniell, Elizabeth Dice, H. J. Ettlinger, 
G. C. Evans, L. R. Ford, H. Halperin, A. J. Hargett, E. H. Jones, J. O. Ma- 
honey, H. Porter, C. P. Rockwell, E. R. Tucker, P. H. Underwood, C. N. 
Wunder. 

The following papers were read: 

(1) “Address on the principles of relativity” by Professor H. HaLprrin; 

(2) “Operations with negative numbers, formal and intuitional justification” 
by Miss Lex Rep (by invitation); 

(3) “A series of rational functions analogous to Fourier series” by Professor 
W. P. Upinsk1 (by invitation); 

(4) “Some applications of Duhamel’s theorem” by Professor H. J. Ert- 
LINGER; 

(5) “Descriptive geometry with applications to axomometry and photo- 
grammetry” by Miss Exizapetu Dice; 

(6) “Significant figures’’ by Professor A. A. BENNETT; 

(7) *“‘Interest and annuities”’ by Professor E. H. Jonzs; 

(8) “History and theory of workmen’s compensation insurance” by Mr. C. 
P. RocKwEL.; 

(9) “Simple examples of variable annuities” by Professor L. R. Forp; 

(10) “Training in mathematics as preparation for studies in our schools of 
commerce” by Professor L. H. FLEcK (by invitation); 

(11) “Mathematical principles of economics” by Professor G. C. Evans. 

Abstracts of these papers follow below, the number corresponding to the 
number in the list of titles. 

1. The extended address delivered by Professor Halperin at the invitation 
of the Section covered the following points: 

a. Unsatisfactory state of pre-Einsteinian physics, where various natural 
phenomena could not be explained except by means of very strained artificial 
assumptions. 

b. Classical relativity, according to which no absolute uniform motion of an 
observer can be detected by methods involving mechanical laws of nature only. 
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c. Einstein’s special theory of relativity, according to which the absolute 
uniform motion of an observer cannot be detected by any methods, whether of 
a mechanical or of an electromagnetic and optical nature. 

d. The two principles of the special theory of relativity and the results that 
follow from them: 

(a) Relativity of simultaneity of two events. 

(b) Relativity of the magnitude of an interval of time. 

(c) Relativity of the distance between two points, and of the shape of material 

bodies. 

(d) Absolute nature of the quantity ds? = da? + dy? + dz? — edé. 

(¢) Relativity of the mass of a moving material body. 

(f) Incorporation of the law of conservation of mass into that of conservation 

of energy. 

(g) Law of composition of velocities. 

(h) The absolute nature of the velocity of light, and the fact that no material 

body can move with such a velocity. 

e. Physical explanation of above facts. On the basis of the fundamental 
principle of relativity each one of a group of observers in relative uniform motion 
with regard to one another considers himself, perfectly naturally, to be at rest 
and makes his space and time measurements accordingly. 

f. Unsatisfactory features of the special theory of relativity. Desirability 
of having a generalized theory. Difficulties met with in the attempts of ad- 
vancing such a theory. LEinstein’s way of overcoming these difficulties. Simi- 
larity between gravitational and centrifugal forces. 

g. The generalized principle of relativity. The principle of equivalence. 
The validity of the special theory of relativity in an infinitely small region of a 
gravitational field. 

h. Results of the generalized theory of relativity. Irregularity in the motion 
of Mercury. Deflection of the rays of light in passing near the sun. Shift of 
the lines of the spectrum of light coming from the sun or from the stars, as com- 
pared with those of light of terrestrial origin. 

2. Miss Red explained some of the psychological difficulties involved in the 
teaching of negative numbers in a first course in algebra. She gave numerous 
familiar examples that appeal to the scholar which suggest the feasibility of 
introducing negative numbers and which at the same time indicate the rules of 
operation that must be adopted if negative numbers are to prove a useful concept. 

3. The system of difference equations and boundary conditions analogous to 
that which in the differential case leads to Fourier series is found to lead to an 
expansion problem in the difference calculus involving rational functions. The 
region of convergence is determined in the ordinary sense and under Cesaro 
summability of given order. 

4. Professor Ettlinger pointed out many applications of Duhamel’s theorem 
selected from various fields of analysis, in particular, from differential geometry, 
mechanics, and the theory of maxima and minima. 
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5. Miss Dice emphasized with numerous examples the aid afforded by the 
methods of descriptive geometry in the study of geometric configurations in 
space. In view of the simplicity and power of its methods, she made a plea for 
its wider study. 

6. Professor Bennett pointed out many common elementary errors due to a 
mistaken notion of the character of mathematical accuracy, and urged that the 
concept of “‘significant figures’’ with all its connotation be kept more constantly 
in mind in mathematical publication and in the instruction of the young. 

7. Professor Jones defined the concepts and developed in systematic manner 
the formulas of the elementary mathematics of finance. 

8. Mr. Rockwell, the state actuary of Texas, gave a comprehensive survey 
of the present and historical aspects of the Workmen’s Compensation Insurance 
as effective in Texas. There are many items of mathematical interest that 
enter into the problem of just insurance rates, and as a characteristic application 
of the actuarial formulas and concepts, the subject has mathematical bearings. 

9. Professor Ford discussed the modifications required in the usual theory of 
constant annuities when these annuities are variable. Some rather surprising 
paradoxes resulting from simple conditions upon the variable annuity were sug- 
gested and explained on the basis of the equations involved. 

10. Professor Fleck ‘outlined the topics required in the mathematical prepara- 
tion of students of business methods, as suggested by the nature of the work to 
be undertaken. He dwelt also upon the added advantages accruing to the 
individual who has profited by the training in accuracy, abstraction, and system, 
incident to mathematical discipline. 

11. Professor Evans discussed the mathematical aspects of exchange contained 
in the article appearing in this Montruuy, 1922, 371-880. 

Reported by A. A. BENNETT (in absence of the Secretary). 


THE DEVELOPMENT OF “PARTITIO NUMERORUM,” WITH PAR- 
TICULAR REFERENCE TO THE WORK OF MESSRS. 
HARDY, LITTLEWOOD AND RAMANUJAN. 


By AUBREY J. KEMPNER, University of Illinois. 


Part II. 


Synopsis oF Harpy AND RAMANUJAN’S Paper: Asymptotic FoRMUL/ IN COMBINATORY 
ANALysis (13).! 


12. To illustrate by a special example the nature of the new method of dealing 
with the problems of partition, we proceed to give a synopsis of one of the earliest 


1 See (13) of the bibliography printed at the beginning of Part I, pp. 355, 356. 

Article (22 b.), mentioned in footnote 1, 362, came to my notice recently. The main result 
of this important paper follows: Assuming the hypothesis mentioned above concerning the ¢-func- 
tion, almost all even numbers are the sum of two primes. The expression “almost ali’? means 
roughly that, while there may be an infinite number or even numbers which require more than 
two primes, the percentage of such numbers decreases towards zero as more and more numbers 
are taken into account. AUTHOR. 
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papers in which most of the typical features of the theory are employed or fore- 
shadowed: Hardy and Ramanujan, Asymptotic Formule in Combinatory Analysis 
(13). 

It is possible that Hardy and Littlewood’s work on Waring’s problem is of 
greater interest for the development of the additive theory of numbers, but in 
the paper under discussion some of the difficulties which occur in Waring’s problem 
do not make their appearance. 

The problem treated is the following: 

To determine the order of magnitude of p(n), the number of partitions of n into 
summands 1, 2, --- (Section 6, II). Before this paper was written, nothing was 
known concerning the order of magnitude of p(n), as a function of n, for large n. 
Didactically, this paper is of particular interest, because it discusses not one, but 
several, lines of attack, starting from elementary methods, passing on to methods 
employing infinite series, then to methods employing Cauchy’s integral and finally 
to methods making use of the most powerful tools to be found in the workshop 
of the theory of analytic functions of a complex variable. 

The more elementary methods are avowedly not carried out so far as might be 
possible, so that the full power of the elementary methods, as compared with 
the advanced methods, still remains to be determined. It may be surmised 
that the untimely death of Ramanujan will have adversely affected this particular 
line of investigation. 


Fig. 1. 


13. The results obtained by the various methods may be listed as follows: 
I. By elementary methods: 
There exist two positive constants, A and B, such that for sufficiently large n1 
eAvi < p(n) < eF%, 
Or, 2.€., 
A-vn < log p(n) < B- yn. 
II. By less elementary methods, admitting the use of some delicate theorems 


1 And therefore, by choosing if necessary a larger value of B and a smaller value of A, for all 
positive integers n. 
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from the modern theory of infinite series, I is refined to: There exists a positive 
constant C, such that log p(n) ~ C- yn; read: log p(n) “equivalent to” C- yn. 
The mathematical contents of this relation are expressed by 


lim sup log p(n) = lim inf 
N= 0 i n n=0 
It is also possible by these methods to determine the value of C, C = 2z/ 6; 
and thus to obtain the remarkable equation 


27 


log p(n) _ 
ae = C. 


p(n) =e § 


nae lim ¢ = 0. 
III. By making use of Cauchy’s integral theorem, this relation is still further 
refined: 


1 vin 
(n) ~ —— -ev6 ’ 
B 4V3-n 
Or, 1.6., 
‘4AnV3 4... , 
Lim sup 20%)"42.V3 _ inn ing POD ARNS Ly, 
n= eve *” n= pve 


IV. Finally, using the wonderfully powerful new function theoretic methods, 
the following results are obtained: 


1 d e V2/3-\n—1/24 


Pin) = Qn V2 “dn Vn — 1/24 


+ O(e?*%*), 


= 
where D is any positive quantity > a 2 and where, as usual, f(n) = ¢(n) 
2 N3 


+ O((n)) means that, for large n, |f(n) — y(n) |is at most of the order of magnitude 
of the (positive) function y(n), that is, 


lim sup {|f(n) — g(n)|/U(n)} = k, where k 2 0 is a finite quantity. 


While the last equation for p(n) gives explicitly only the largest term of a 
certain expansion of p(n) together with an estimate of the order of magnitude 
of the error committed by breaking off after the first term, the authors show by 
some numerical examples that this error is surprisingly small. Thus, the first 
term contributes to p(100) about 99.9998 per cent. of its value, and to p(200) 
about 99.999999 per cent. of its value (compare tables below). 

The authors show that the further application of their method permits the 
determination of as many terms as are desired, and permits the determination of 
the order of magnitude of the error committed by breaking off after a certain, 
sufficiently large, number of terms. The first terms-of this expansion are: 


1 d {en 2/8" Yate V3 2nr 7 d { e8tV2/3: Vn—1/24 
Inv2 dn| vn —1/24) v2 3 18) dn| Vn — 1/24 
(— 1)” d git V2/3- Vn—1/24 v2 NT oT d | 
a A a —  - COS — e Jo 
2a in Vn — 1/24 ( in| Vn — 1/24 


+ 2° 8 


Tv 
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Hardy and Ramanujan give the following numerical illustrations. For 
n = 100 and n = 200, resp., the first six, resp. eight, terms yield: 


190 568 944.783 3 972 998 993 185.896 
+ 348.872 + 36 282.978 
— 2.998 — 87.595 
+ 685 + 5.147 
+ 318 + 1.424 
— 064 + O71 
as — + 000 
190 569 291.996 + 043 


972 999 029 388.004 


OO 


The true values are 190 569 292 and 3 972 999 029 388, resp., as was 
verified in independent computations, by means of combinatory analysis methods, 
by P. A. MacMahon, after two monthy’ effort.! 

We notice that our expression for p(n) is an expansion of the type 


p(n) = gi(n) + go(n) + o3(n) + ---, 


where each ¢ is of lower order of magnitude than the preceding terms. Now it 
would be entirely compatible with such an expansion to yield, for any given 
number of terms on the right side, an expression which differs from p(n) by a 
value R(n) which approaches © for lim n = ©. It would already be almost 
more than might be expected if this difference were to be large, but under a 
finite value. A most remarkable aspect of the formula is that, by continuing 
the expansion to a certain number of terms,” the error can be made much smaller 
than unity, so that the expansion gives for p(n) (which is necessarily an integer) 
ats exact value. This fact by itself makes sufficiently clear to anyone familiar 
with additive number theory the revolutionizing character of the new work. 

14. What are the methods by which this marvelous accuracy is attained? 

Without stopping to indicate the proof of any of the theorems derived by 
elementary methods (see section 13), we turn to the (transcendental) method of 
determining the value of p(n) (see section 13, IV). 

We know already (section 6, II) that, for the generating function 


F(x) = [A — a) — a?)(1 — 23) --- an inf.][O 
= CoP C18" FC? + +++ + Gpa® + +e, 
p(n) = Cn, 
1The following little table which is given by Hardy and Ramanujan in connection with 
their numerical computations may be of some independent interest as a warning against the 
use of incomplete induction in the theory of numbers. A certain function a, of n is introduced 
—its exact definition is given by logio p(n) = x {vn +10 — an}—for which a, = 3.317, 


a3 = 3.176, aio = 3.011, Q100 = 3.036, Qiooo = 3.007, 210000 = 4.148, Qi00000 = 4.448, with inter- 
mediate values of a, fitting ininanaturalmanner. Yet,asn—> (+ ©),a,—>(— © ); a behavior 
which one would hardly expect. 

2 The number of terms required depends on the value of the number n. 


420 THE DEVELOPMENT OF “PARTITIO NUMERORUM.” [ Dec., 


and that 


-1. (#& 
p(n) = Qari f antl de, 


where I is the circumference of a circle concentric with the unit circle, of radius 
KR <1 (see section 9). We are also aware of the difficulties to be overcome in 
the evaluation of this integral. 

The principles of the method to be explained apply to other fundamental 
papers of Hardy and Littlewood, uotably to the papers on Waring’s problem; 
however, as was noted above, in these papers additional serious difficulties are 
encountered. 

Since we are interested in the underlying principles only, not in the technical 
details of the work, we shall attempt to exhibit the bare skeleton of the method. 

One of the roots of the proof is the old inequality 


f g(x)dx 


Our problem is greatly simplified by the fact that the function F(z) 1s closely 
connected with a well-known modular function h(r). In Tannery and Molk’s! 
notation, let « = q? = e?™*", then 


hr) = gi? TE) = 
n=1 


= Max. (|9(x)|) X Length of path. 


gel /24 


F(x) 


(The exponent 1/24 introduces into the work troublesome 24th roots of unity.) 
The function f(r) has been carefully studied by many authors. Starting from 
the known theory, Hardy and Ramanujan are enabled to study the behavior of 
F(x) at the singular points of the function, that is, at the points e?"”, 6 real. 
It turns out that, as x +1 (= e?"*-°) along the axis of reals, F(x) — © in the 
same general manner as does e¢ raised to the power 72/6(1 — x); and for 
a= r-e™Pla (n, g) = 1,2 r +1, we have F(x) — © as e raised to the power 
r/6q@(1 — r), that is, while F(x) approaches o when we approach any 
“rational” point (e?7*?/2) along a radius, the order of magnitude of F(a) for this 
method of approach is the weaker, the larger the denominator, and it may already 
from this be expected that, if we approach an “irrational” point x = r-e?7*8, 
6 irrational, r — 1, the order of magnitude of F(x) will be smaller than for the 
rational points. As a matter of fact, for @ irrational, F(z) ~0 as r +1, an 
general. (For no irrational 6 does F(x) approach infinity as fast as it does for 
any one rational 6 = p/q.) It is due to this behavior of F(a) for @ irrational 
that Hardy and Ramanujan obtain, not only the order of magnitude of p(n), 
but even its accurate value. It turns out that to determine fj it is only 
necessary to take into consideration the “heaviest singularities” of F(x), 2.¢., 


1 ‘Tannery and Molk, Fonctions elliptiques, vol. 2 (1896). 
*It is assumed throughout, without future mention, that p and q are relatively prime, 


(pg =. 
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those corresponding to the points on the unit circle represented by e?7*?/2, 
q = 1, 2, 3, ---, up to a certain value of g. As a first guess, it might perhaps be 
expected that all such points have to be considered for which g = n. In reality, 
it is only necessary to consider the singularities at e?"*?/2, g = 1, 2, ---, [yn], 
approximately, and it is even shown that something like the range g = 1, 2, ---, 
[Vn/log n] would be sufficient, since for larger gq the order of magnitude of the 
new terms involved in the integral becomes sufficiently small. 

15. The second root of the method lies in a very interesting application of 
the so-called Farey series. We assume a fixed n which is not changed throughout 
our work. Assume for example n = 30, to fix the ideas. Then the singular 
points of F(x) to be considered are ¢27*?/2, g = 1, 2, 3, 4, 5 = [V30], p= 4. 
We obtain thus the following singular points: 


emipla, p/q = 0, 1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 


that is, all points e?"*?/¢ where p/q is any positive rational number & 1 and with 
denominator = 5. This suggests the application of a Farey series, and, as a 
matter of fact, the clever application of Farey series is one of the outstanding 
features of the transcendental work of Hardy, Ramanujan and Littlewood on 
partitions. 

The Farey series (of order &) is constructed in the following manner. Starting 


with 0 = 0 and 1 = I we insert the intermediate number Ort _ I. between 
1 1 I+1 2 

0) 1 . O+ 1 1 1 11+1 2 

= — mS ~ and —, ———- = =, , 

i and 9 we insert {42 3° between 5 an {43 3 etc. In general, 


between any two consecutive fractions a/b, a’/b’ already obtained by this process, 
insert (a + b)/(a’ + 6’), not allowing, however, any denominator to exceed k. 
Thus, for k = 5, the Farey series is given below. 

We try to place each one of the elements of the Farey series into a separate 
interval by dividing up the space between any two consecutive numbers. ‘This 
is done as follows: Let three successive fractions of the Farey series of order k 
be p’’/q”, piq, p’/q’. Then we construct around p/q the interval with the end- 
points p/¢g — I/{¢(q+q’")}, pla ti/{qq+7)}. It is easily seen that successive 
intervals adjoin. For k = 5 the following schedule gives in the first line the 
elements of the Farey series, in the second line the starting points and end-points 
of the intervals (the last entry in the second line is obtained by closing the series 
cyclically, recalling that e?"*?/¢ has for p/q = 0/1 the same value as for p/q = 1/1), 
while in the third line the lengths of the intervals are noted. 


Farey series: 0/1 1/5 1/4 1/3 2/5 1/2 3/5 2/3 3/4 4/5 1/1 
Intervals: 1/6 2/9 2/7 3/8 3/7 4/7 5/8 5/7 7/9 5/6 = 1/6 
Length of Interval: 1/18 4/63 5/56 3/56 1/7 3/56 5/56 4/63 1/18 1/38. 


We have thus, for example, the fraction 1/5 isolated in an interval of length 1/18, 
the fraction 1/4 isolated in an interval of length 4/63, the fraction 1/1 (which is. 
counted as identical with 0/1) is enclosed in an interval of length 1/3. After 


1 [a] = a for a integer; [a] = largest integer contained in a, otherwise. 
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fixing in this fashion the length of the intervals which are constructed around the 
individual fractions of the Farey series, we consider the position of each fraction 
within its proper interval; for example, the position of the fraction 1/3 within 
its interval 2/7 --- 3/8, of length 5/56. The fraction 1/3 divides this interval 
into a left-hand part @ and a right-hand part 6. It is at once verified that 
a > 1/(3-5), where the 3 of the denominator is the denominator of the element 
1/3 while the 5 is the order k = 5 of the Farey series. On the other hand, a is 
larger than 1/2 of this quantity, a > 1/(2-3-5). Indeed, a = 1/8 — 2/7 = 1/21, 
and 1/30 < 1/21 < 1/15. For the other part, 6, the same inequality holds, 
8 = 3/8 — 1/3 = 1/24, 1/80 < 1/24 < 1/15. These inequalities are typical of 
all intervals: thus, of p’’/q’’, p/q, p’/q’ are three successive elements of a Farey series 
of order k, and we insert between p’’/q’’ and p/q the number p/q — 1/{a(q + ¢@’’)} 
and between p/q and p'/q’ the number p/q + 1/{¢(q + @’)}, we shall have enclosed 
plq in the interval p/q — 1/{a(qa+ ¢")} ++: plgt+ Il{aqt Q)}, of length a+ B, 
a=Ifi¢agt+t7)},8 = Iilaq+7)}, and where | 


1 1 1 1 
We have already noted that our whole interval 0 --- 1 is exactly covered by 


these intervals, each of which is broken up by 
an element of the Farey series into its a and 8. 

We transfer this division of the interval 0 --- 1 
in an obvious manner to the circumference of 
the unit circle. All we have to do is to asso- 
ciate with the point e?””” the fractional value 
p/q while with the one point e?° = ¢?™! = J 
are associated the two values 0/1 and 1/1, thus 
cyclically closing the interval. For n = 30, for 
example, the Farey series of order k = [ 30] 
= 5 leads to the following Figure (4) of the 
unit circle, in which the singular points e?"/? 
are indicated by their corresponding fractions and where, outside of the circle, 
each point has the length of its corresponding interval indicated. 

Such a separation is called by the authors a Farey dissection, and we have 
insisted at some length on its structure an account of its fundamental importance, 
already emphasized, for the new theory. 

16. What has been accomplished by the Farey dissection? We have already 
remarked that the “worst” singularities of our function occur at the points 
"7/1 with the smallest q and that, the larger g, the “milder” the singularity; 


and also that from, say, g > [Vn] on, the singularities are so mild that they need 
not be taken into serious account. 

It is thus seen that we have caged the dangerous singularities, each one in a 
separate interval, and the lengths of these intervals, as determined by the Farey 
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dissection, turn out to be such that, by means of an extremely delicate analysis, 
the Cauchy integral around the contour I (of a circle of radius < 1, about the 
origin) can be evaluated; in fact, the intervals are sufficiently large to ensure 
that outside of the interval the influence of the singularity may be ignored along 
the unit circle, but sufficiently small to ensure that, in estimating the integral 
by | S| S length of interval X Maz. (|function|), the length of the interval will 
not make the right side too large. 

The path is now prepared for an attack along the following lines: Since we 
know the type of singularity which F(a) possesses at each of the points which 
count, we shall attempt to form a function, as simple as possible, which shall 
have at the point e?™, that is, at the heaviest singularity of /(a), a singularity of 
the same type as F(x) has at this point,’ and regular everywhere else on, in, and 
in some neighborhood around, the unit circle. Let F1,1(z) = Fi: be such a 
function. Then F(a) — Fi, 1(z) is regular, or nearly regular, atz = 1. Similarly, 
a function Fy, is determined, regular in the domain just described except at the 
point e*” = — 1, te, e?"”'" » = 1, g = 2, and whose singularity at this point is, 
as closely as possible, of the type of the singularity of Fat —1. Then F — Fy 
— F». is regular, or nearly regular, at the two “worst”’ singular points of F, at 
+1, —1. We proceed similarly for each point of the Farey dissection. Thus 
we shall have constructed for each point e?””/%, 0 = p < q, g S [ Vn], a function 
Fy, such that F(z) — >, Fr g(t), OS p<qy4qe [vn] is essentially regular 
everywhere on the unit circle. In this last statement, the expression “essentially 
regular” serves to cover up a multitude of sins. Of course, F — d0, Fn¢ 
still is not regular at any point of the circumference of the unit circle, except 


at the finite number of points ¢?"”", 0 = p < q, q = [Vn]. But we have 
stated above that at all points except these the singularities are of so mild a 
type that they, for certain modes of approach at least, may in our work be ignored. 
These facts have to be carefully taken into account in determining the path of 
integration. We only state that this path of integration is essentially a circle, 
concentric to the unit circle and of radius R = 1 — (6/n) (6 a certain constant), 
but which is modified in a certain manner which we do not describe in this sketch. 
For F,, the following complicated function is chosen: 


AG 
Pq = My, g(@) = Wp, g° mee “F 


wv2 (7) 


d &™+ ee — 1 
dn An , 


(x ° e Pri it) ’ 
where 


F(x) = 2 vuln) 2%, Valn) = i, =< Wo Ips 


Wy, q a certain 24th root of unity. We may fancy each F,, (a) expanded into a 
power series in x. Let 


Faq = Py, g(X) = Cpa + Cpgit™ + Cpqot” + +s. 


1 At least for certain methods of approach to the singular point. 
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Next, let 
®(x) = F(x) — > Fy), OSn<qs[vnl. 


Then, remembering that F(a) = 1+ piat+ poa® + --- + praw™ + ---, we ob- 
tain, by comparing coefficients in our last equation: 


p(n) — 2, pan ~ 9 aif ene 


where the path of integration is the circumference of the circle of radius R=1—8/n 
about the origin as center, and 8 a certain positive constant not depending on 
x orn. Since the ¢pgn are known quantities as coefficients of the power-series 
expansions of the F'y,, defined above, all hinges on the question whether we can 
integrate b(x)/z”t around I. Onto this circle I we project, by means of radii 


from the origin, the singular points e?™”” (0 S p < q=[~n]), as well as the 
whole Farey dissection. From now on, we refer the Farey dissection with all 
of its segments to this smaller circle I. Let £,. on this circle be the interval of 
the Farey dissection surrounding the point R-e?™”/* (0 S p < gq S [ Vn])—corre- 
sponding to the singular point e?*””? on the unit circle—and let 7, be the arc 
complementary to £,... Then: 


1 p 1 F 1 F 
p(n) — 2, pan == ani = dx = rd dx — mid pale) dx 


Qari 271 Jn pa 2 
*2r 2 4 grt boot tpg =P ntl 
"TF, i F 
=. - TA Pd yy pa 
- D,d oJ grt “ 270 2. grt “ 
= d, J nq Jpaq 


The rest of the very delicate work consists in approximating the values of the 
Jnq and the jpg. We make no attempt to reproduce this highly technical examina- 
tion. The final result is that 


> Jing = O(n"), D ja = O(n"), 
Dp, @ Dp, 
that is, for all integral positive n 
24 Toal * nt < Ky, |i Joal : n't < Ka, 
where Ki, K, are two finite positive numbers, independent of n. Therefore, 
p(n) = d Cogn + O(n), 


17. What does this formula prove? For a given n the number of partitions is 
given by p(n). After choosing our n, we take gq = [Vn]! and construct the power- 
series for each of Fo1, Fis, Fis, Fos, Fu, Fos, +++, Fo1, q. For any 7, q let 

1Compare top of page 421. 
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Fg = Cpqo + Cpqit® + +++ + Cpqnt” + +++, then, for a given n the ¢pqn, if written 
in the order (Co1n) + (Con) + (Cisn + Coan) + (Cian + Can) + (C15n + Co5n + Cs5n 
+ sn) + +++, will be so arranged that the c;;, in any pair of parentheses corre- 
spond to weaker singularities of F(x) than the ¢;;, in any preceding parentheses; 
and for g > [Vn] the singularities of F(x) are so weak (for certain modes of 
approach) that they may be ignored if we are satisfied with an accuracy for p(n) 
of order of magnitude n~4. But with increasing n, n~‘/4 40; therefore the 
value of p(n) will be, for sufficiently large n, the integer closest to Dip, gCpgqn- 
We shall thus have obtained, as was stated before, not only the order of magnitude of 
p(n), but its actual value. We do not quote in full the (very complicated) wording 
of the theorem. Its character will be clear from the formula for p(n) given in 
section 13, IV, in which each term takes care of one of the singular points, and in 
such manner that the heaviest singularity is accounted for by the first term, the 
next heaviest by the second term, ete. 

To avoid incorrect conclusions, it must be said that the theorem does not mean 
that the series for p(n), if we continue it to infinity by omitting the restriction 
g = [Wn], is necessarily a convergent series, still less that it must converge to the 
value p(n). But it does mean that, if we break off our series at q = [-Vn]', this 
finite series will, for sufficiently large values of n, give us p(n) with an error of 
less than, say, 4, and since it is by its nature a positive integer, we obtain thus 
the actual value of p(n). 


THE GEOMETRY OF RIEMANN AND EINSTEIN.’ 
By JAMES PIERPONT, Yale University. 
Part I. 


Introduction. In Einstein’s theory our space is not Euclidean; aside from 
local disturbances its geometry is of the kind first studied by Riemann, Klein 
and Newcomb. The widespread interest in Einstein’s theory has led the writer 
to believe that an elementary presentation of this kind of non-euclidean geometry 
would prove acceptable to a not inconsiderable class of readers. 

The usual method of developing non-Euclidean geometry is to begin at the 
very foundations and build up the theory in a highly abstract and logical manner 
from a set of definitions relative to three classes of things which we do not see 
but which are called points, lines and planes. To follow such reasoning requires 

1See the last sentence of section 14. 

2 Read at the summer meeting of the Association at Vassar College, Poughkeepsie, New 
York, September 6, 1923. 

An alternative title for the paper is ‘‘Elliptic Geometry.”’ Riemann showed that the metric 
of a space of constant curvature is defined by 

day? + ee + dx? . 
[1 + (ay? + +++ + 2,7) /4R?P 
The resulting geometries are called elliptic, parabolic or hyperbolic according as R? is positive, 
co or negative. There are two kinds of elliptic geometry which have received various names, 


as polar and antipodal, spherical and elliptic. If the last terminology were adopted, we would 
have to give up the threefold classification of space first mentioned. 


ds? = 
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a great effort on the part of the reader and this no doubt explains why relatively 
few persons have devoted much attention to this subject. There is another 
way quite as rigorous and, as the author believes, more attractive to the ordinary 
mathematician and physicist. We will admit that the propositions of Euclidean 
geometry have been established with entire rigor and proceed by its aid to 
construct another geometry which for short we call Riemannian or R-geometry. 
Our method is analogous to that used in general arithmetic: granting that the 
arithmetic of ordinary real numbers has been established, we may take pairs of 
them as (a, 6) to define a new class of numbers ordinarily denoted by a + 7b. 
Or we may take sets of four (a, b, c, d) to form a class of new numbers usually 
denoted by a + 62 + cj + dk and called quaternions. No one thinks it necessary 
to go back to first principles and develop an abstract theory of magnitude in 
order to develop the arithmetic of quaternions. 

A great merit of the method adopted in this paper, so it seems to the writer, 
lies in its intuitiveness; the reader has the things dealt with constantly under 
his eyes. As will be seen, the geometry of R-space in'the immediate vicinity 
of the observer is sensibly the same as in ordinary geometry, it is only when large 
portions of space are considered that the great difference between the two geom- 
etries, Euclidean and Riemannian, becomes apparent. 


1. The Metric of Riemann. We begin by recalling a few facts of H-geometry.! 
We take a rectangular coérdinate system whose origin we denote by 0; the coor- 
dinates of a point 2 we denote by 21, 2, 23, etc. If « + dz is a point near by, 
its distance do from 2 is given by 


do? = dx,” + dite” + dxs*. (1) 
Let 
a1 = git) Xo = Galt), Xz = $3(t) (2) 


be the equations of a curve; if tot = a, t = 6 correspond the points A, B on (2), 
the length of the arc AB is 
_ { da ] 
C= . di t. 


The curve (2) is a straight when oa is less than for any adjacent curve If z, 
a+ dx, «+ 6x are the co6drdinates of three nearby points, they determine a 
little triangle the length of whose sides may be denoted by do, 6a, Ac. If @ is 
the angle between do, dc, that is, the angle whose vertex is the point x, we have 


Ao” = do* + 607 — 2do - do cos 8, (3) 


which gives at once, on using (1), 


da; 62, . dao 022 dx Oars | 


cosO = TT 55 + do 60. do bo 


(4) 
This may be taken as the definition of the angle 9 between two curves meeting 
at x. 

1 The letters H and FR before a word are to be read Euclidean, Riemannian. 
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We propose now to introduce another definition of distance or length. 
The codrdinates of a point remaining the same as before, 1.¢., ordinary rectangular 
coordinates, let R be an arbitrary constant > 0. We now say the distance ds 
between the points x and x + dz is given by 


day? + dap? + da,’ 


2 
as = [1 + (x1" + a? + a3’) /4?/ ©) 
and the length s of the arc AB considered above shall be defined by 
ds 
v= [Sat (6) 


Let us compare (5) with (1). We see that the numerator of (5) is do? while 
72 = x17 + a”? + 2x;7 is the square of the distance from the origin O to the point 
2 in E-measure. We may set thus 
do 
ds 


~ 1+ P/4R? 


where yu is the factor multiplying dc. For points x such that r is small compared 
with the space constant, R, uw is nearly 1 and hence ds = do sensibly. As x 
recedes from O, u decreases and ds / do = 0. 

To illustrate this new definition of length, let us find the length s in R-measure 
of the segment OP of an E-straight through the origin, whose direction cosines 
are l;, /,, 13. Its equations are 


L1 = Lit, wg > lot, 3 = Lats 1? + 1,” + l,” = ], 


Here 7? = eX t+a*tare= .. r=t; also do = dt. If the length of OP 
in /-measure is 7, we have by (7) 


= ude, (7) 


s= Lae = 2R arctg => 
> 1+ e/4R? OR 
as its length in R-measure. Ifo is small compared with R, 
o o 
arctg SR oR 


nearly, and s = a sensibly. On the other hand if ¢ = ©, s = wR. Thus the 
length of any E-straight through the origin ' is double this or 27R in R-measure. 
In E-geometry we often find it convenient to use polar codrdinates r, 0, ¢, 
where 
x1 = r sin 8 cos ¢, Yo = r sin 6 sin 9, x3 = r cos 6. 


In R-measure the length of the radius vector r is, as just seen, 
r 
p = 2k arctg 5p (8) 


1 As we shall see these lines are also straight lines in R-geometry. 


428 THE GEOMETRY OF RIEMANN AND EINSTEIN. [ Dec., 


We call p, 6, 9, R-polar codrdinates. The only difference between these two 
kinds of polar codrdinates is that in one case we express the length of the radius 
vector in #-measure, and in the other case in R-measure. 

From (8) we have 


— Pf, = sec? Ff. 
r= 2R tansn dr = sec oR dp. (9) 


In E-polar codrdinates, 


do? = dr? + r°d6? + 1? sin? Od¢. 
Replacing r by p in (7) we find ! 


ds? = dp? + R? sin? 5 (d6? + sin? 6d¢?) (10) 


in R-polar codrdinates. 
As an application of R-polar codrdinates, let us find the length in R-measure 
of the curve ' 
21 = 7 COS Y, ty = resin g, x3 = 0. 


In E-geometry this is a circle of radius r in the a2e-plane.? Here 6 = 7/2, 
ddé=0,dr=0 .. dp = 0; thus (10) gives 


— yf. 
ds = RK sing, dy. 


Therefore, 


p (" p 
s=R sing do = 27rR sn 5 
is the length of this curve in A-measure. If r, and hence p, is small compared 
with R, sin p/R = p/R nearly, and s = 27p = 2rr, sensibly, as in‘E-geometry. 
Let the two curves C, C’ meet at the point x; on C take the point x + dz, and 
on C’ the point x + dz. Let ds, 6s, As be the distances in R-measure between 
z and «+ dz, x and «+ 62, «+ dx and 2+ éz. Analogous to (3) we define 
the angle ¢ between C, C’ by 


cos G = ds* + 6s? — As2 
° 2ds- ds 
By (7) ds = udo, 6s = pbc, As = pAo; hence 
_ do? + 60? — Ao? _ _ oo. 
cos p = ———~57 = €08 8. oe g=0 


This gives the important theorem: The angle between two curves has the same 
value in R- as in H-measure. 


1 This is the expression that Einstein employs in his paper. Sitzungsber. d. Preuss. Akad. 
d. Wiss., 1917, p. 142. 
2 As will be seen later, this is also a circle in R-geometry. 
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2. Plane R-geometry. Before considering the geometry of 3 dimensions, we 


will take up the geometry of the plane 23 = 0. In this plane our metric is 
defined by 


dx;? + dap” 
2a 
© + E+ 2A) ARE uy 
or by 
do 
§ =) 2 
= TT Hae U2) 
where do? = dz? + da,* and 7? = 2,2 + ae. 
Let us change the variables to 
2 2 
41 = ee, 22 > sal ’ 23 >= < (aR _ 1”), (13) 
where 
A= + 4R?, 
We find at once that 
2,7 + 297 + 23° = R?, (14) 
while (11) gives 
ds? = dz? + dzqo* + dz,’. (15) 


Thus while 2 ranges over the 2\2.-plane, the point z ranges over the E-sphere 
(14), which we shall call the S-sphere, whose center is O and radius is R. More- 
over when z describes an element of arc ds, the relation (15) shows that z describes 
an element of arc on this sphere of equal length. The relation between the 
points w and zis uniform. For, solving (13), we get 


‘ R +. 3” - R + x3 
There is one exception in this correspondence, 22.: when 2; = — R, 21, 2 


are infinite. 

Analogous to E-geometry we say an R-straight in the z2%3-plane is a curve 
of minimum length in R-measure. Now the element of arc on the sphere S 
is given by (15) which is precisely that of E-geometry. Hence the length of 
any arc in the R-plane 222 is the length of the corresponding arc on the sphere 
S in £-measure. Now on a sphere the curves of shortest length are great circles, 
hence H-straights in the 7,22-plane are the images of great circles of the sphere S. 
To find the equations of these straights, let the great circle lie in the plane 


A121 + Aoze + A323 = 0. (17) 
Substituting from (13) into (17) we get 
A3(xy? + 29") —_ AR(Ai21 + Aoxe) = 4A3R?, (18) 


the equation of an E-circle. This circle cuts the circle 


(Ff), xr + Xo" = 4R?, (19) 
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in the two points lying on the E-straight 
A121 + A ate = 0 


as is seen by setting (19) in (18). As this line goes through the origin, we see 
that all E-circles in the family of circles (18) cut the circle (19) in diametral 
points. We call (19) the fundamental circle, F, and the circles (18) diametral 
circles. Hence the result: Dzametral circles in E-geometry are straight lines 
an R-geometry. 

The fundamental circle, being the image of the great circle z3 = 0, is an 
R-straight. To the great circle lying in the plane A;z; + Asze = 0 corresponds 
in the 2%-plane the H-straight Ajx,+ Agr, = 0. Hence: All E-straights 
through the origin are also R-straights. 

We have seen there is no point in the x12-plane corresponding to the point 
z3 = — R on the sphere S. To avoid this exception we adjoin an ideal point 
to the R-plane but not to the E-plane. We may now say that K-straights are 
closed curves which all have the same length 27R. Any two of them cut in 
2 points. Any two points at a distance < +R apart determine uniquely a point. 
Since the angle between two R-straights is the same as that between the corre- 
sponding great circles on S, and since moreover the length of a segment on an 
R-straight is the same as the length in H-measure of the corresponding arc on S, 
we have at once the theorem: The relations between the angles A, B, C and lengths 
of the opposite sides a, b, ¢ of an R-triangle are those of triangles in E-geometry on 
a sphere of radius R. Thus, in particular, 


sin A: sin B: sin C= sin 2 : sin 2: sin ©; 
‘i R R 
; (20) 
cos {= = cos — oy sin — O in £ eos A. 


R RR RR 


Since similar triangles do not exist in E-spherical geometry, there are no 
similar triangles in f-geometry The sum of the angles of an R-triangle is > 2 
right angles. All A-straights perpendicular to a given R-straight meet at a 
point at a distance 7R/2 or as we may say at a quadrant’s distance. 

There remains only one more notion to discuss, that of motion or displacement. 
In E-geometry a figure may be moved about freely without altering the distance 
between any two of its points, or the angle between any two of its straights. 
Is this possible in the A-plane, distance being of course expressed in R-measure? 
The answer is “Yes”; for to any figure in the x12-plane corresponds its image 
on the sphere S. As this image may be moved freely about on S without altering 
any of its dimensions, and as to each position of the image corresponds a position 
of the original figure, we have the result stated above. 

The reader may wish to know why we have adopted the metric defined by 
(11). Since the days of the Greeks it has been known that the geometry on a 
sphere is non-euclidean; its straights (great circles) have a finite length, there 
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are no parallels. To obtain a similar geometry on the plane we may project 
stereographically the points z of the S sphere (14) on the a:%-plane tangent 
to S at the point 2; = z. = 0, 23 = R, the center of projection being the dia- 
metrically opposite point. The 2;, 2e-axes we take parallel to the 21, z2-axes 
respectively. The relation between the point zg and its projection z is precisely 
that defined by (13). If ds’ is the element of arc PQ on the sphere, the length 
of the corresponding arc P’Q’ in the 2,%-plane is 


_ Vda’ + day? 
LA (a2 + a9?) /4R? 


where 2}, 2) are the codrdinates of P’. If we want ds’ = ds, that is, if we want 
ares in the 2,2-plane to have the same length as the corresponding arcs on the 
sphere, we must change our definition of length in accordance with (21), that is, 
we must define our metric by (11). Since stereographic projection leaves angles 
unchanged, we do not need to adopt a new definition of measure for angles. 

3. Two Kinds of R-geometry. Since diametral circles’ cut in two points, 
one inside, the other outside the fundamental circle F, two R-straights cut in 
two points, and not in one as in E-geometry. Also two points do not always 
determine an R-straight, vz.: two diametrically opposite points on the funda- 
mental circle. 

On this account we may define another geometry in which these exceptions 
do not occur, as follows: 

(1) Diametrically opposite points on the fundamental circle are regarded as 

one and the same point,! 

(2) All points without the fundamental circle are regarded as non-existent, 

or imaginary. 
Let a diametral circle cut the fundamental circle F in the points A, A’. If B 
is a point of this diametral circle lying within Ff, the arc ABA’ is the R-straight 
in this geometry. A is identical with A’, this line is closed and its length is 
obviously only wf. 


This new geometry may be called the restricted R-geometry, and may be 
denoted by R*. 


ds (21) 


THREE-DIMENSIONAL R-GEOMETRY. 


4. The Codrdinates 2, ---, 2,. We now return to general considerations not 
restricted to a plane. Our first task is to determine the nature of R-straights in 
3-way space. Here we do not have the geometry on an E-sphere to aid us and 
we must rely on analysis, but an analysis guided by the results and methods 
employed in the plane. 

To avoid analytical difficulties it will be convenient to introduce the 2z- 
variables: 

_ 4 Rx, 
ie X ; 


1 Readers familiar with projective geometry will find nothing strange in this, where the line 
at infinity plays a r6le somewhat analogous to the fundamental circle. 


, R 
z= 1, 2,3; u= 7 (4R? — +°), (22) 
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where 


A= r + 4R?, r = x7 + Xo" + x3". (23) 


We see these are in definition entirely analogous to the z-variables in (13). We 
find at once that 


se t+ er + 2 + 22 = R?. (24) 
If we solve (22) for the 2’s we find 
2Re; - 
t= Bas? a= 1, 2, 3. (25) 


Thus to each set ! of values: 21, ---, 24, satisfying (24) corresponds a single point 
(21, %, #3) and conversely. We may regard 21, ---, 24, therefore, as the codrdinates 
of a point whose 2-coérdinates are given by (25). 

It may aid the reader to have a geometric interpretation of the z-codrdinates. 
Let x1, Xo, 23 be the 2-codrdinates of a point P, the length of the segment OP 
in E-measure is r; in R-measure its length is, by (8), 


r 
p = 2R arctg 5p (26) 
If OP makes the angles a; with the a,-axis, 2; = 7 cos aj, 
Therefore, 
2 . 
_ 4R*r cos a; | (27) 
nN 
To eliminate the z-coédrdinates which enter \ let us show that 
AR , 
= sin F (28) 


In fact by (26) 


in-& = sin (2 tgs) = 2 sin ( isan) ( tsp) 
sin p = sin {2 arc gan) = sin | arctg 5% } cos | arctg 55 


Now 
r 
r , 2R 
arcls op = arc sin Vi+ = arc sin Vd. 
1+ AR 

Also 

r 1 2R 

arctg dR are cos Ji+z = arc cos Vr 

1+ AR? 


1 The exceptional case z} = 22 = 23 = 0, 24 = — R, may be treated as in § 2. 
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Therefore, 


ne = 2s , x) ( ~) 
sin R~ sin { are sin Nd cos {| are cos Vp 


9, 1, 2h_ the 
= e Vd e Ny = r 3 
which establishes (28). 
We show further that 
4R? — 7? Pp. 
x = COs R (29) 


For 


cos f= cos (2 ct sa) > cos ( ret a)h sin ( aret say} 
R- APB OR) | OPN BES OR SOR 


= | cos ( are cos) } {sin (are sine) 


which establishes (29). Setting (28), (29) in (22) gives 


.  p . p 
2; = Rsin—cos a;, z= I, 2, 3; 24 = Reos— - 30 
R a 4 R ( ) 
Thus the z-codrdinates are simple functions of the distance in R-measure of the 
point P from O and the direction cosines of the line OP. 
A linear relation ! between the 2’s as 


A jz1 + Aoze + A323 + Ags = 0 (31) 


defines a locus which we shall call an R-plane. The justification of such a name 
will follow presently; we introduce it now merely to have a name for such a 
relation inasmuch as it enters into our analysis in a vital manner. 

If we replace the z’s in terms of the 2’s as defined in (22), the relation (31) 
becomes 


Ag(x7r + Yo” + 23°) — AR(Ayax1 + Aoite + A3%X3) = 4A,R?. (382) 


This in E-geometry defines a sphere; any such sphere we will call a dvametral 
sphere, on account of its relation to the sphere, 


ar t+ a? + 23 = 4R?, (33) 


which we call the fundamental or F sphere. In fact, all the spheres (32) cut (33) 
in the diametral plane 


Aya + Apis + A323 = 0). 


Thus diametral spheres cut the fundamental sphere, F, along a great corcle. 
Another property of the z-codrdinates is the simple form they give to ds’. 


1 It is always supposed that the z-codrdinates satisfy the fundamental relation (24). 
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In fact, by direct calculation we find that (5) becomes 
ds? = dz? + dz2+ dz + dz. (34) 


The radius of F is 2h in E-measure; its length in R-measure is 7R/2 by (8). 
Hence by (80) the z-coérdinates of a point, A, on F are: 


A; Li R cos Qi; t= I, 2, 33 24 = 0. 
The coérdinates of the diametrically opposite point, A’, are: 
A’; 2, = — &, z= 1, 2, 3; Z4 = 0. 

5. Straight Lines in 3-way R-geometry. Analogous to E-geometry, we say 
an R-straight is a curve of minimum length in R-measure. To find these curves 
we may proceed as follows. Let C be the curve defined by 

t= gilt), t= g2(t), v3 = y3(t). 
Let A, B be two points on C corresponding to t = a, t = b; then the length of 
the arc AB in R-measure is 


s= | Sa = f Fdt, (35) 


where F = ds/dt is defined by <5), or in terms of the z variables by (34). As 
the latter variables are easier to manage, we shall employ them; thus 


2 ds dz, \’ dee ° das ° des ° 
. -(a) - (a) + (a) +(@) + (&) eo) 
=P toe + OP + 62 = BE, 
dz; 


;—- TZ? ,= 1, 9 Oy X. 
c 7 ) 2, 3,4 


Let us now deform the curve C slightly keeping the end points A, B fixed so 
that the point (1, 22, #3) has on the new curve C the coérdinates: 
= a+ 623, Ho = Xo + Oxo, 3 = x3 + 623, 


the 6x being on small quantities. At the same time each 2, becomes 2; = 2; + 62, 


while [; goes over into [; = [;-+ 6f; and F becomes F = F + 6F. The length 
of the new curve C between A, B is now 


b 
s=stbs= { Fdt; 


setting 


that is, in passing from C to C the length of the are AB has been increased by 4s. 
For C to have minimum length it is necessary that this increment should vanish, 
neglecting small quantities of higher order than the first, z.e., when C is replaced 
by the adjacent curve C, the integra! (85) receives no increment in small quantities 
of the first order. In other words the curve C renders the integral (35) sta- 
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tionary. In accordance with modern usage, we shall now define more specifically : 
A straight line in R-geometry 1s a curve which renders s wn (35) stationary, 1.e., 
the curve for which 


°ds = 
5s = sf = dt = 0, (37) 


neglecting small quantities of higher order. 

We shall establish in the next article the Fundamental Theorem: Sétrazght 
lines in R-geometry are the intersection of two diametral spheres, 1.e., of two R- 
planes, and conversely. 

From this follows that if two points of an R-strarght le on an R-plane, all cts 
points le on this plane. 

Now these two properties are the fundamental properties of E-planes, and 
herein lies the justification of regarding the diametral spheres in H-geometry as 
planes in R-geometry. 

The following demonstration is the only difficult piece of analysis in this 
paper; we have therefore placed it in a separate section so that the reader may 
omit it and pass to the next section, § 7. He should, however, note the equations 
(49) which are the parametric equations of our &-straights. 


6. Demonstration of the Fundamental Theorem. We start with 


$s=3—5= [Fa — [Fat - [ @- Fydt = [" oF-dt (38) 
Now 7 
F = (P+ 8F) = P24 QF-aF + (6F), 
or by (86) = Gi + 66)? = oF + 2DE6F; + DV (66,), v=1,---,4. 


We shall consider only curves C such that (8¢;)? is small compared with the 
increments 6¢;. Thus, neglecting (6F)? and the (6¢;)?, the above gives 


POF = Vo8f%. 
Thus the condition (37) in (88) gives 
b OC. 
{ LOS dt = 0. (39) 


We can get rid of F in the denominator if we take s instead of ¢ as the independent 
variable. In this case F = 1, by (86), since ds/ds = 1. Thus (39) becomes 


2B B . . 
[ extet: = f isd G5(G) = 0, f=1, +4, (40) 


where s = a whent = a, and s = 6 whent = 6. 
To transform (40), we note that! 


d d _dz2_dz_ .fdz\- 
7, (88) = 7 @ — 8) = & = 3( ) (41) 


1 For brevity we have dropped the subscript 2 for the moment. 


436 THE GEOMETRY OF RIEMANN AND EINSTEIN. [ Dec., 


Also, 
df(dz.\ | gz, dz d 
or 
d f{dz.\ _ dz , dz dz 
on using (41). Integrating (42) between the limits a, B gives 
dz. |? (8, de "dz . (dz 
[Siac] = [te Sods f 73 (F) as (43) 


Now in passing from C to C the end points A, B remained fixed ; hence the 6z 
vanish at the limits. Thus the left side of (43) vanishes and this gives 


8 de, dz; _ 8 dz, 
f ds 5 (S*) ds = f 62; Us? ds. 


B dz, 
f 15S bus = 0. (44) 


This in (40) gives 


Here the 6z; are not independent, for from (24) we have 
2102; + --- + 24624 = 0 or >.2762; = 0, 


which shows that only three of the four 6z; are independent. Let H be an 
arbitrary function of the z,, then the last equation gives 


H-¥ 2,62; = 0 or > Hz,6z; = 0. 


If with Lagrange we introduce this sum in (44) we do not destroy its validity, 
since it = 0, hence 


B | 2x. 
{ ds¥. = Hal Be = 0. (45) 
We now determine H so that the coefficient of 524 or 
dz 
<3 + Hz, = 0. (46) 


Then the term in 6z4 drops out of (45) and we may regard 621, 62, 6zs as arbitrary. 
Hence for (45) to subsist it is now necessary that the coefficients of these three 
quantities vanish. These three equations and (46) give us 


+ Hz;=0, t= 1,2,3,4. (47) 


We may eliminate # as follows: we multiply (47) by 2; and add, getting 


hs i 


Y. 2 = 
> 8; ds? + HY 2; 0. 
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But by (24), 2? = R*. Therefore, 


3 


Laie + RH = 0. (47’) 


On the other hand, (24) gives on differentiating 


Differentiating this gives 


Now we have already seen, using (36), that the second term on the left = 1. 


Therefore, 
Ea + 1 = 0. 
This in (47’) gives 
—14+RH=0 o H=<3 
which in (47) gives the four equations 
ie poo t= 14, (48) 


which are therefore the differential equations defining an R-straight. These 
equations having constant coefficients belong to a well-known type; their integrals 
have the form 


3, = Oy cos 5 + b, sin 5 i= 1, 2,3,4. (49) 


Here the constants of integration, a;, b;, are subject to the condition that the z; 
satisfy the relation (24). For s = 0 this gives z; = a; while, for s = 7R/2, we 
get 2; = b; Thus the a; and the 0b; are codrdinates of two _ a, b and by (24) 


av+::++aeg= R?; bP +--+» +62 = (50) 


These 8 constants satisfy another relation, for squaring (49) and adding gives 


2 aot 2 SH g2+ ain? ® Fh2 in cos = + Yap: 
>» 2; cos’ p Lai + sin's 26% + 2 sins cos 5 > a,b;. 
Therefore, 
2 _ 28 2 
R = (cos Rt sin’ nye + 2 sin 5 cos 7 ->- a,b; 


on using (24) and (50). Thus 


0=2 sin 5005 p - > a,b;, 


438 THE GEOMETRY OF RIEMANN AND EINSTEIN. [ Dec., 


Therefore, 
Thus the 8 constants of integration a;, b; in (49) satisfy the three relations (50), 


(51). The equations (49) together with (50), (51) are the equations of an R-straight. 
We show now that we may determine the a,, b; so that the z; satisfy 


A121 + cee + Anz = 0, Biz, + vee + Baza = 0, (52) 


where the A’s and B’s are arbitrary. Geometrically, these two equations define 
two f-planes or, from the standpoint of E-geometry, two diametral spheres. 
But if the codrdinates z; of (49) satisfy these equations (52), this means that the 
points of an #-straight lie on the intersection of two R-planes (52), and this is 
our fundamental theorem. ‘To prove it we set (49) in (52); we get 


cos > aA; + sin 5 ->-b;A; = 0 


and a similar equation in the B;. This requires that 


1A; + 2A + a3A3 + 4A, = 0, 
b,Ay + vee + 6sA4 = 0, (53) 
a4,B, + vee + a8, = 0, 
b,By,+ vee + b,B, = 0. 


If the two R-planes are distinct, that is, if the B’s are not proportional to the 
A’s, we may for example express aj, ad. in terms of a3, a4 and similarly b,, be in 
terms of bz, by. If we put these values of ai, de, b1, be in terms of a3, da, b3, ba 
in the three equations (50) and (51), we see that there is only one degree of 
freedom left. That means, for example, that we may take the point a, from 
which we measure s, at any point on the intersection of the two R-planes (52). 

Conversely, the a’s and b’s being chosen so as to satisfy the relations (50), 
(51), the equations (52) determine the coefficients A, B of the two R-planes (52), 
aside of course from constant factors. Thus the fundamental theorem is estab- 
lished. 

Let us multiply the first equation of (52) by By, the second equation by A, 
and subtract; we get 


C21 + Coz + C'323 = 0, 


where C; = A;B, — B;A4g, 1 = 1, 2, 3. Replacing the 2’s by their values in the 
a’s by (22), we get 
Chay + Core + Caa3 = 0, 


a plane through the origin. Hence f#-straights are also the intersection of a 
diametral sphere with a plane through the origin. We may also say from the 
standpoint of E-geometry: an #-straight is a circle cutting the fundamental 
sphere in diametral points. 


(To be concluded in the neat issue.) 


1923. ] QUESTIONS AND DISCUSSIONS. 439 


QUESTIONS AND DISCUSSIONS. 


Epirep By C. F. Gummemr, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the MONTHLY is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, 
especially new problems, which are reserved for the separate department of Problems and 
Solutions. 


QUESTION. 


50. Professor R. C. Archibald of Brown University, Providence, R. I., will be glad to learn 
if any library in the United States contains the following volumes: (a) Mathematisch-naturwissen- 
schaftliche Blatter, 1. Jahrgang (1904) and 15. Jahrgang (1918); (6) Niewwe Wiskundig Voorstellen 
met derzelver Outbindingen, vol. 2 (1846) with title page and index. 


DISCUSSIONS. 
I. APPROXIMATION TO LoG (1-2-3--+-2). 
By E. B. Escorr, Walton School of Commerce. 


By the Euler-Maclaurin Summation Formula, we have the well-known 
expansion 
log a! = log Van + (e +4) logr -2 +2 —- — 4 
12x 360a° §=12602° 
1 (1) 
168027 © 118829 


We may also get the following development in powers of « +.3 by the method 
given in Boole’s Finite Differences (2d ed., p. 98): 


log a! = log V2 + (w + 4) log (@ + 3) — (@ + 3) — awit 5 
2 
7 31 
+ 5880 + DS W3R0@T HET Q) 
+ (— 1)h (2?7T) — 1) Bont foes, 


(n+ 1)Qn + 1)2?"2(¢ + dpe 


where the B’s are Bernoulli’s numbers. 
To find an approximate expression for the remainder 


a 
24(x +4) ' 2880(2 + 5) 
let 
1 1 ee Se ee wee 
Paes (: t nce), ~~ Bae HF * 28800 + HF 


Expanding the left member, 


| (ett = get eee 
k\a(e+ 3)? 2a?(a + 5)4 24(e + 3)?  2880(a + 3)4 


440 QUESTIONS AND DISCUSSIONS. [ Dec., 


Then 
1__d 
ka 24 
and 
1.7. 
Ska? 2880 
whence 
a — 2 
7” 
14 
b= 


Substituting these values in (2), we have 


— Qa 1 1) 72 _ 7 
log x! = log V2r + (+ 3) log (e+ 2) — 1 ~ yy log (: + 60@+ 5) 


approximately. 


Or, finally 
_ Von 1. | 12 1 5 11 
log x! = log V2r+ («+ 4) 7 log (e+ 2) — zy log x ab ao — ] (3) 


which is the approximate formula sought. 
The above logarithms are natural logarithms. In terms of common loga- 
rithms, 1 would be replaced by logio e, 7.¢., 


logio a!=logio V2r+ (a+) E logio (a2 +3)— 2 logio (2+ at 0) logio e| (4) 


Prof. A. R. Forsyth in the Report of the British Association for the Advancement 
of Science, vol. 53 (1883), pp. 407-8, gives the following approximate formula: 


logio «! = logio V2r + (@ + 4)[3 logio (a? + x + 4) — logy e]. (5) 


To estimate the degree of the approximation in (4) and (5), let us expand 
them in powers of (x + $) and compare with (2). 
The expansion of (4) gives 


log al = log Via + (@ + 4) log (@ + 4) — +8) a 
+ 7 — —_ 49 a °) 
2880(x + 3)? 259200(a + 4)° 
The expansion of (5) gives 
‘ 2 
(7) 


~ 76@+ 3 1088+ Re) 
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This shows that (4) is a better approximation than Forsyth’s approximation 
(5). 


A well-known approximation is that due to Stirling, 


logio xl= logio Vor + (x ++ +) logio U—- 2& logio é. (8) 


To compare the accuracy of the three formule compare the value of 
logio 50! as given by each. 

By (1) or (2) logio 50! = 64.48307 48724 72035 (correct value), 

By (4) logio 50! = 64.48307 48724 72802 (true to 11 decimals), 

By (5) (Forsyth) logio 50! = 64.48307 48584 22193 (true to 7 decimals), 

By (8) (Stirling) logio 50! = 64.48235 10579 85416 (true to 2 decimals). 


II. Note on Torat REPRESENTATIONS AS SUMS OF SQUARES. 
By E. T. Bet, University of Washington. 


Let E(n), O(n) denote respectively the total number of representations of 
the positive integer n as a sum of an even, an odd number of squares of integers 
with roots 20, the order of the squares in each representation being essential. 


Then 
E(2n) > O(2n), O(2n+ 1) > E(Qn-+ 1). 


This curious fact was observed while constructing a short table for numerical 
verifications of certain results in the theory of numbers. For example, 


n=123 4 5 6 7, 
E(n)=0 4 0 16 8 64 = 64, 
O(n)=2 0 8 2 82 24 128. 


The algebraic proof is immediate. It is well known that the series  (— «)®, 
t 


where ¢ takes the values -: 1, + 2, + 3, ---, is absolutely convergent for some 
|x| > 0. Within the region of convergence let s(x) represent the sum of this 
series. The series s(— x) also is absolutely convergent for some |a| > 0, and 
for |x| sufficiently small! the following is an absolutely convergent power 
series in 2, 


] = n n — = __ n — n 
iE 7 1+ 1)"{s(x)}" = 1+ Di 1)"{E(m) — O(n) }2*, 


the last following at once from the obvious remark that the coefficient of x” in 


is E(n) — O(n). 


1 
1+ s(— 2x) 
Evidently our theorem will be proved when we show, as next, that the co- 
efficient (— 1)"{E(n) — O(n)} of a2” in this expansion is greater than zero for 
all integers n > 0. 
1 From the simplest considerations on the partition of numbers (as in the Annals of Mathe- 
matics, vol. 23 (1921), p. 61), it can be shown that an interval of convergence is 0 < |x| < i. 


The upper bound 4} can be increased to 1 by more complicated methods, but this is immaterial 
for the present discussion. 
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From the well-known identity ! 
1+ sv) = Id — a") x (1 — a™?, 


in which the products extend to n = 1, 2, 3, ---, m = 1, 3, 5, «+>, it is obvious 
that the coefficient of each power of x occurring in the power series expansion of 
ae is an integer > 0. But in this development it is evident from the 
s(a 

form of the products that each exponent of z is of the form al; + bm, in which 
a, b= 0 with the exception of a = b = 0, 1, > 0 is an even integer, m1 > 0 is 
an odd integer. Now every integer > 0 is of this form, and in the development 
li, m, run through all even integers > 0, all odd integers > 0. Hence every 
integer n > 0 occurs as an exponent of z, and therefore (— 1)"{E(n) — O(n)} 
> 0 for every integer n > 0. 


III. A Grapuican Metruop or Sotvine SIMULTANEOUS LINEAR EQUATIONS. 


By J. P. BauLantine, Columbia University. 


Suppose it is desired to find a solution of the following simultaneous linear 
equations: 
ox — 2y = 4, 
2a+ y= 5. 


It is desired to find a number z which multiplied by the vector (3, 2) and a number 
y which multiplied by the vector (— 2, 1) will be so chosen that the sum of the 
two resulting vectors is the vector (4, 5). This gives rise to the following geo- 
metrical representation of the problem. The vectors (3, 2) and (— 2, 1) are 
laid off, and it is geometrically apparent that, in order to obtain (4,5), it is neces- 
sary to take the first vector twice and the second vector once. Hence the 
solution is obtained by taking x = 2 and y= 1. It is also clear that if the 
solution were to come out fractional, as good estimates of these fractions could 
be obtained by the above geometrical interpretation as from the usual method 
of plotting the two loci, and estimating the coérdinates of the point of intersection. 

Each of the two geometrical methods has its own advantages. For instance, 
if the problem were varied by altering one of the two equations, the method 
which plots the loci of the two equations would be preferable. On the other 
hand, if the problem were varied by replacing the right-hand members, 4 and 5, 
by different pairs of numbers, then the method suggested in this paper would 
be preferable. In practical work this situation often arises. Suppose, for 
instance, one is using the so-called method of diminishing the constant ,terms. 
In this method one. assumes an approximate solution X and Y, and finds that 
the differences x — X and y — Y satisfy simultaneous equations differing from 
the original ones only in the right-hand members. The same figure which 
suggested that X and Y were approximations can be used with the new right- 
hand members to suggest second approximations. Thus a process similar to 
Horner’s method may be carried out. 


1 See any text on elliptic functions; ¢.g., Hancock, Theory of Elliptic Functions, p. 397. 
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No novelty is claimed for the above method. It is one in common use in 
general analysis. It is laid before the readers of the MontTHLy as a method of 
familiarizing the freshman with the notion of a vector as a number pair. 


RECENT PUBLICATIONS. 
REVIEWS. 


Statistical Method. By T. L. Ketitry. New York, The Macmillan Co., 1923. 
x1 + 390 pages. Price $4.00. 

“This book has been written with a view to serving two needs; that of 
biologists, economists, educators and psychologists, who know little of higher 
mathematics, possibly care less, and who use statistical methods merely as a 
device to portray the facts of their group investigations; and that of those in 
the same fields who resort to mathematics to aid in the discovery of new truths.” 

The treatment is inductive; usually a set of data is taken, the best method 
of analysis for the particular set is discussed and exemplified, general formulas 
and statistical constants are derived, and their meanings and significance are 
clearly interpreted with reference to the concrete problem considered. In this 
way the student is taught to examine data carefully and intelligently, and to 
endeavor to invent new methods of analysis if necessary, instead of using known 
formulas mechanically, regardless of whether they are applicable to the observed 
situation. 

The material dealt with is practical data from widely diversified fields, 
rather than such nearly ideal distributions as are obtained by card drawing, dice 
throwing, and the like. 

The methods and notations employed are, in the main, those of the English 
school of statisticians. 

The book could hardly be read without a considerable knowledge of statistical 
method, although the beginner could undoubtedly profit by reading the first 
few chapters. It does not, however, presuppose an extensive mathematical 
training on the part of the student. 

Some of the general topics considered are tabulation and plotting of series, 
graphic methods, measures of central tendency and dispersion, the normal 
probability distribution, methods of fitting curves to distributions. An extensive 
discussion is given of methods of measuring relationship. In connection with 
multiple correlation the author presents a method of successive approximations 
that he has developed for finding the values of the regression coefficients and the 
multiple correlation coefficient. In a chapter on sundry special problems—and 
elsewhere throughout the book—Professor Kelley has incorporated certain of his 
original investigations. The concluding chapter is devoted to index numbers. 

In an appendix are to be found a list of more than one hundred important 
symbols, a bibliography of nearly three hundred titles, and the Kelley-Wood 
table of the normal probability integral. This table gives the values of the 
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abscissa x and the ordinate z of the normal probability curve z = = ele 
T 


04 
corresponding to values of the area J = [ zdx, for every thousandth from 


> 


0 
0.000 to 0.499. It also gives values of g (= 0.5 — J), the area of the smaller 
portion cut off by a given ordinate, of p (= 0.5 + J), the area of the larger portion, 
and of z/q, z/p, and pg. The table should prove a valuable supplement to such 
tables as those of Sheppard. 

At the end of the book is an alignment chart, devised by the author, which 
appears to be very useful in computations, especially in those connected with 
multiple correlation work. 

The reviewer detected incidentally a number of typographical errors— 
perhaps not an undue number for a book containing so many formulas and 
symbols—most of which are not serious, consisting principally of carelessness in 
the use of exponents and subscripts (the use of one in place of the other, etc.), 
and the use of wrong letters (e.g., «for u, n for 7). Attention ought to be called, 
however, to the important formula [22], p. 79, for the standard deviation, which 


should read 
c= Nps — 62: 
N 3 


and also to the formula for o,,, p. 84, which should read 


S(a@” — wn) P 
=| x | 
On = ee | 


" M 


On the whole, Professor Kelley’s book is a decided contribution to the litera- 
ture on statistical method. It is thorough in its treatment, and the material 
is perhaps as systematically organized as is possible in a book with such a compre- 
hensive scope. It will undoubtedly prove extremely valuable to the student of 
statistics, who will find in it an abundance of interesting material, no matter 
in what direction his inclinations may lie. 


P. R. Riper. 


Introduction to the Calculus. By W. F. Oscoop. The Macmillan Co., New 

York, 1922. 449 pp. and 133 figs. Price $2.90. 

Professor Osgood’s first text-book on calculus which appeared in 1907 under 
the title of A First Course in the Differential and Integral Calculus gained a well- 
deserved popularity and passed through four reprintings. In January, 1921, 
the first part on differential calculus was revised and appeared under the title 
Elementary Calculus. The present book contains the eight chapters contained 
in the latter together with seven additional chapters. 

The chief changes in the order of presentation and content may be briefly 
summarized as follows: (1) the chapter on Injfinitesumals and Differentials is 
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placed before the treatment of the derivatives of the transcendental functions, 
(2) the chapter on Differentiation of Transcendental Functions has been divided 
into three separate chapters and appears under the titles Trigonometric Functions, 
Logarithms and Exponentials, and Inverse Trigonometric Functions, (3) some of 
the applications given in the last chapter of the original text appear in the earlier 
parts of the new text, notably Newton’s Method for solving an equation approxi- 
mately appears in Chapter VII under Applications and Simpson’s Rule for the 
approximate evaluation of a definite integral in Chapter VII on Definite Integrals, 
(4) the latter part of Chapter XIV as well as Chapters XV~XX are omitted 
(with the exception of the topics noted under (3) dealing with Applications of 
partial derivatives to the Geometry of Space, Taylor's Theorem for Functions of 
Several Variables, Envelopes, Double Integrals, Triple Integrals, and Approximate 
Computations). 

The point of view of the revised text is essentially that of the original, viz., 
to afford the student an opportunity to develop skill in the use of the methods 
of the calculus both by solving formal problems and by putting these methods 
to work in geometrical and mechanical settings. For the latter purpose Professor 
Osgood draws freely on the wealth of problems to be had in these two fields. 
The number of these excellent problems has been increased. The very interesting 
problems on small errors have been omitted though they form a most valuable 
application of differentials. Despite this fact, the student working through a 
moderate number of the problems of this text cannot help but emerge with a 
definite picture of the calculus at work in a manner which illustrates its true value. 

Professor Osgood’s style is very clear and this virtue is emphasized in the 
revised text by the relegation to the background of proofs and lengthy definitions 
until the student by actually rubbing shoulders with his new acquaintances 
learns to call them by their first names. In some cases, proofs are omitted 


t 
entirely with a reference to the original text, e.g., the proof for lim (1 + ‘) = @, 
t—> 0 


As a student, the reviewer recalls Professor Osgood’s statement that rigor in 
mathematics is nothing other than clearness. Without sacrificing rigor, Professor 
Osgood has undoubtedly gained in simplicity by stating certain fundamental 
theorems without proof. 

The subject of definite integrals is undoubtedly the hardest topic for treatment 
in a beginning calculus course. A first course must necessarily rely at this 
point on the intuition of the student, with an occasional glimpse at the facts. 
However, unnecessary restrictions can only introduce complications without 
materially simplifying the subject. For instance, to restrict continuous curves 
to mean only those with a finite number of extremes without making use of this 
restriction is needless and beclouds the issue. If complete proofs cannot be 
given in the less restricted case, would it not be wiser to state the facts in the 
more general case deferring the proof until a later course? Professor Osgood 
seems to depart at this point from the procedure adopted in the earlier chapters. 

The reviewer has called attention in a recent number of the Monruty (1922, 
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239-250) to Professor Osgood’s original text-book treatment of Duhamel’s 
Theorem, and others have done the same before him. On p. 302, the statement 
of the theorem is modified to meet this criticism, by the addition of the phrase 
“ae, lim & = 0, k varying in any manner whatever as n increases.” In applying 
the test in the form lim 3, = 1, we are obliged to make the two unnecessary 
n—>o Di 
restrictions that x and y shall each be positive. This would have been obviated 
by changing the test to that of lim (a, — 6.) = 0. The range of application of 


this theorem in the new edition is not as wide as that in the old, nor is the ease 
of application any greater. 

On the whole the excellent qualities of the original text are to be found in 
the present, together with improvements in simplicity and new problems. The 
only typographical error noticed is in the seventh line of p. 302, where “high”’ 
should be replaced by “ higher.”’ 

H. J. ETruincer. 


NOTES ON RECENT PUBLICATIONS. 


Wissenschaftliche Vortrige gehalten auf dem 5. Kongress der skandinamschen 
Mathematiker in Helsingfors vom 4. bis 7. Juli 1922 (Helsingfors, Akademische 
Buchhandlung, 1923, 4 -+ 315 pp.) is by far the largest of the reports of the five 
congresses held; the others were in 1909, 1911, 1913, and 1916. The next is 
to be at Copenhagen in 1924. The report of the fourth congress, which was 
printed at Upsala in 1920, is excessively rare owing to some misunderstanding 
regarding the number of copies to be published. Possibly there is not more 
than one copy in America. 

An extended paper (52 pages) by Professor W. E. Mitne on “Damped 
vibrations” appears as vol. 2, No. 2, of the University of Oregon Publications. 
This consists mainly of the study of the equation 


dy _ 
dt 


Vv; 


Ag+ Ro) + Cy = 0, 


the resistance R(v) being an arbitrary function of the velocity. Fifteen pages 
of tables furnish numerical values for the solution of the important cases. 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN JOURNAL OF MATHEMATICS, volume 45, January, 1923: ‘On the number of 
solutions in positive integers of the equation yz + zz + ay =n” by L. J. Mordell, 1-4; “A 
closed set of normal orthogonal functions” by J. L. Walsh, 5-24; ‘‘Congruences determined by 
a given surface” by Claribel Kendall, 25-41; ‘Linear partial differential equations with a con- 
tinuous infinitude of variables”? by I. A. Barnett, 42-53; “On the ordering of the terms of polars 
and transvectants of binary forms” by L. Isserlis, 54-71. 

ANNALES DE L?ECOLE NORMALE SUPERIEURE, volume 58, May, 1923: “Sur une classe 
d’équations fonctionnelles” by G. Julia (continuation), 129-150; ‘‘La théorie des marées et les 
équations intégrales” by G. Bertrand, 151-160 (continued).—June, 1923: “La théorie des 
marées et les équations intégrales”’ by G. Bertrand (continuation), 161-192. 
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ANNALS OF MATHEMATICS, second series, volume 24, September, 1922: “‘Periodicities in 
the theory of partitions” by E. T. Bell, 1-22; “Functionals of summable functions” by W. L. 
Hart, 23-38; ‘Periodically closed chains of reduced fractions” by A. Arwin, 39-68; “On certain 
linear differential equations of the second order” by F. H. Murray, 69-88. 

BULLETIN DES SCIENCES MATHEMATIQUES, second series, volume 47, June, 1923: 
Review by E. Cartan of Assier de Pompignan, Note sur le calcul tensoriel (Paris, 1923), 193 ; 
“Une lettre inédite de Descartes au Pére Mersenne” by H. Omont, 194-195; “Démonstration 
du théoréme de Riesz-Fischer et du théoréme de Wey] sur les suites convergentes en moyenne”’ 
by M. Plancherel, 195-204; “Mouvement d’un solide pesant fixé par un point voisin de son 
centre de gravité” by H. Vergne, 204-224 (continued).—July, 1923: Review by A. Lebeuf of 
H. Andoyer, Cours d’Astronomie. re partie (3d ed., Paris, 1923), 225-229 ; “Sur les modes de 
continuité de certaines fonctionnelles” by G. Bouligand, 229-244; “Mouvement d’un solide 
pesant fixe par un point voisin de son centre de gravité”’ by H. Vergne (continuation), 244-256 
(continued). 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 29, June, 1923: “In- 
corporation of the American Mathematical Society” by R. G. D. Richardson, 241; “Report on 
curves traced on algebraic surfaces” by 8. Lefschetz, 242-258; ‘Note on the convergence of 
weighted trigonometric series” by D. Jackson, 259-263; ‘Proof of a formula for an area” by 
H. E. Bray, 264-270; “Mathematics for the layman” [review of C. J. Keyser, Mathematical 
Philosophy, A Study of Fate and Freedom (New York, 1922)] by J. W. Young, 271-274; ““Two 
translations of Archimedes” [review of P. VerEcke, Les Oeuvres Completes a’ Archiméde (Paris 
and Brussels, 1921) and of A. Czwalina-Allenstein, Kugel und Cylinder von Archimedes (Leipzig, 
1922)] by D. E. Smith, 274-276; ‘A course in exterior ballistics”? [review of the Ordnance Text- 
book of the same title (Washington, 1921)] by J. E. Rowe, 277-279; Reviews: by W. D. Mac- 
Millan of E. Goursat, Lecons sur l’Intégration des Equations aux Dérivées Partielles du Premier 
Ordre (2d edition, Paris, 1922), 280, and of L. Schlesinger, Einfiithrung in die Theorie der gewohn- 
lichen Differentialgleichungen auf funktionentheoretischer Grundlage (3d edition, Berlin, 1922), 
282; by V. Snyder of T. Schmid, Darstellende Geometrie (volume I, 3rd edition, Berlin and Leipzig, 
1922), 280; by J. Lipka of M. Ensslin, Elastizitdtslehre fiir Ingenieure, I (2d edition, Berlin and 
Leipzig, 1921), 281; by E. B. Wilson of R. Vance, Business and Investment Forecasting (New 
York, 1922), 281; and by E. P. Adams of L. Rougier, La Mattére et l’Energie selon la Théorie de 
la Relativité et la Théorie des Quanta (new edition, Paris, 1921), 282; Notes, 283-285 ; New Publi- 
cations, 286-288. 

JOURNAL DE MATHEMATIQUES PURES ET APPLIQUES, series 9, volume 2, 1923: “Con- 
tribution 4 la géométrie conforme. Cercles et surfaces cerclées”” by E. Vessiot, 99-165; “Sur 
un théoréme fondamental de M. H. Weyl” by E. Cartan, 167-192; ““Remarques diverses sur 
le calcul aux différences finies’”’ by N. E. Norlund, 193-214. 

JOURNAL FUR DIE REINE UND ANGEWANDTE MATHEMATIK (Crelle),. volume 152, nos. 
3-4, 1923: “ Die kubische Raumkurve als Leitkurve von Regelflaichen dritten bis sechsten Grades” 
by T. Reye, 125-128; “Ueber die Darstellbarkeit von Zahlen durch quadratische Formen im 
K6rper der rationalen Zahlen” by H. Hasse, 129-148; ‘Ueber eine Verallgemeinerung der 
Tetraedergruppe” by F. Burkhardt, 149-155; “Ueber Kollineationen und Korrelationen im 
Raume”’ by O. Staude, 156-177; “Eine stetige nicht differenzierbare Funktion im Gebiete der 
Henselschen Zahlen” by K. Rychlik, 178-179; “TIrreduzible Formen”’ by J. Kirschak, 180-191; 
‘““Bemerkungen und Ergiinzungen zum Beweis eines Kummerschen Theorems” by G. Rados, 
192-197; “Ueber die Lehre vom statistischen Ausgleich” by P. Riebesell, 198-204; ‘Ueber die 
Aquivalenz quadratischer Formen im Ko6rper der rationalen Zahlen’”’ by H. Hasse, 205-224; 
‘Ueber ein neues Normenrestsymbol und seine Anwendung auf die Theorie der Normenreste in 
allgemeinen algebraischen Kérpern” by K. Hensel, 225-234; ‘“Klassenanzahlen bei linearen 
Substitutionen” by H. Brandt, 235-238; “Ueber Asymptoten ebener Kurven” by O. Haupt, 239. 

MATHEMATISCHE ANNALEN, volume 89, nos. 3-4 (published June 28, 1923): “Zur Theorie 
der linearen Integralgleichungen” by R. Courant, 161-178; ‘Analytische Fortsetzung und 
konvexe Kurven”’ by G. Polya, 179-191; “Die Integrodifferentialgleichungen vom Faltungsty- 
pus” by G. Doetsch, 192-207; “Ueber die ebene radiale Strémung eines Gases mit Beriicksichti- 
gung der Reibung” by T. Poschl, 208-214; ‘Neue zahlentheoretische Abschitzungen” by J. 
G. van der Corput, 215-254; “Zur Geometrie der Zahlen” by W. Scherrer, 255-259; ‘“Bestim- 
mung aller algebraischen W-Kurven” by H. Mohrmann, 260-271; ‘La curva razionale normale 
ed i suoi gruppi proiettivi’’ by A. Comessatti, 272-297; ‘Ueber S. Lies Geometrie der Kreise 
und Kugeln” by E. Study (8d article), 298-314 (continued); ‘Bemerkung zu E. Study’s Aufsatz: 
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‘Ueber 8. Lies Geometrie der Kreise und Kugeln’”’ by H. Mohrmann, 315-319; Nachwort von 
E. Study, 319-820. 

MESSENGER OF MATHEMATICS, Volume 52, January-February, 1923: “An expansion in 
factorials similar to Vandermonde’s theorem, and applications” by D. Edwardes, 129-136; 
‘‘ Green’s dyadics in the theory of elasticity’’ by C. E. Weatherburn, 1386-156; “A property of the 
bitangents of a plane quartic curve” by H. Hilton, 156-158; ‘On rational approximations to 
cyclical cubic irrationalities’”? by W. Burnside, 158-160. 

NATURE, volume 112, July 14, 1923: ‘A puzzle paper band” by D’Arcy W. Thompson, 
56-57; “The transfinite ordinals of the second class’”’ by H. C. Pocklington, 57.—July 21: ‘The 
Drapers’ company and statistical research” [review of K. Pearson, Studies in National Deteriora- 
tion, [V: On the Relationship of Health to the Psychical and Physical Characters in School Children], 
91-92; “Stirling’s theorem” by J. Henderson, 96-98. ' 

NOUVELLES ANNALES DE MATHEMATIQUES, volume 80, July, 1923: ‘Sur les points 
doubles des lieux géométriques et sur la construction par régions” by J. Hadamard, 364-379: 
“Sur les liaisons de roulement”? by Et. Delassus, 379-383; ‘Concours d’agrégation de 1922. 
Solution de la question de mathématiques spéciales” by J. Lemaire, 385-402 (continued). 

PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY, second series, volume 20, 
1923: “Einstein’s theory of gravitation as an hypothesis in differential geometry” (Presidential 
address) by J. E. Campbell, 1-14; “Some problems of Diophantine approximation: the lattice- 
points of a right-angled triangle” by G. H. Hardy and J. E. Littlewood, 15-36; ‘On some solu- 
tions of the wave equation” by H. J. Priestley, 37-50; “Some problems in wireless telegraphy”’ 
by H. M. McDonald (Address of the retiring president), 51-58; ‘The three-bar sextic curve” 
by G. T. Bennett, 59-84; ‘On the use of a property of Jacobians to determine the character of 
any solution of an ordinary differential equation of the first order or of a linear partial differential 
equation of the first order” by M. J. M. Hill, 85-92; “On plane curves of degree n with a multiple 
point of order n — 1 and a conic of 2n-point contact”’ by H. Hilton, 93-100; “Relation between 
apolarity and Pippian-Quippian syzygetic pencil” by W. P. Milne and G. T. Taylor, 101-105; 
‘‘A note on apolarity” by H. W. Richmond, 105-106; “Relation between apolarity and a certain 
porism of the cubic curve” by W. P. Milne, 107-122; “An example of a thoroughly divergent orthog- 
onal development” by H. Steinhaus, 123-126; ‘‘Approximate solution of linear differential 
equations” by R. H. Fowler and C. N. H. Lock, 127-147; “Tidal oscillations in gulfs and rec- 
tangular basins” by G. I. Taylor, 148-181; ‘On the partial derivates of a function of many 
variables” by G. C. Young, 182-188; “The product of two hypergeometric functions” by G. M. 
Watson, 189-195; “Diffusion by continuous movements” by G. I. Taylor, 196-212; “On Dr. 
Sheppard’s method of reduction of error by linear compounding” by A. 8. Eddington, 213-221; 
‘Extended meaning of conjugate sets” by W. F. Sheppard, 222-224; “Arithmetic of quaternions” 
wby L. E. Dickson, 225-232; ‘The classification of rational approximations’”’ by P. J. Heawood, 
233-250; “The differentiation of the complete third Jacobian elliptic integral with regard to the 
modulus, with some applications” by F. Bowman, 251-263; “On the maximum errors of certain 
integrals and sums involving functions whose values are not precisely determined” by E. A. 
Milne and S$. Pollard, 264-288; “On the reciprocity formula for the Gauss’s sums in the quadratic 
field” by L. J. Mordell, 289-296; “Sur une série de polynomes dont chaque somme partielle 
représente la meilleure approximation d’un degré donné suivant la méthode des moindres carrés”’ 
by C. Jordan, 297-325; “‘ An extension of two theorems on Jacobians” by C. W. Gilham, 326-328; 
“The group of the linear continuum” by N. Wiener, 329-346; “On the distribution of energy 
in air surrounding a vibrating body”’ by J. E. Jones, 347-364; ‘On a generalisation of Lagrange’s 
series” by M. Késsler, 365-373; ‘On certain classes of Mathieu functions” by E. G. C. Poole, 
374-388; “On the torsion of a prism, one of the cross-sections of which remains plane” by S. 
Timoschenko, 389-397; “A membrane analogy to flexure” by 8S. Timoschenko, 398-407; “Note 
on certain modular relations considered by Messrs. Ramanujan, Darling, and Rogers”’ by L. J. 
Mordell, 408-416; “On double surfaces” by B. M. Sen, 417-434; “The algebraic theory of 
algebraic functions of one variable” by 8. Beatty, 435-449; ‘On the integrals of the differential 
equations of the first order derivable from an irreducible algebraic primitive” by M. J. M. Hill, 
450-464; “The invariant theory of three quadrics” by H. W. Turnbull, 465-489; “On the 
transformation of certain solutions of the electromagnetic equations” by J. Brill, 490-493; “Cy- 
clotomic quinque-section for every prime of the form 10n + 1 between 100 and 500” by P. O. 
Upadayaya, 494-496. 

RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO, volume 47, no. 1, 1923: “Sopra 
un’equazione funzionale e sopra alcuni sviluppi in serie’”’ by P. Nalli, 1-14; “Sur un systéme de 


1923. | PROBLEMS AND SOLUTIONS. 449 


trois équations linéaires et homogénes aux dérivées partielles” by P. Appell, 15-16; ‘‘Sulle 
superficie contenenti una famiglia prefissata di linee geodetiche od asintotiche” by E. Laura, 


b 
17-24; “Sur le développement de l’intégrale J Pur dy en fraction continue et sur les 


polynomes de Tchebycheff”’ by J. Chokhatte, 25-46; ‘Sur les courbes associées de convergence 
des séries de polynomes 4 deux variables complexes”? by N. Abramesco, 47-52; “‘On the value 
of the remainder in the Euler summation formula when that formula is expressed in terms of 
finite differences” by C. R. Adams, 538-61; ‘“‘Sur une propriété remarquable des polynomes 
trigonométriques 4 coefficients entiers”’ by G. Rados, 62-64; ‘‘Contributo alla teoria delle equa- 
zioni algebriche”’ by P. Mazzoni, 65-108; ‘‘Lemma fondamentale per il calcolo approssimato 
delle radici di una equazione”’ by G. Mammana, 109-114; ‘Beitrag zur Schmidt’schen Theorie 
des symmetrischen Kerns” by J. Mollerup, 115-148; ‘Sur l’intégration des équations du déplace- 
ment paralléle de M. Levi-Civita”’ by P. Dienes, 144-152. 


PROBLEMS AND SOLUTIONS. 


Epitep By B. F. FINKEL, Orro DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Monruuiy. Im so far as possible 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems.] 


3044. Proposed by EUGENE M. BERRY, West Lafayette, Indiana. 
k=n 

1. Express Il cos ay aS a summation of cosines, each term to be of the form C' cos (+ a1 
k= 


+ dy HG3 Hess £Qn). 


k=n 
2. Express II sin a, as a summation of sines or cosines according as n is odd or even. 
k=1 


k=n j=m 
3. Express I sin a,-II cos 6; as asummation of sines or cosines according as 7 is odd or even. 
k=1 j=l 


3045. Proposed by S. A. COREY, Des Moines, Iowa. 
If in the equation 
1 C3 C5 C7 Cs 
ppow eT ee Po 
s!| z EDI THE —-D!* Seal Bie —a!t TSE ar | 0 @ 

C3, Cs, C7, *** Cs be given and retain such constant values that (1) is satisfied for all positive odd 
integral values of s, (s > 1), prove that if s be decreased by unity (so that s = 2n), then the left 
member will become equal to + Bn, according as n is odd or even, B, being Bernoulli’s nth 
number. Also show how any one of the constants c may be found without first finding all the 
preceding constants. 


3046. Proposed by A. L. WECHSLER, New York City. 
What is the probability that there will be at least r consecutive heads out of n tosses of 
a coin? 


3047. Proposed by ARNOLD DRESDEN, University of Wisconsin. 
Prove that for any positive integer 7, 


1 
=], 
a Tja1pi thie 


where k; and p; are positive integers, k; being the distinct elements of any ¢-partite partition of 
n (t = 1-+-n) and p; the number of parts of the partition which are equal to k;. 
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3048. Proposed by H. C. BRADLEY, Massachusetts Institute of Technology. 
Cut two equilateral triangles of any relative proportions into not more than five pieces which 
can be assembled to form a single equilateral triangle. 


3049. Proposed by H. GROSSMAN, (Student) College of the City of New York. 
Prove that every factor of 22” + 1 is congruent to 1 mod 2”*!, and that no two different 
numbers of the form 22” -+- 1 have a common factor. 


SOLUTIONS. 


2980 [1922, 271]. Proposed by J. ROSENBAUM, Milford, Connecticut. 
Locate a point such that the sum of its distances from n given points shall be a minimum. 


SoLtuTion BY H. M. Lurxin, Dunkirk, N. Y. 


Let the rectangular codrdinates of the n given points P;, Ps, P3, +++, Pn taken counter 
clockwise be (x1, yi), (2, Y2), (23, Ys), °**, (Lny Yn), Tespectively, and let the codrdinates of the 
required point, P, be (a, y). 

Then the sum of the distances from the required point, P, to the n given points is 

=n : =n 
f(a, y) = % V@— ay? + y — yi) = % Pe 


say. The necessary condition that f(x, y) shall be a minimum is that 


6) — 2 —_ L— Lp 
of EH Fy tee PU Lg 
x P1 p2 Pn 
and 
0 = — — Un 
oF UM pW te oe PEO Lg. 
Y Pl P2 Pn 
Denote by 6; the angle between the positive sense of the x axis and the line PP; (¢ = 1, 2, ---, 7); 
then 
af tan af tan, 
—_—= cos @;, (1) == sin #;. (2 
ox Pal 0) oy Fa ) 


A necessary condition that f(x, y) shall be a relative minimum is that these shall be equal to 
zero. The point (a, y) can then be determined by solving (1) and (2). 

The function f(z, y) is continuous at all points of the plane and the first derivatives exist 
at every point except Pi, Po, «++, Px. If we enclose the polygon in a large boundary, the value 
of the function f(z, y) is less within the boundary than on it. Hence the function f(z, y) takes 
on its absolute minimum either at a point where the first derivatives vanish or at P1, Po, etc. 

In the case of the triangle, none of whose angles equal or are greater than 120° this point 
is one of the isogonal points, and where one angle equals or is greater than 120° it occurs at the 
vertex of the obtuse angle. In the case of the quadrilateral the point is the intersection of the 
diagonals. 


Also solved by T. M. BiaxksLex and F. L. WILMER. 


Note sy Orro Dunxket, Washington University.—If a convex polygon be 
drawn containing all the points in its interior or on its boundary and having 
for its vertices points of the given set, then the minimum must occur either 
within or on the boundary. If we suppose that each point P; exerts a unit 
attractive force upon a particle P in any position of the plane, then the vanishing 
of the derivatives in (1) means that equilibrium occurs. This gives at once 
the position of P in the case of a triangle having no angle as great as 120° and 
in that of a convex quadrilateral. In the case of four points such that one point 
lies within or on a side of the triangle formed by the other three, it is easily 
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shown by elementary geometry that the minimum occurs at this point. The 
case of the convex quadrilateral is also easy by elementary geometry. In the 
case of a triangle having no angle as great as 120° there is a known simple geo- 
metrical proof as follows: Let P be the point within the triangle ABC at which the 
sides subtend angles of 120°. Perpendiculars to PA, PB, PC at A, B, C, 
respectively, form an equilateral triangle. If Q is any point within this equi- 
lateral triangle, the sum of its distances from the sides is constant and equal to 
the altitude of the triangle. But this sum is less than QA + QB + QC unless 
@isat P. Hence the minimum is at P. If an angle is equal to or greater than 
120° it may be shown by elementary geometry that the minimum occurs at the 
vertex of the angle. See 1920, 38 for four solutions in the case of the triangle 
and references on pages 40, 41. 


2983 [1922, 313]. Proposed by R. S. UNDERWOOD, Alabama Polytechnic Institute. 
Prove that the following terminating series have the sums indicated, where by 0! is meant 1! 


1 1 1 27, 
(1) nll @oDBi*@—Abl’ ~@ED? 
(2) : : ait ee 


med’ @o pa’ m@—3aI4 mE D! 


(These are coincident for n even but are distinct for n odd.) 
1 1 1 — a(— 4) [4] 
(8) nil (— 23! * @— 4B! GED 


where [n/4] denotes the greatest integer not exceeding n/4,and where a = 1, 2, 2, 0 according as 
n is congruent to 0, 1, 2, 3 (mod 4). 
Obtain a similar form for the series 


ae ee Se 
(n+ 1)!0! (n—1)!2! 9 ™ —3)!4! 


Obtain also the sums of the following terminating series and of the four series obtained 
from them by changing the signs of the alternate terms: 
ain t+ @ = OBI tw Hw! 
wept @o ami two pt 
wom + @— om tein 
wa pi tw HT 


(4) 


(5) foeees 


(6) 


(7) ne 


(8) + ove 


— i 
(n — 9)!10! 


SOLUTION BY J. F. Reruiy, University of Iowa. 


From the binomial theorem 


ntl — ntl — (n + 1)! m+ 1)l eee 
_ atl _ m+)! (n + 1)! _ 
O= Gd — Dm al on + @= ji : () 


Adding (A) and (B) and dividing by 2(n + 1)!, we have equation (2). Subtracting (B) from 
(A) and dividing by 2(n + 1)!, we have equation (1). 
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Again from the binomial theorem, together with De Moivre’s theorem 


(Lae = 2er4! (cos SEO + 5 sin + V2 a7) 


-{1- 4+ + acai f 
(n —1)!2! © (n — 3)!4! 
.f rn+1)! (n + 1)! (n+ 1)! 
ae Pere ~®@—-DBI Taal fe 
Now sin @ + De _ 2 1 2 og, x — 1, -%, 0 according as 7 is congruent to 0, 1, 2, 


3, 4, 5, 6, 7 (mod 8). Hence, equating coefficients of i and dividing by (n + 1)!, we obtain 
equation (3). Equating the real terms in the above equation and dividing by (n + 1)! and 


mt De N2 v2 v2 . w2 


noting that cos ~—— = "3 0, — 9 7 1, — >? 0, iz 1 according as n is congruent to 0, 
1, 2, 3, 4, 5, 6, 7 nod 8), we have 
(4) —t BH 4 

(n+ 1)!10! (n—1)!2! ' (n — 3)!4! ~ nti’ 


where 8 = 1, 0, — 2, — 4 according as n is congruent to 0, 1, 2, 3 (mod 4). 
Adding equations (1) and (8) and dividing by 2, we obtain 


I 1 1 _ 2" + a(— 4)[niy 
5) nll?’ @—Holt @osiot = we EDpr 
Similarly from equations (2) and (4), we obtain 
1 1 1 2b B(— 4) in 
(6) @i Do’ a@—-aait@onet = appr: 
By subtracting (8) from (1) and dividing by 2, we obtain 
1 1 2" — a(— 4) In 
(7) @—-DB wom > appr’ 
and by subtracting (4) from (2) and dividing by 2, we obtain 
1 1 an — B(— 4) [n/4] 
(8) @—Datt@—bet > amp Hr 


In order to sum the series formed from (5), (6), (7), and (8) by changing the signs of alternate 


terms, we expand 
€ a + =i) n+l d ( 1 1 4 1 . ) n+l 
an --S —=1 ’ 
: v2 v2 


and in each case equate reals to reals and imaginaries to imaginaries. 
The following formulas result: 


(2 + v2)*D2 cos in outs Dry + = (n+ 1) — = et Uae ~ 2) 
_ (n+ 1)n(r — 1)(n — 2) — 1 @t+ijn::-m— 3) 1 (n+ 1)n---(n — 5) C) 
rT i 5! v5 7! ( 
4 (n + Un — 6) foees, 
~ _ nt+iar (n + 1)n 1 (n+ 1)n(n — 1) 
n+1)/2 i oe a YE eS 
(2 + V2)@DP sin 8 rae +1) + G 31 ww) 


A Mm+i1)n-+-(n—3) (w+ 1)n-- te eee ee ee 
ND 5! 7 6! \2 7! , 
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(2 — V2)@+D? cos (1 t Use = - = (n+1)+ = aint — 1) 
mt tnin— Dim | 1 (n+ i)n---(n—38) 1 (n+ 1)n-+-(n — 5) 
OG a =R”—<i‘ézRx 
(n + 1)n--+(n — 6) 
-@tin M8... 
(2 — vV2)@m4+r sin “+ US — <5 (n 41) — (n tin 4 JG 4 Dae D 
AF Da = 9) + Dn m=) Letimnm-9 4 % 
v2 5! 6! 2 7! 
Numbering the series with alternate signs (9), (10), (11), and (12), we have 
I (n+ 1)n-+-(n — 3) | M+ 1)n-+-(n — 7) 
(9) ain | @ FD = FD ye ee | 
7 me pi lO) + WD) + (A) + 
v2 n+1)/2 (n+ 1)7r _ n+tilr 
= Ln tin + 1)! | @ + 2) ( +1)/ { cos “3 —— +b sine —— \ 
—(2— Vay f cos (nt WSs — gin ey ee ] 
= aq pm Let Dorr sos DF 4 @ — Woon sin 2 V4), 
l (n+ 1)n(n — 1I)(n— 2) , (n+ Nm. (n — 6) 
(10) a — | 
~ Qn + 1! z 1)! Te + V2) DP cos “5 —— (nt Us + Ue + (2 — V2)@+or cos BEET |, 
(11) I FoF Dn =D _ tno 8) + etn G9 _ | 
= ae (C) + (D) — (£) + (FP) 
= ein | — (2+ Bynton | cos wt De — sin De 
+2 — Bon | agg @ADEF 4g OHNE YY 
— in ED! - D! [ @ + y2)@+He sin (n = l)x + (2 — V2)? cos eel), 
i (n+1)n  (n+1)n---(n—4) , (n+1)n---(n — 8) 
02) Gale gE | 
1 
“Bin + D! [(D) — (F)] 
= SED | (2 + V2)@DP sin mt De — (2 — y2)or sin (n + Use | 


Taking half the sum and ‘half the difference of series (5) and (9); of (6) and (10); of (7) 
and (11); and of (8) and (12), we have eight other series of positive terms whose sums will thus 
be known. 

If now we form the eight corresponding series with alternate signs, we can sum them by 
employing eighth roots of — 1 in a manner similar to that in which we have employed square roots 
and fourth roots. Then sixteen new series of positive terms can be formed, and the sixteenth 
roots of — 1 employed as before to sum the corresponding series with alternate signs. Evidently 
this may be carried on indefinitely. 
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Also solved by A. PELLETIER and M. Poutsky. 


2987 [1922, 356]. Proposed by PHILIP FITCH, North Denver High School, Colorado. 

A flexible chain of length / and uniform weight is fastened at one end to the ridge of a 
roof with pitch p and slant height Z. If the eaves of the roof are at a height h from the ground 
and the coefficient of friction between the chain and the roof is uw, how long will it take, after 
releasing the chain, for the highest end to reach the ground? 


SOLUTION BY Wi1LLI1AM Hoover, Columbus, Ohio. 


The whole motion is supposed to be through the distances Z and h, with no crumpling of 
the chain excepting in the last stage; also,1 < Landl <h. 

(4) For the time through L — l. 

Let w = the distance passed over by the whole chain at the end of time ¢ from the beginning 
of motion; then the moving mass being constant, m being the mass of a unit of length of the chain, 
resolving forces along the plane, the equation of motion is 

d?w ; 
ml = mgl sin p — wmgl cos p 
or, putting uw = tan a, 
tw = g sec asin (p — a). (1) 


Multiplying by 2w and integrating, taking ® = 0, when w = 0, 


w*? = 29 sec a sin (p — a)w = 2k?u, 
say, or, 


dw/2Vw = k/w2 dt. (2) 
Integrating 


V2 —]E-t  w2 
b= 92 wo] = NL — 1. 


Also, when w = L — 1, 6 = 1, = kw2(L — I). 

(it) For the time from the moment ¢; till the whole chain first becomes vertical. 

Let x = the distance the upper end of the chain has moved down the plane after time ¢ in 
the second stage of motion; then! — x and x are the parts of the chain on the plane and vertical; 
also let T = the tension acting on the two parts. 

The equations of motion then are 


2 
m(l — 2) (l —2) = mg(l — x) sin p — wmg cos p(l — x) — T 


or 
2 
mil -1& = —mg(l — x) secasin(p—a)+T 
and 
dx 
ME a = mgx — T 
Eliminating 7 and arranging, 
ax g ; ; 3 
7p 7 {ltl + sec asin (p — a)}x — I sec asin (p — a)]. (3) 
dx 


Multiplying by 2 — and integrating, 


dt 
= at + sec a sin (p — a)}x? — 21 sec a sin (p — a)x] + C1. 


When x = 0, #2 = v? = 2k°(L — 1) = Ci, and 
— () 
0 Vo/ll{1 + sec a sin (p — a) $22 — 2l sec a sin (p — a)x] + 2k2(L — 1) 


giving a transcendental form for the second period of time. 


t = te (4) 
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Putting C in the equation for x and then x = I, we have # = », = Wi(g — 3k) + 2Lk?, 
the velocity of the chain when starting in its motion wholly vertical. 
(271) For the time in falling freely under gravity through the vertical distance h — I. 


We have 
vs = {2g(h — 1) + v2}, 
and then 
bs = (v3 _ V2)/g. 
(wv) For the time required for the chain to become wholly heaped up at the foot of h, the 
initial velocity being v3. 


Let 2 = the length of chain in motion at any time after the moment ¢;; then the equation 
of motion is 


d , 
ai (mzz) = mgz. 
Multiplying by 222 and integrating, 
222 = 70 + C>. (5) 


When z = 1, 2 = 23, and C, = [v2 — 1s, and (5) is 


22 = O53 +P (os — 41), 
or 


1 2dz 
t= — a, 
Jo 12 BLP (v2 _ 21) ye 


The required time is t = #; + t. +t; + ts. 
The last integration is made by the usual methods under elliptic functions or those of Weier- 
strass. 


Also solved by J. E. ReppENn and J. B. Reyno.ps. 
NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will codperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


At the meeting of the American Philosophical Society on April 10, the James 
Scott medal was awarded to Sir JosepH THomson, for his work on the physics 
of the electron. 

Drury College, on the occasion of its fiftieth anniversary, conferred an 
honorary doctorate on Professor B. F. FInx x1, of the department of mathematics, 
founder of this MonTHLy. 

The Tables for interior ballistics, which were issued some time ago in blue 
print form, have now been published in printed form, “For Official Use Only,” 
as “Ordnance Document, No. 2369.” These tables were computed in the 
Ballistic Section of the Ordnance Department, under direction of Professor A. 
A. Bennett. They are the first tables of the sort available for the U. S. Army, 
and are made possible by the use of certain mathematical transformations 
discovered by Professor Bennett. They render obsolete the method of individual 
trajectory computations for interior ballistics, which has been hitherto the only 
theoretically accurate procedure. 

Professor P. J. DANIELL, of Rice Institute, has been appointed to the Town 
Trust chair of mathematics at the University of Sheffield, effective January, 1924. 
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Professor W. B. Firr, of Columbia University, has been granted leave of 
absence for the first half of the academic year 1923-24. 

Professor B. H. Camp, of Wesleyan University, during his leave of absence 
for the academic year 1923-24, plans to study at the University of Paris and 
with Professor Karl Pearson at the Biometric Laboratory of University College, 
London. 

Professor E. A. KHoLopovsky, assistant professor of mathematics at the 
Polytechnic Institute of Petrograd, has been appointed assistant in the Lick 
Observatory. 

Dr. V. D. GoxHa.e, of the University of Chicago, has been appointed asso- 
ciate professor of mathematics at the University of the Philippines. 

Assistant Professor E. W. PEHRson, of the University of Utah, has been 
promoted to an associate professorship of mathematics. 

- The following appointments to instructorships of mathematics are announced: 
Mr. J. P. BALLANTINE, of the University of Chicago, at Columbia University; 
Dr. J. A. Barnett, of the University of Saskatchewan, at the University of 
Cincinnati; Dr. H. W. CHANDLER, of the University of Minnesota, at the Uni- 
versity of Florida; Mr. B. F. Dostat, of Bradley Polytechnic Institute, at the 
University of Michigan; Dr. M. M. Fe.psretn, of the University of Chicago, 
at the University of West Virginia; Miss Minnie Houtman, of the University 
of Oregon, at the University of Wyoming; Mr. B. F. Kimpatru, of Harvard 
University, at Cornell University; Mr. T. H. Ming, of the University of 
Alberta, at the University of Buffalo; Dr. Jessz OsBorn, of Cornell University, 
at the University of Jowa; Mr. 8. T. Sparkman, at the University of South 
Carolina; Mr. C. E. Stout, of Case School, at Heidelberg University. Dr. I. 
Maizuisu; of the University of Minnesota, has been appointed instructor in 
physics at Lehigh University. 

Captain D. M. Garrison, of the corps of Professors of Mathematics, U. S. 
Navy, is retiring from the Navy, and has accepted the professorship of mathe- 
matics at St. John’s College, Annapolis, Md. Captain Garrison had been a 
member of the department of mathematics at the U.S. Naval Academy for twenty 
years, and for the past five years, during the difficult period of readjustment 
following the world war, has been head of the department. He will be succeeded 
as head of the department by Commander A. J. CuHantry, Jr., of the Corps 
ot Naval Constructors. 

At the University of Iowa, Assistant Professor W. H. Wizson is on leave 
of absence for the academic year 1923-24. Mr. R. E. KENNon, instructor of 
mathematics, has resigned to accept a position as Examiner in the Iowa State 
Insurance Department. 

At the University of Texas, Associate Professor E. L. Dopp has been promoted 
to a full professorship and made chairman of the department. Associate Pro- 
fessor R. L. Moore has been promoted to a full professorship, Adjunct Professor 
H. J. ErruinGer to an associate professorship, and Dr. P. M. BatcHELDER and 
Miss Mary Decuerp to adjunct professorships. 
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Professor W. H. Merzirr, of Syracuse University, has been appointed dean 
of the New York State College for Teachers at Albany. 

Dr. B. M. Turner, of the University of Illinois, has been appointed assistant 
professor of mathematics at the University of West Virginia. 

Dr. F. W. REED, of Cornell University, has been appointed assistant professor 
of mathematics at Ohio State University. 

Dr. GeorcE RUTLEDGE, of the Massachusetts Institute of Technology, has 
been promoted to an assistant professorship of mathematics. 

Assistant Professor J. E. Davis, of the University of Arkansas, has been 
appointed assistant professor of. mathematics at Drexel Institute. 

Mr. H. T. Davis, of the University of Wisconsin, has been appointed assistant 
professor of mathematics at the University of Indiana. 

Mr. M. L. MacQueen, of the University of Wisconsin, has been appointed 
a member of the department of mathematics at the Southwestern Presbyterian 
College. 

Professor W. H. Kircuner, of the department of drawing and descriptive 
geometry at the University of Minnesota, has sabbatical leave of absence for 
the year 1923-24, and expects to spend much of his time studying at the Uni- 
‘versity of Palermo. 

Miss Lena R. Coie has been made head of the department of mathematics 
at Central Normal College, Danville, Ind. 

Dr. Nina M. AtpErToN has been promoted to be head of the department 
of mathematics at Mills College. 

Professor B. R. ALLEN, of Westmoorland College, has been appointed asso- 
clate professor of mathematics in the Kansas State Teachers College at Emporia. 

Professor A. A. McSweerny, of the College of Agriculture and Mechanic 
Arts of the University of Montana, has been appointed head of the department 
of mathematics at John Tarleton Agricultural College, Stephenville, Texas. 

Professor W. W. WEBER, dean and professor of mathematics at Southern 
College, Lakeland, Florida, has been appointed to the chair of mathematics in 
Lander College, Greenwood, S. C. 

Professor W. A. Hamitron, who resigned his position at Beloit College 
because of the manner of dismissal of one of his colleagues, has been appointed 
lecturer in mathematics at the University of Wisconsin for the coming year. 

Professor J. E. Prercr, of James Millikin University, has been made head 
of the department of mathematics at Heidelberg University. 

Professor J. A. CRAGWALL, head of the department of mathematics at Wabash 
College, has been granted a year’s leave of absence because of poor health. 
His duties are being temporarily taken over by Professor G. E. CarscaLLEn. 

Professor B. F. Jounson, of the Missouri State Normal School, has been 
granted leave of absence for the current academic year, and expects to spend 
the year, in part at least, at Oxford University. 

Mr. W. E. Armentrovut, who had been instructor of mathematics at the 
University of Wisconsin, and was under appointment as instructor at Cornell 
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University for the year 1923-24, was struck by lightning June 18, 1923, and 
instantly killed. 

Professor H. B. Lronarp of the University of Arizona represented the 
Mathematical Association at the inauguration of Dr: C. H. Marvin as president 
of the university. The American Mathematical Society was represented by 
Professor G. H. CREsSE. 

The International Congress of Mathematicians in 1924 is to meet at the 
University of Toronto, Toronto, Canada, August 4-9. The British Associa- 
tion for the Advancement of Science will hold its meetings at the same place, 
August 6-13. 

The MonruH ty is in receipt of a letter from Dr. Georg Wolff of Hannover, 
Germany, stating that, owing to the low purchasing power of the mark, it will no 
longer be possible to publish the periodical entitled Unterrichtsblitter fiir Mathe- 
matik und Naturwissenschaften unless aid is secured from abroad. ‘To this end 
American subscriptions are solicited, the price being but 60 cents a year. Such 
subscriptions should be addressed to Studienrat E. Zieprecht, Hannover, Ger- 
many, Am Schatzkampe 11. 

With a view to stimulating on the part of the public some appreciation of 
various phases of mathematical development, the American Mathematical 
Society has established an honorary lectureship. Under the auspices of the 
Society, a scientist of the highest distinction will be invited to deliver a popular 
address on a topic in mathematics or its applications. This lectureship is to be 
called the Josiah Willard Gibbs Lectureship in honor of the greatest mathematical 
physicist which America has produced. It is proposed to have lectures at inter- 
vals of a year or more and it is expected that the first will be given in New York 
during the winter of 1923-24. 

J. M. Witrarp, Professor of Mathematics at Pennsylvania State College, 
died at his home December 10, 1928. He was born at Orford, New Hampshire, 
February 1, 1865, and graduated from Dartmouth with honors in Mathematics 
in 1887. He taught at Pinkerton Academy at Derry, N. H., for three years 
and entered Johns Hopkins University for graduate study in 1890. In 1893 
he came to the Pennsylvania State College as Professor of Mathematics, in 
which position he remained until his death. 
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Areas, ordinates, and second to eighth derivatives of the normal curve of error to five places 
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